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I’nnoTTOTlouT the course of the eighteenth century, 
a period in which the philosophy of nature lias achieved 
its highest triumphs, the science which treats of the 
phenomena of light and of the laws of vision seems to 
have been almost overlooked. From the era of New- 
ton’s discoveries, for more than a hundred years, few 
important contributions were made to the knowledge 
of the physical properties of light; while the ma- 
thematical development of the laws of reflexion and 
refraction, and its application to the theory and con- 
struction of telescopes, engaged, as compared with the 
other mixed sciences, little notice. I’lie names of Euler, 
indeed, and of Clairaut, of D’Alembert, and Doscovicli, 
are to be found enrolled in the history of this depart- 
ment of science ; but owing to tlic painful and elaborate 
analysis which they have employed, anjl the compli- 
cated and inelegant character of the results which have 
in general arisen from its applicatioii, the researches 
of these writers, even where well directed, have been 
little known. 


At length, how^ever, these important subjects have 
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begun to receive their merited share of attention. The 
discoveries of Yonng and Mains liave oj)ened a new and 
fertile field in experimental philosophy ; nor have the 
labourers been nuskilful or the harvest scanty. The 
beautiful and diversified phenomena of polarized lights 
%vhich were developed during the researches that 
followed, have riveted the attention of the scientific 
world for the last tw'entj' years ; and the singular con- 
nexions that have been found to subsist between these 
phenomena and the internal structure of the bodies 
by whose action they are exhibited seem to promise 
a clue to some of the most mysterious recesses of the 
labyrinth of nature. Of late years, too, the mathe- 
matical branches of optics Jja\'e received a fresh and 
vigorous impulse from the hands of some of the ablest 
analysts of this country ; and Science has pressed for- 
ward to lend her all-important aid to Art in the im- 
provement of those instruments which have extended 
the domain of sense, and borne the mind of man into 
those realms of space in which the imagination itself 
scarcely dares to wander. 

The following pages were commenced in the hope 
that they might prove in some degree instrumental in 
facilitating the approach to this interesting region of 
science. In their progress the author has had recourse 
to most of the sources from which he expected to de- 
rive information and assistance. Of these aids, how- 
ever, he has availed himself rather in pointing out the 
results, than in directing the steps by which they were 
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to be attained ; and it is hoped that any sacrifice \\hich 
he may have been compelled to make in this respect, 
will be more than compensated by the advantages at- 
tending uniform and analogous methods. 

Much benefit too, it is hoped, has arisen from the 
peculiar notation which has been adopted throughout 
the greater part of this volume. In this notation, which 
has been employed by Mr. Herschel in his valuable 
Emnj on Light, the reciprocal of the focal distance is 
considered as a distinct variable, and denoted by a 
proper symbol. Nor is this function of im])ortance 
merely as a subsidiary (quantity, introduced for the 
purpose of facilitating analysis and giving symmetry 
to its results : it has a real and positive signification, 
being the measure of the degree of divergence or con- 
vergence of the pencil. The author has accordingly 
ventured upon the use of a ne^v term, and designatetl 
it the vergenaj of the pencil. 

The present volume is divided into three parts. The 
first of these contains the theory of simple or homo- 
geneous light, and its severalmodifications indirect trans- 
mission, reflexion, or refraction. In the general theory 
of reflexion and refraction, as laid dowiT in the fourth 
•and seventh chapters of this part, surfaces of revo- 
lution alone have been considered, and the subject 
confined to the case in which the incident ray is in 
a plane passing through the axis. This case, which is 
in itself sufficiently comprehensive, and beyond which 
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it is necessary to have recourse to the geometry of three 
(Umensioiis, seems to present a natural resting-place in 
the boundless field of investigation ; and it is accord- 
ingly the limit which the author has proposed to him- 
self in these pages as best suited to the purposes fot 
which they were written. 7'lie reader who is pre- 
pared to grapple with the diliiculties of the subject in 
its most comijreliensive form is referred to the memoir 
of Professor Hamilton, entitled y/« Kttsay on the 
Theorif of Si/,steinx oj' Hu tf a, published in the 7’rans- 
actions of the Koyal Irish Academy — one of the ablest 
efl'orts of analytical skill of which the ju’esent day can 
boast. Many of the most im])ortaiit cases, not in- 
cluded within the limit above mentioned, wdll also he 
found in Professor Airy’s paper On the Sfhcr/c(d Aber- 
ration of the Kye-pieces of Teleftcopes, jmblished in 
the 7’raiisactions of the Cambridge Philosophical So- 
ciety, and in Mr. Coddington’s late Treatise on the 
liefexion and liifraetion of JJght. 

The second part of this volume contains the theory 
of compound or solar liglit — the discoveries of Newton, 
Dollond, Jilair, and I’raunhofer — the laws of the dis- 
persion of light by any combination of prisms or lenses, 
and the condlitions of achromatism — and, finally, the 
explanation of the phenomena of the colours of natural • 
bodies. 

7’he third part treats of the laws of vision — the 
human eye — and the various combinations of lenses or 
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specula by which it is aided in the perception of minute 
or distant objects. In this part it has been the au- 
tlior’s aim to introduce the scientific reader to a know- 
ledge of the general tlieory of telescopes and micro- 
scopes, rather than to direct the artist in their con- 
struction ; and accordingly the subject, though some- 
what fully considered, has not been pursued into the 
details requisite to the latter purpose. The con- 
structions of some of the simpler optical instruments 
— such as the camera lucida, the camera obscura, the 
magic lantern, &c. — which do not strictly come under 
the head of assisted vision, are described in the 
earlier chapters of the work, whose ])rin(;iples they tend 
to illustrate. 

In the appendix the principles already laid down 
are applied to explain the laws of atmosplieric re- 
fraction, and to account for some other phenomena — 
as rainbows, halos, &c. — connected with the atmosphere, 
and arising from the reflexion and refraction of light. 

Should these pages be found of service to those for 
whose use they are destined, it is the writer’s hope 
that he may be enabled, at some future period, to com- 
plete the task which he has undertake* by the pub- 
.lication of a second volume on physical optics. Of the 
future, however, he is compelled to speak vaguely. 
Tlie laborious duties of the profession to which he be- 
longs may conspire with other causes, over w-hich he 
has no control, to withhold him from again appearing 
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before the public; and the delays of various kinds, 
which the present volume has had to experience in 
its progress through the press, have deducted largely 
from the stock of self-reliance with which it was com- 
menced. 

TiiiNixy College, 

Feb, 15, 1831. 
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parts of an elementary system of optics. 
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A TREATISE ON OPTICS. 


PAirr I. 

OF SIMPLE OR HOMOGENEOUS LIGHT. 


INTRODUCTION. 


OF TltK MATURE AMI) GENERAL lUlOPERTIES OF LIGHT. 

(1.) The pliysicnl nature of light, or the immediate cause of 
llie sensation which we call ligiit, lias not been, as yet, sails- 
factorily determined. Notwithstanding our ignorance on this 
fundamental point, however, the infornmtion wliich we actually 
possess concerning light is of the utmost value ; by the aid ol 
experiment and observation, philosophers Iiave attained the 
knowledge of several of its leading properties ; and it is the 
province of optical science to unfold these general properties, 
and by means of them to exhibit and explain all the less obvious 
modifications wliicli it undergoes. Thus the science of o{)tics 
is built upon certain loading facts, established by experience, 
and independent of all hypothesis whatsoever; and accordingly, 
the conclusions to which it leads us rem.iin unsliaken, whatever 
opinion respecting the nature of light itself shall eventually be 
found to be the true one. * 

(2.) Light consists of separable and independent parts. 

This property, which is assumed in all our reasonings iw 
specting liglit, is readily established by huniliar experience. 
Any portion of light may be intercepted by an opaque obstacle, 
and the rest allowed to pass ; and this latter part is never found 
to be affected in any way by its separation from that which is 
intercepted. 
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The smallest portion of light whieh wo can thus intercept, 
or allow to pass, is callccl a raj/, 

(S.) The direction ijf.the rays of lights xvhUe they conthnic 
in the same medium^,, is nhcajjs reciilinear. 

This may bo familiarly exhibited by suffering a beam of the 
sun'^s light to enter a dark room through a small aperture; the 
]):irticles of dust or smoke, floating in the atmosphere of the 
room, reflect the light of the sun, and exhibit tlie form oi* the 
beam, which is always observed to be rectilinear. 2dly, It 
appears "also from tlie fact, that it is impossible to see any object 
when an opaque body is interposed in the right line joining the 
object and the eye. ydly, It is also proved by the shadows of 
bodies, which are always bounded by right lines. 

(4.) What has been hitherto said applies to light, in what- 
ever state it is found. Light, however, undergoes various mo- 
difications under different circumstances ; ami these modillca- 
tions are found to be subject to general law’^s, which arc therefore 
to be ranked amongst its leading properties. 

The modifications of light, with which we have to do at pre- 
sent, are chiefly three; 1. When propagated directly fnjin 
some object which has in itself the power of exciting the sensa- 
tion of light in the eye: such bodies are termed luminous^ and 
the light proceeding from them is said to be direct or emitted, 
2. When Uieeting with any obstacle it is turned back into the 
medium from which it came: it is tlien said to be rijlected. 
When it passes tliroiigli tlie medium which it meets, but 
bent into a different course : it is then said to be refracted. 

(5.) Light is propagated from himinous bodies in all direc- 
tions^ in straight lines. 

The former part of this proposition is evident from the cir- 
cumstance that luminous bodies are visible, wliatever be the 
position of tlu^ eye, provided no body intervenes to intercept 
their light. The latter part of the proposition has been already 
established. 

This may be considered as the fundamental law direct or 
emitted light. 


* Any space which light traverses, whether occupied by matter 
or not^ is termed a medium. 
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(6.) When a ray of liglit falls upon tlie surface of any me- 
dium, and is there reflected, the portions of the ray, before 
and after thc3 incidence on the medium, 'are called the Incident 
and reflected respectively; and the angles, which they 

form with the perpendicular to the surface at the point of in- 
cidence, are called the anf^lcH of incidence and reflexion. 

The angles of incidence and reflexion arc always in the 
sa.mc plane^ and equal. 

This is the fundamental law of rcjlected light, and^ may be 
exhibited by the following simple experiment: — Let a rectan- 
gular j^iece of wood or 
pasteboard be ])rovided, 
luiviiig its ojiposite sides 
bisected by the lines An, 
cn; and let it be im- 
mersed perpendicularly 
ill water, as far as the 
lino All, and so jilaccd 


N 


- V- 
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that a small beam of the suifs light, admitted through the 
shutter into a darkened room, may be incident at the point o, 
along the line eo A portion of this rAy will be observed to be 
turned back, or nfieckd, along the line ok, on the same surface; 
and the distances ce, ck, being measured, are found equal. 

Now, since the incident and reflected rays, i:o, fo, together 
with the perpendicular to the reflecting surlace, co, all lie in 
the plane of the board, it follows lliat the angles of* incidence 
and reflexion are in the same plane. And since the distances 
CE, CF, are found ccpial, — co being common to the two tri- 
angles COE, COF, and the angles at c right, — it follows that the 
angles at o, oi the angles of incidence and reflexion, are also 
equal. 

This experiment should be repeated at different altitudes of 
the sun, so as to give different incidences. 

(7.) When a ray of light falls upon the surface of any me- 
dium, and is there refracted, the two portions of the ray, before 
and after incidence on the medium, are calletl the incident and 
refracted rays; and the angles, which they make with the per- 
pendicular to the surface at the point of incidence, are called 
the angles of incidence and refraction, respectively. 
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The mifflcs of rncidence and nfracTion he ahem/s hi the 
seme phvnc^ and their shies are to one another in an invariabic 
ratio. ' * 

This is tilt* fiiiulaiiunittil law of refractctl light, and may be 
illustrated in the following manner : — All things being arranged 
as in the last e\|)erimont, it will be foiincl, as before, that part 
of the incident light is turned back or reflected at the surface 
of the water; part, however, will enter the water, and this por- 
tion, iiij^tead of pr(K*eedi ng directly forward in tlic line or/, is 
observed to he hent into the line of', on tlie same surface. 

Nowg since the incident and refracti*d rays, i o, of', togeilicr 
with the )>erpendiciilar to the refracting surface, ei), all lie in 
the plane of the hoard, it follows that the angles of incidence 
and refraction are in the same plane. Also, if the distances 
CK, df', be measurtn!, and thenee no, r'o, computed, it will be 

found that the fractions ^ ' and always bear to one another 
i:o F o 

a constant ratio, whatever be the direction of the incident ray 
Eo; /, €. that the sines of' die angles koc, f'ciI), (which are the 
angles of incidence and refraction) are to one another in an 
invariable ratio. 

(8.) Light is propagated^ in free space, xcith a velocity of 
about 195,000 miles per second. 

That the pro|)agation of light is not instantaneous, but pro- 
gressive, was first discovered by Jioemer, w hile engaged in ob- 
serving the eclipses of Jujiitcr’s satellites. I[e found that when 
Jupiter wais in opposition, and therefore at a distance from the 
earth less than his mean distance by die radius of the eardi’s 
orbit, the ecli})."es happened about eight minutes earlier than 
they should according to the astronomical tables; while, when 
Jupiter was iii conjunction, and therefore farther than his mean 
distance by the radius of tlio earth’s orbit, these eclipses hap- 
pened eight minutes later. Hence, supposing these differences 
to arise from the progressive propagation of light, its velocity 
must be such that it shall traverse the diameter of the earth’s 
orbit in sixteen minutes nearly; and therefore in a second it 
describes about 195,000 miles. 

The progressive propagation of light was afterwards most 
successfully applied by Bradley to explain the phenomenon of 
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tlie aberration of the fixed stars. Froui the theory of aberra- 
tion, thus explained, it ai)pears that the velocity of tlie liolit of 
the fixed stars is to the velocity of the earth in its orbit as radius 
to the sine of the greatest aberration, wliicli is about 
Now the value of the velocity of light, obtained in this way, 
agrees with tliat deduced from the eclipses of Ju|jlter\s siiteHil.es, 
within limits which may be fairly ascribed to the errors o(’ ob- 
servation ; the difference corresponding to a variation in the 
observed (quantities, which is below the ])robiib!e amcjuiU of 
such errors. Hence, thes(i results, derived iVoiu sources so 
widely different, may be considered as completely confirming 
each oilier. 

From this we conclude, also, that the direct light of the fixed 
stars, and the reflected light of tlic satellites, jirocced with the 
same velocity. 

(9.) Before we conclude this part of our subject, it may not 
be amiss to give a brief' sketch of the two principtil liypoilieses, 
which lia\ e, in latter limes, been held respecting the physical 
nature of light. 

The Cartesians held that liglit consisted in the nnihdatlons 
or pulses of a highly elastic medium, which pervades all space, 
and to which the oscillatory motion is communicated by the 
impulse of some body, which is tluTcTore called luminous; in 
the same manner as sound is known to consist in the pulses of 
th(^ air, which is set in vibration by the impulse of the sounding 
body. This elastic medium is conceived to be of siicli exlremo 
temiity, as to afford no ajipreciable resistance to the motions 
of the planets, comets, &c. It also penetrates all bodies, hut is 
supposed to he of a differeut densily and elasticity within them 
than when free and di.~engaged ; and it is on this difi'ereuce in its 
stale that tlie reflexions and refractions, which Ijght undergoes* 
in encountering such bodies, are made to de[>eiul. 

• Newton, on tlie contrary, maintained tliat light is a ma- 
te rial mhstancL\ the minute particles of which are projected or 
emitted iVovri the luminous body, with a jirodigious velocity, in 
ail directions. These minute bodies are suqiposed to be acted 
on by attractive and repulsive forces, resident in the bodies 
which they meet, and thus to be turned out of tlieir course 
according to tlie laws of refle?;ion and refraction. 
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The Newtonian hypothesis has been that generally received 
by philosophers since its publication by the great inventor. 
That of Dos Cartes, however, has not been without its sup- 
porters; the celebrated Huygens has deduced from it all the 
leading plienoincnu of light in his elegant treatise De la hu- 
imere; and in the present day it has liad two able supporters 
in M. Fresnel and the lamented Dr. Young. It is somewhat 
remarkable, that all tlie principal phenomena of light are de- 
ducible, by strict mathematical reasoning, from either supposi- 
tion ; so that tlicrc does not appear, on a general view at least, 
to be any experimentum crncis^ to which we can appeal, to 
establish the truth or falsehood of either'* . 

(10.) The principal ohjoction urged against the undnlatoi'y 
lijjpoihcsis is that, according to it, light should not only be 
propagated in right lines, but in every direction, as is the case 
with sound ; so that there could be no shadow, no absence ol 
light produced by the intervention of an obstacle. To this tlio 
supporters of the system reply, that this lateral propagation of 
the pulses of an clastic medium is less, the greater the velocity 
of the pulses, as that of sound is less than that of water, &c.; 
so that they consider themselves justified in inferring, that when 
the velocity of propagation is so great as that of ligl»t, the 
lateral propagation must be insensible. 

Against the rnaferiaJ hypoiltcsis have been urged, 

1st, The \vaste of the luminous bodies, which would arise 
from emission, if light be a material substance; and, 

2dly, The interference of the rays, and the consequent 
disturbance of vision, which would result from the meeting of 
the particles of light, flowing from inniimerahie luminous objects 
in every direction. 

In answer to the first of these objections, it is asserted, that 
the panicles of light arc of such extreme minuteness, that no 
sensible diminution could thence arise, in any finite space of 

^ In the explanation of the law of refraction, the nndulatory 
liijpolhesis retjuircs that the velocity of the light should be less in 
the denser medium than in the rarer; while, in the maie.rial system, 
the contrary must be the case. Could this fact be submitted to ex- 
])erimeiil, we should immediately be enabled to decide the question. 
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time, in the magnitude of the luminous body. The second 
objection is entirely obviated by showing, that it is by no means 
necessary that the particles constituting* a ray of light should 
be contiguous, nor therefore that the rays should interfere in 
crossing. It appears by experience, that the impre.ssion pro- 
duced by light on the retina continues about 7" after the light 
has ceased to act, and in this time light describes more than 
522,000 miles ; wherefore, if the dfstance between any two par- 
ticles which compose a ray be not greater than this quantity, 
the sensation produced by them will be continuou.s. Accord- 
ingly, we may suppose a space of 22,000 miles to intervene 
between the particles composing a ray, a space far more than 
sufUcient to prevent interference. 

The Newtonian theory, however, is not without its difficulties. 
The nicest cx))eriments have failed to exhibit any of the pro- 
perties ol* matter in light : the light of the sun has been con- 
densed into a focus by a powerful burning glass, and thus made 
to impinge upon a thin metallic leaf, carefully suspended in 
vacuo; and though the substance transmitted few or none of 
tlie incident rays, not the slightest motion could be detected. 
Further, the velocity of light itself — a velocity wlhcli would 
require an impulsive forcennconceivably great to emit the par- 
ticles — seems to make against the material hypothesis. And, 
lastly, the uniformity of this velocity — proceeding, as light 
does, Irom such various bodies as those composing the system 
of the universe, and situated at such various distances — seems 
liardly reconcileahle to any system which makes that velocity 
depend upon an emissive force. 

On the whole, the question is still a doubtful one. J3ut, 
whichsoever way it be decided, the truths of optical science re- 
main unmoved ; for these truths are the necessary consequences 
of the “ laws of optics,’’ which, as has been already stated, are 
•facts derived from observation and experience, and independent 
of all hypothesis. Thus, the question respecting the nature 
of light, Itowever Interesting in itself, is, as lar as relates to 
these conclusions, one of a nature merely speculative. 
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CHAPTER I. 

OF DIRECT LIGHT. 


I. 

Of the IntcnsiUj of Direct Light at different Di, dancer » 

(11.) When a niotlium transmits the whole of the li^fht which 
is incident upon it, it is said to be perfertb/ iran.sparent, or 
free; and, on the other hand, it is said to be hnpcrfectlp trans- 
pa7^ent^ when it transmits only a part of the incident light and 
intercepts the rest. 

(19.) In a free medium^ the inlensiti/ of the lights which is 
propitgaied in parallel 7 rMjs^ is cwisfant. 

This is evident: for, in a free medium, there is no ol)stacIc 
whatever to the progress of the light ; and the rays, being 
parallel, always preserve the same mutual distance. 

(ly.) In a free rncdkmi^ the intciisitjj of the U^hf^ xohich is 
propagated in nnjs diverging from a pointy varies inversely 
as the scpiarc of the distance from that point 

For if we conceive several concentric spherical surfaces, 
Iiaviiig the given point as their common centre, severally to 
receive the light diverging from that point; it is evident tliat 
the xchole fpiantiftj of light, incident on each of these surlaces, 
must be the same; and, accordingly, the intensity of the light 
on each will behnversely as the space over wliich it is diffused, 
i. e, invoi\>ely as tlie surlaces tlieniselvcs, or the scjuarcs of their 
radii, which are the distances from the radiating point. Where- 
fore, if A be taken to represent the intensity of tlie light at the 
unit of distance, that at any other distance, d, will be repre- 
sented by tlie fraction 
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(14.) The intensities of two luminous points being given, it 
is required to determine, in the line connecting them, the point 
of equal illumination. . . 

Let m and n be taken to represent the intensities of the two 
lights at the unit of distance; also, let a denote the interval 
between them, and a: the distance of the required point from 
the light m. Now, the intensities of the two lights at this point 
tn u , ^ 

are — ^^tid respectively; wherefore, by the conditions 

of the question, there is 


, — , ui •— ; 

a; \(i — a?) .r a — x 

from which we get the twofold value of 

a y/m 

X , 

s'm ± Vn 

from which it appears that there are two points, in the line 
joining the two lights, at which their illuminations are equal. 

When m. or the two lights of equal intensity, one of the 
values of A’ becomes infinite, and the oilier is reduced to \a \ 
showing that, in this case, the point of ecpial illumincition is in 
the middle of ilie line joining the two lights, or infinitely distant 
from both. 

(15.) The intensities of two luminous points being given, it 
is required to determine the equation of the surface, every 
point of which is equally illuminated by the two lights. 

m and n denoting the iiitensities of the two lights (as before), 
and a the interval between them, let the joining line he taken 
as the axis of abscissce^ and one ol* its extremities as the origin ; 
then, at any point whose co-ordinates are a’, //, the intensity 
of the light pi'ocecding from the two points will he, respectively, 
m n 

X' I y~ -r (a — x)- f //’ -{- 

• therefore, ei^nating these values, and reducing, we have for the 
equation of the required surface, 

^ma m 

a - + y - + H . X = . a - ; 

n — lit 11 — 111 

and if we transform this equation, by making x = a' — ^ 

it becomes 



10 


HOMOGENKOUS LIGHT. 


^ =: 


mn.a^ 


the equation of a sphere^ whose radius = ““ 37 ^ • 

The centre of this spliere is at the origin of the transformed 
co-ordinates ; it lies, therefore, on the line joining the luminous 

points, and at a distance from the former, = . 

If we seek the intersections of this sphere with the line 
joining the two points, by making y = 0 , = 0 , we find, as 

before, 

asfm 

^ — — .. ^ 

.\^m J- 


When m =r 7 i, or llie intensities of the two lights equal, 
the radius of the spliere becomes infinite, as does also the ab- 
scissa of the centre ; indicating that the sphere becomes, in this 
case, a plane. In fact, the former of the equations, which we 
obtained above, becomes in this case f2j; = a; indicating a plane 
per|)endicular to tlie joining line, and cutting it at its middle 
point. 

(16.) If, now, the light diverging from the luminous point 
be received upon any object, the degree ol’ illumination of each 
point of this object w^ill be, ere/, par.^ proportional to the 
quantity of light incident on the unit of siiriace. If then the 
form of the object be a splierical surface, whose centre is tlie 
Imninoiis point, as every portion of that surface is perpendicular 
to the incident light and equidistant from the luminary, the 
quantity of liglit incident upon the unit of surface will be the 
same throughout the whole extent of the object, and equal to 

j 0 being tlic^ radius of the spherical surface, or the distance of 

the object. Hence, if p be a constant quantity, wdiose magni- 
tude is dependent on the nature of the object, the degree of 
illumination is rojireseuted by 


Ae 




The same formula will also represent the degree of illumina- 
tion of a small plane object, placed so as to receive the incident 
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light perpendicularly ; since such an object may, without error, 
be considered as a portion of a spherical surface concentric witli 
the luminary. • * 

If the illuminated object be a small plane surface inclined to 
the incident light, the quantity of light incident upon the unit 
of surface will be diminished in the jiroportion of radius to the 
sine of the inclination of the surface to the line connecting it 
with the luminous object. Hence, "'if 0 be taken to denote tins 
angle, the degree of illiirriination in this case is represented by 

Ap . sin.0 


When tlic magnitude of the illuminated object is not incon- 
siderable, tlic angle of inclination and the distance both vary, 
and the degree of illumination will vary throughout the extent 
of the object, according to the formula just given. 

(17.) A small white surface being placed horizontally upon 
a table, and illuminated by a lamp or candle, placed at a given 
liorizoiUal distance, recjuired the height of the flame which 
will give the greatest possible illumination. 

Taking 0 as the variable, there is o = „ , and the degree 

cos. 0 ° 


of illumination is ecjual to 
Ap 

. Sin. 0, cos.‘ 0. 
a- 

Wherefore, making sin. 0 cos." 0 a maximum, we find 


cos.-fl — 2sin.'0 = 0, 


or tan. - 0 ==: 4 . 

Now, if h denote the height of the flame, h = a tan. 6 ; where- 
fore, in the case of greatest illumination, 



(18.) The eye affords no direct means of inc*asuring the in- 
tensity of any light, or of estimating the relative strength of 
different liglits compared together; for, though capable at once 
of discerning a difference in the intensities of‘ two unequal 
lights, presented to it at the same time, it is wliolly unable to 
determine their comparative strength. And again, one and the 
same degree of liglit will aflect the eye, at different times, with 
widely different impressions, dependent on the state of sensi- 
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bility of the organ, which is continually changing. By the aid 
ol* that power which we possess, however, namely, of detecting 
a difference^ wlien it exists, in the intensities of two lights j)re- 
sented together, \vc are enabled, indirectly, to compare the 
relative intensities of any two lights. 

Let two pieces of white paper, of the same size and material, 
and placed close together, be illuminated each by one of the 
two lights whose intensities we would compare, the light being 
made to fall on them perpendicularly. Then, one of the lights 
being shifted backwards and forwards, until lliere is no longer 
any sensible difference in tlic degree of ilhnnination of the two 
objects, the intensities of the two lights will he obviously as the 
scjuarcs oFtheir rcs]K‘ctivc distances IVom the ohjccls illuminated. 

If the lights to be measured be not readily moveable, the 
e([uaIi/.aUon may be effected by inclining the illuminated objects 
at various angles to the incident light, and noting the angles 
when the illuminations are e(jnal ; the intensities of the two 
lights, tlicn, will be as the squares of the disUmces directly and 
inversely as the sines of tlie angles of inclination. 

(19.) A very cemvenient method of employing the jwinciple 
described in the last article was snggesti d by Count Uumford. 
It consists in e(|iializlng tlie .v/uaZokv.v cast by the two lights to 
1)0 compared on a screen or surface prepared to receive them. 
The sliadow cast hy each light, in this case, is ilhnninated by 
the other, and tlu‘ rest of the screen by both lights togetlier; 
if, then, the sbadosvs he of equal intensity, liie ilinmitL-uions of 
the two lights must be so loo, and the inlensities of the lights 
themselves, therelbre, as the squares of their distances from the 


screen. 


(20,) Mr. Ritchitj’s pJioffnncter is also founded on the same 
principle. It consists of a rectangular box, Aiuu), open at tlie 
opposite sides,* AC, «o. In a_ _ j. ^ a 

tlie centre of the top of the y \ ^ 

box is a narrow slit, ??u/, 

covered with oiled pajiej*; , 

anti within arc fixed two ^ 
rectangular pieces of plane looking-glass, ee and kg, with their 
reflecting surfaces turned outwards, inclined to the top, each at 
an angle of 15'\ and meeting in e, the middle of the slit ; where 


N . .. 

r; 
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also is fixed a strip of blackened card, to prevent the lights 
reflected from the two glasses from intermingling. 

In using this iiislrumerit, the box is to be placed between tlic 
two lights to be compared, so that the light of each shall fall 
on the reflector next to it, and then moved towards one or other 
of tlie lights, until the paper mn appears equally illuminated 
on both sides of the division e. The intensities of tlie two 
lights then, it is evident, are as th^ squares of their distances 
from the centre of the box. 

We now proceed to consider the variation of the in- 
tensity of light in passing through a medium of imperfect 
transparency. 

Tirst, then, when the light is propagated in parallel rays : let 
A denote the absolute Intensity of the light, or the whole number 
of rays, at its entrance into the medium ; and a the ratio which 
the transmitted part bears to the whole, after ])assing through 
a unit of thickness; then a« is the portion transmitted through 
the first unit; and, since a is a constant quantity whose magni- 
tude is independent of the (juantity ot‘ the incitlent light, tlie 
portion transmitted through the second unit of thickness will 
be Ar/;’; that transmitted through three such units, and, 

finally, the portion transmitted through any thickness, denoted 
by 0, will be 

AeJ, 

in which a is a quantity less than unit, whose value depends 
upon the nature of the medium. 

Hence it appears, that as the thickness increases in arith- 
metical progrcs.sion, tlie intensity of the transmitted light, which 
is prop,agated in parallel rays, is diminished in geometric pro- 
gression. 

From this it foll()w^s that the lransniltt(Tl light can never lie 
wholly extinguished by a medium of any finite thickness; for, 
Jiowevcr small the quantity a bo, the (piantity Ar// can never 
vanish for any finite value of fl, however great. When, how- 
ever, the fraction a is small, its power, becomes so very small 
for a moderate value of the thickness 0, that the quantity of the 
transmitted light, Aa^, may be regarded as wholly insensible. 

(22.) This is the principle of the lucigrade^ an instrument 
invented by Francois Marie, for the purpose of comparing the 
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intensities of two liglits together. The instrument consists 
merely of a numbei of glass plates, homogeneous and of equal 
thickness, placed together. Each light is observed through 
these plates, and plate after plate is added until it ceases to be 
visible; the ratio of the intensities is then determined by the 
number of the plates. For, let a and a' be the absolute in- 
tensities of the two lights, a the ratio which the transmitted 
portion bears to the whole after passing through a single plate, 
n and the number of plates added, in each case, until the 
light ceases to be visible. Then it is evident that the portions 
of the two lights which reach the eye under these circumstances 
are, respectively, and aVa'^'. Now these, being eacli reduced 
to the limit of sensible light, are ecpial ; wo have, therefore, 

A a" whence, ~ ^ 

(23.) When the light, diverging from a luminous point, is 
incident upon an imperfectly transparent medium, the law of 
the variation of its intensity is somewhat more complicated. 
Let h be the distance of the luminous point from the surface of 
the medium, which we sliall suppose to be a portion of a 
spherical surface whose centre is the luminary; tlien, if a de- 
note the intensity of the light at the unit of distance, at its 


incidence upon the surface of the medium its intensity is 

Now, to obtain the intensity of the light after passing through 
a unit of the thickness of this medium, we must multiply this 
fraction by a (21), and substitute o -f 1 for o, so that it is 

> Similarly, the intensity of the light after passing 

through two such units will be , and generally, it is 

expressed by * 

A«<’ 

(7+irp 

0 denoting the number of units of thickness of the medium 
which it traverses. 


When the medium, through which the light is transmitted, 
is of a highly transparent nature, a is nearly equal to unit, and 
its powers decrease very slowly; in this case, tlicrefore, the 
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variation of the intensity will depend chiefly on the denomi- 
nator of the fraction. On the contrary, when the medium 
stops a considerable portion of the light, the thickness through 
which any sensible portion of light is transmitted is inconsider- 
able ; 0 therefore may be neglected in comparison with and 
the intensity is expressed by 

in which a! = = intensity of lig^lt at its incidence on the 

medium of imperfect transparency. 


11 . 

0/ Shadow afid Peyiumhnt. 

^^"e have hitherto considtn*ed light as proceeding in a 
medium, which affords either no obstruction whatever to its 
passage, or else produces a grudtml diminution in its intensity. 
We are now to consider it as meeting with some obstacle whlcli 
perfectly debars its progress; and to examine the total and 
partial absence of light thence arising. 

To simplify the subject, we shall at first consider the lu- 
minous object, as well as the body which obstructs the passage 
of the light, as circular, and their planes perpendicular to tlic 
line joining their centres. Then ab, being tlie diameter of the 
luunnous object, and ot/i that of the obstacle, let the lines Aa, 
b/3, be drawn touching them externally, and A/3, ua, toucliing 
internally. Then it is evident that the space ao,5, contained 
by the external tangents, perfect shadoxv ; while in the an- 
gular spaces oaa', o/3jS', contained between the external and 
internal tangents, the light is but partially excluded, gradually 
diminishing from the internal to the external tangent; this 
space is called the penumbra^ or partial shadow. 

(25.) Let it be required to determine the heights of the 
conical shadow and penumbra, measured from the centre of 
the obstacle. 
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If the line an bo drawn parallel to the axis of the cones eo, 
on account ol the similarity of the triangles AaD, &.07, there is 

— — : or, denoting by r and r- the seniidiamcters of the 

luminary and obstacle, the distance between them by and 
the heights of the conical shadow and pemnnbra by A and //', 

7 * — • r' 

- ; — = - , whence u == : . 


Again, by reason of the similar triangles nan, ao'7, - == 
that is, 

r + r r- , , . h , 

; 71 j whence fi ■ ~t . 

d A' r -I- 7 ' 

( 26 .) These results may be expressed under a different form ; 
for, if the sevniangles of the conical shadow and jienumbra be 
denoted by g and g', then is 

, = tan. g, -.7 = tan. s . 
h ft 

And again, if 0 denote the apparent ""semidiairietcr of the lu- 
inirK)iis object, as seen from the centre of the obstacle, 0 ^ that 
of obstacle as seen from luminary, there is 
r r' . . 


y=tan.0,y 


tan. o'; 
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if then these values be substituted in the equations of the pre- 
ceding article, we obtain 

tan. £ = tan. 0 — tan. O', tan. s' = tan. 0 + tan. O', 

equations which determine the angles of the conical sliadow and 
penumbra, and therefore also their heights measured from the 
obstacle. 

If these equations be added tog(^^her, we find 
tan. s -h tan. s' = 2 tan. 0, 

from which it appears tliat the tangent of tlie a|)parent semi- 
diameter of the luminary is an arithmetical mean between the 
tangents of tlic semiangles of the two c()nes. 

(S7.) When the luminous object is infinitely distant, as in 
tlie case of the sun and moon, O' = o, and there fore 

s s' 0. 

Also, the angle of the penumbra, a'ao, which is ecjiial to 5 f s', 
in this case becomes Hence, the angles formed by the 

lines bounding the shadow and penumbra, respectively, as well 
as the angular s])acc occupied by the ]>emnnl)ra alone, are all 
ecjual to UO, the apparent diameter of the luminary. 

In the case of tiie sun and moon, however, since 20 is only 
about fiO', the penumbra, as well as the diminution ol‘ the 
shadow arising from the convergence, will bo hardly j>erceptil)lo, 
unless the screen wliich receives it be at a considerable distance 
from tlic obstacle. 

Also, since h — 7 ', cot. s, h' ™ K cot. s', the heights of the 
conical shadow and penumbra, when the luminary is infinitely 
distant, arc 

7t = h' = 7''. cot. 0. 

(^•^8.) A screen being }>laeed to receive the sliadow, it is re- 
Xjuired to find tlic breaillh of the sliadow and pcnnnihra, at 
any tlistance from the obstacle. 

nwp being the screen, whose plane is perpendicular to the 
axis of the shadow, let 7 )m, the breadth of the perfect sliadow, 
be denoted by 6, nij)^ the breadth including penumbra, by 
and let my, the distance of the screen from the obstacle, lie .r. 
Then, on account of the similar triangles ayo, iivio, there is 
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Likewise, in the similar triangles, ayo\ pmo\ there is 

lu~i — = tt; whence 
A' + a? K 


mp _ yu 

m& yd ’ 



To find the breadth occupied by the penumbra alone, we 
have only to subtract the former of these expressions from the 

latter, and we find i' — i 

fj /p 

but ^ 1= tan. e + tan. e' = 2 tan. 0, hence there is 


V — b—Zx tan. B ; 


from which it appears that the breadth of the penumbra is 
altogether independent of the magnitude of the obstacle, and 
varies only with the apparent diameter of the luminary and 
the distance of the screen from the obstacle — being equal to a 
line, which, at the distance of the screen from the obstacle, 
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t* 

subtends an angle ec^ual to the apparent diameter of the lu- 
minous object. 

(29.) It appears from the values of 'A and A', given (^^5.), 
that the latter is always positive; while the former is positive, 
negative, or infinite, according as ?' is greater, less, or equal to 
It follows therefore, from the values of* b and i', given in 
thejn’cceding article, that //, the breadth ol‘ the entire shadow, 
always increases as the distance of the screen increases. Wlien 
r > A, the breadth of the perfect shadow, diminishes until 
X =hy when it vanishes altogether; when r < r\ b always in- 
creases witli the distance ; and, fiiuilly, when r = r\ h is invari- 
able at all distances from the obstacle, being equal to /, the 
scrnidiainctcr of the obstacle. The breadth of the j)cnuiiibra, 
V — A, always increases with the distance of the screen. 

(fiO.) What has been above established may be applied to 
the case in which the figures of the luminous object and obstacle 
are not circles, but any figures whatever, syir; metrical with 
respect to a point; for wc liave only to consider the lines a a, 
a/3, as the intersections of any plane, passing through these 
points, with the ])lane of the two figures, and we shall thus 
have the properties of tlie section of the shadow and penumbra 
in that plane. It is obvious, however, that the lines bounding 
the shadow and penumbra will intersect all in the same point, 
only when tlie figures of the obstacle and luminous object, 
projected on planes perj)endicular to the line joining their 
centres, are similar. 

(31.) When the distance of the luminous object may bo re- 
garded as infinite, the shadow, projected on a screen parallel 
to and very near the obstacle, will be a figure similar to tlie 
obstacle; while, if the screen be removed to a consid{Tal)lo 
distance, the shadow will be similar to the luminous object. 
This will readily appear from tlie value of A', which in this 
Qise becomes 

6' = r^ + a>.y; 

for, when x is very small, V = therefore the figure 

of the shadow is, as to sense, similar and equal to that of the 

V 

obstacle. But, when x is very considerable, If — x. --- nearly, 
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and is therefore proportional to r, the scmldiamctcr of the 
section of the luminary. 

Hence is seen the reason why tlie shadows of bodies, pro- 
jected b}' the suifs light, are circular when received on a screen 
at a sufficient distance. 

(32.) It will be readily seen that what has been established 
relatively to light, a part of which is intercepted by an obstacle, 
will hold true also of light, part of which is suffered to pass 
through an aperture. We have only to substitute lifflU 
for perfect shadow, and to reverse the order of the decrease of 
light in the penumbra. 
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CHAPTER 11. 


OK LIGHT IlErLKCTEI) AT PLANE SURFACES. 


I. 

Of a Single Pencil of Rays r (fleeted at Plane Surfaces, 

(iiti.) The a77gle of mcUlcncc is the angle contained betUTen 
tlic incident ray and the perpendicular to the surface at the 
point of incidence. 

The angle of refexlon is the angle contained by the reflected 
ray with tlie same line. 

Tlie angle of deviation is the angle contained by the re- 
flected ray with the incident ray produced. 

(S4.) It has been already shown that the angles of incidence 
and reflexion are in the same plane, and etpuil. As this law, 
liowevcr, is the foundation of tlie whole theory of reflected 
light, and as the method above given is suited to serve the 
purposes of illustration, rather than those of accurate demon- 
stration, it will not be amiss to show how the equality of the 
angles of incidence and reflexion may be more strictly esta- 
blished. 

Let MN be any plane reflecting surface, placi^d horizontally. 
This position will be assumed by the surface itself, if it be 
•fluid ; if not, this position can readily be given to it by means 
of the spirit level. Let si be a ray of light coming from some 
remote object, as the sun, and incident upon t\ie surface at \ 
and let it be reflected in ibc direction lo. Now, let o, tbc 
centre of a small graduated circle, be placed somewbeve in tbc 
line 10 ; and os', on, being conceived drawn in the direction of 
vbe olijcct and tlie horizon, let tbc angles s’oi and s’ on, flic 
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angular distances of tlie object from its reflected image, and 
from the Imrizon, respectively, be measured. It will be found 
that the former of these angles is always double the latter. 



Now, the object being very remote, s'o may be considered 
as parallel to si ; also, oh is parallel to mn. Wherefore, if 0 
and denote the angles wliich the incident and reflected rays 
make with the surface, there is s'oh = sin = 0, hoi — dim = O', 
and therefore s'oi = 0 + 0'; now s'oi is double s'oii, or 
0 + 0' = 20, wherefore 0' = 0 ; and the angles of incidence 
and reflexion arc equal. 

(35.) If a ray of light meet a second reflecting surface, in- 
clined to the first at any angle, it is required to determine its 
direction after any number of reflexions. 

We shall limit ourselves to the case in which the reflexion 
takes place in a plane perpendicular to the two reflecting sur- 
faces* Let or, oa, be the intersection of the two surfaces with 



such a plane, and abode the course of the ray after any number 
of reflexions. Thcn» if « denote the inclination of the two 
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mirrors; Oj, 02 , 0^, &c. the angles formed by the ray with tlie 
surface at the 1st, ^d, 3d incidence, &c. ; tlierc is 

PCB = O + OBC = O + ABO, that’is, 02 = 0| + £• 

In like manner we find 03 = 02 + s, &c. So that there is the 
following series of equations : 

02 - 0, = s 

03 - 02 = g 

1 1 — = e 

and, adding, there is 

0rt+i 01 = 

When n is an even number, the angles 0„ | , and 0, are con- 
tained with the same surface ; but the difference of the angles 
formed by two right lines with the same surface is evidently 
equal to the angle contained by the lines themselves ; therefore 
the angle contained by the original ray, and that after ?i re- 
flexions — or the total deviation — is equal to n times the 
inclination of the mirrors. 

When the ray suffers one reflexion at each mirror, the angle 
contained between the direct and the doubly reflected ray is 
double the inclination of the mirrors. This is the principle of 
Hadley’s sextant, an instrument to be described hereafter. 

(36.) From the formula of the last article it appears that 
the value of 0,*+| is increasing at each reflexion by g, the in- 

clinatioii of the mirrors. When 0^ + nz — — , that is, if the 

/V 

first angle of incidence, — 0,, be equal to any multiple of 

g, then ^ or the ray after ?i reflexions will be per- 

pendicular to one of the mirrors, and therefore return back 
exactly in the same course. When this is not the case, it is 
•evident that some value of n will render 0„ ^ ^ = 0, + 7i6, greater 

than — ; in which case the ray, after going up the angle, will 

return back, but in a different course. Finally, when 0„j,^ is 
either equal to, or greater than cr, the reflexion ceases; for the 
ray becomes citlier parallel to one of the mirrors, or meets it 
when produced backwards. 
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If the inclination of the mirrors be a submiiltiple of four right 
angles, i. c. if Ui ~ then ; i, e. the ray after 

71 reflexions will form with the surface the same angle as at 
first. 

(37.) We now proceed to consider the reflexion of several 
rays, composing what is called in optics a })encil. 

Any number of rays proceeding from, or tending to, a point, 
is called a pencil of I'ai/s. 

When that point is infinitely distant, the rays constituting 
the pencil are parallel. In all other cases they are said to 
diverge or converge^ according as they proceed from, or tend 
to, the common point. 

The point from whicli the rays proceed, or to which they 
tend, is called the focus of the pencil ; and the line drawn from 
this point, perpendicular to the reflecting or refracting surface, 
is called the axis of the {pencil. 

The focus of the incident pencil is sometimes called the 
7uidiant ; and the focus of the reflected or refracted pencil, its 
conjugate, 

These^/oci are said to be real^ wlien the rays actually meet 
there ; imaginary y or virtnaly when they meet only when pro- 
duced. 

(38.) If a pencil of parallel rays be reflected at a plane sur- 
face, the reflected rays are also parallel. 

For, since? the incident rays are parallel, as also the perpen- 
diculars to the surface at the jrfmts of incidence, the planes of 
reflexion ivuist be parallel, and the angles of incidence equal. 
But the angles of reflexion are equal to the angles of incidence, 
and therefore equal to each other. Hence, as the reflected rays 
lie in parallel planes, and contain equal angles with parallel 
lines, namely, the perpendiculars to the reflecting surface, they 
must be parallei. 

Hence, all that has been said above, respecting the direction 
of a single ray after any number of reflexions, may be also 
applied to a pencil of parallel rays. 

(39.) If a pencil of rays, diverging from a point, be reflected 
at a ]ilane surface, tlie foci of the incident and reflected rays 
will be equally distant from the surface, at opposite sides. 

For, let (iu be any ray proceeding from the point u, the 
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focus of the incident pencil, and let it be reflected in the direc- 
tion iis. Again, let qo be a perpendicular from the point a on 
the reflecting surface 
oii, and let it be pro- 
duced to meet the 
reflected ray, pro- 
duced backwards, at 
(j. Then, since the 
incident and reflected 
rays make equal 
angles with the sur- 
face, (illO = SRIl' == 
q\iO ; also no is com- 
mon to the two tri- 
angles, and tlie angles 
at o are right. Hence qo = uo. In the same manner, it will 
appear that any oilier reflected ray, ii's', produced backwards, 
will meet the pcrjiendicular ao in the same point q. That 
j)()int is therefore the focus of the reflected pencil, and is, as 
has been jiroved, at the siiinc distance behind the surface, as 
the point u is before it. 

(10.) A radiant point being situated between two parallel 
])lane reflecting surfaces, required the foci of the reflected rays. 


y ] 

1 



f A 

U 

B f 



• 

• 




Tlirough the point a, the focus of incident rays, let the line 
Am be drawn perpendicular to both surfaces, and produced 
indefinitely. Then taking Aq^ = AQ, q' will be the focus of 
rays after reflexion by first surface. Ifut these reflected rays 
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will become incident on the second surface, diverging from qK 
If, therefore, we take sg'" = y-' will be the focus of tjie 

rays after a second reflexion, and so forth. Again, the rays 
diverging from q, and incident on the second surface, will have 
a conjugate focus in the rays diverging from this, and inci- 
dent on first surface, have a conjugate focus in Aq^ being 
equal See. &c. Thus there are an infinite number of foci, 
all arranged on the line ab, and becoming more and more 
distant after each reflexion. 

The distance ay", &c. are readily calculated. 

For, making qa = at, qb = 5, and ab = a + 6 = c, there is 
Q,q^ zz 2aq zz 2a, 

= BQ + =: + 2Ba == 2a + 26 = 2c, 

Qg'" == AQ, + Aq^^ = ag'' + 2Aa zz 2c + 

Qg'"' == 2c + 2a + 26 z= 4c, &c. &c. 

In like manner we find 

Qg, =: 26, ngy^ =: 2c, Qq^i, zz Sc -h 26, dqjnf = 4c, &c. 

(41.) A radiant point being situated between two plane re- 
flecting surfaces, inclined to one another at any angle, required 
the position and number of the foci of reflected rays. 

OA and OB being the 
sections of the two sur- 
faces by a plane per- 
pendicular to both, and 
passing through q, the 
focus of incident rays, 
let the perpendicular ac 
be let fall from this point 
on OA, one of the sur- 
faces, and produced till 
g'c z: ac, g' will be the 
focus after tfie first re- 
flexion. Again, letting 
fall the perpendicular g'g'^ 
from q' upon ob, and producing it equally to q'^, g'' will be the 
focus of the rays after a second reflexion, &c. In like manner 
w^e find another series of foci, g^, q^p q^p &c. of which the first 
is produced by reflexion at the second surface. 

Now, in the triangles aoc, g'oc, since i/c and uc are equal, 
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oc common, and the angles at c right, iu^ rr oa; in the same 
manner ocf = 07' — oq,. Therefore llic foci all lie on the 
circumference of a circle, whose centre is the intersection of the 
sections of the mirrors, and radius the distance of the radiant 
point from the same. 

To determine the places of the foci, let the arc qa be 0, 
(iB = 0^ and AB rz 0 -f 6^ zr e. 

Then Q.(j = 2qa = 20. 

q/ =: BO + B</ = + 2Ba = 20 + 20' = 2g. 

ogr'" =z Aa + Aj" = ay" + 2Aa = 2g f 20, &c. 

Similarly, ay^ = 20', = 2e, n 2s + 20', &c. 

And, in general, the distances in the first series are, 

Qy^" zz 2ng, ay^”^* = 2wg + 20. 

In 2d. ayon = 2ns, ay^nf 1 = 2ns H- 20'. 

(42.) The number of images in this case is limited; for, 
when any of the images falls on the arc ab^ i. e. between the 
mirrors produced, being behind both mirrors, no further re- 
flexion can take place. Thus, if the image fall on the arc 
ab, then, observing that this image lies behind the second mirror, 
BO, there is the distance > ana, i. c. 2ns > tt — 0, 

_ <r — 0 
or 2n > . 


If the image which falls upon the space afi, be one of those 
behind the first mirror, or y'*”'*’*, there is ay^'*'*'* > uAft, 
i. e, 2ns + 20 > -r — 0', or 2ns + 0 + 0' > -r — 0, 


or 2n + 1 > 


TT — 0 


g 


The same result as before, 2n being tlie number of images in 
the former case, and 2n + 1 in the latter. Therefore the 
number of images in the first series is the whoh number next 

^jrcater than ; and, in like manner, the number in the 


second series will be found to be the whole number next greater 

TT — 0' 
than . 

s 


If g be a siibmultiplc of two right angles, or ~ a whole 
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TT 

number, the number of images in each scries will be — , since 

e 0^ * • . . 

- 7 - and — are proper fractions. Therefore in this case the 
total number of images is — . 

But in this case it happens that two images of the different 
series will coincide. For if — be an even number, or =; Sm; 
+ Qq^n = H- == 27r. 

i, e, the images and q.^,^ coincide. And if be an odd number, 
or TT =: {iln 4 - 1 )^, 

-f- i -f 2(0 + (^^) =: {hi + 2)iZ=: Srr, 

and iho images ' and q^^ i coincide. 

If therefore we include the radiant point in the number, the 

total number of conjugate foci is , 

This theory contains the principle of the kaleidoscope. 


IL 

Of [mages formed by Reflexion at Plane Surfaces. 

(43.) From the case of a single pencil we may now proceed 
to the consideration of an indefinite number of pencils, pro- 
ceeding from points variously situated. 

When a luminous ^ object is presented to a reflecting surface 
— inasmuch a& the light radiates from each point of the object, 
in every direction — we may consider the whole light, incident 
from the object on the mirror, as composed of an indefinite 


^ The w'ord luniinous is taken here, in an enlarged acceptation^ 
to denote any body tvliatever from which light radiates, whether 
that light be emitted directly, or reflected from the surface of the 
body in every direction. 
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number of pencils of rays, proceeding from each point of tlie 
object ; and to each such pencil tliere will be, it is evident, a 
corresponding pencil and focus of reflected rays. Thus tlic 
liglit incident on the mirror, instead of being reflected to a 
single focus, will be reflected to an indefinite number of foci, 
corresponding to the several points of the object ; and the ag- 
gregate of all these foci of reflected rays composes what is called 
the image of the object. 

(44) Now it has been shown, that when a single pencil of 
rays is incident upon a plane reflecting surface, the foci of llie 
incident and reflected rays arc at ecpial distances from the 
surface, and at opposite sides. When, therefore, an object is 
presented to such a surface, its image will be necessarily similar 
and equal to it in every respect ; the several points of the image 
being similarly situated, with respect to the mirror, as tlie cor- 
responding points of the object. 

It is obvious, however, that as \\\i^ faces of the object and 
image are opposed, the position of the object witli rcsjjcct to 
riirbt and left will be inverted in tlie image. 

When the object is inclined to the mirror, the image will be 
inclined to it also, and at an equal angle. Hence the angle 
contained by the directions of the object and its image is double 
the inclination of the object to the mirror; if, therefore, the 
mirror be inclined to the object at an angle of 45% the image 
and object will be at riglit angles to each other. 

(45.) It has been observed that the jbei of single pencils are 
distinguished into 7'eal and imaginary^ or vh tual^ according as 
the rays which diverge from, or converge to, these points, actually 
meet there or not. There is, accordingly, the same distinction 
among images ; which are therefore said to be when the 
rays proceeding from, or tending to, their several points, actu- 
ally meet there ; imaginary, when they meet oifly when pro- 
duced. Hence it is evident that the images of objects, formed 
by reflexion at plane surfaces, are always imaginary ; the rays 
which diverge from their several points never actually inter- 
secting. Such images, however, as far as regards the sensation 
which they excite in the eye, are as important as any other ; 
for, if the eye be so placed as to receive the pencils diverging 
from the several points of an image, whether that image be 
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real or imaginary, it will experience tlie same sensation as it’ 
they proceeded from a real object in the same place 

(46.) If the plane of.an object be parallel to that of a mirror, 
the portion of the mirror which reflects tlie whole length of the 
object to the eye, any how placed, is to the length of the object 
itself, as the perpendicular distance of the eye from tlie mirror 
to the sum of the distances of the eye and object from the 


same. 


For, AB being the object 
presented to the mirror, aS its 
images, and e the place of the 
eye, if from E the lines Ea, e/3, 
be drawn to the extremities of 
the image, it is evident that 
the intercepted portion of the 
mirror, rs, is that which re- 
flects the whole object to the 
eye. Now, because of similar 
triangles, 



RS : a/3 :: er : Ea :: em. : en, 


EM being the perpendicular let fall Irom is upon the mirror, 
and produced to meet the line of the image in n. 

When the eye is at the same distance from the mirror as the 
object, as in the case of a man viewing his own innigc, this ratio 
becomes that of 1 to 2. Hence the portion of a mirror, ijj 
which a man may see his entire figure, is half his height. 


* Between real objects and optical images there is this funda- 
mental distinction ; the light radiates from the former in every di- 
rection, so that tliey are visible to the eye, any how placed ; 'wliile 
from the latter the light issues only in certain directions, so that 
they are visible only to an eye placed so as to receive the divergent 
rays. 
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CHAPTER III. 

OF LIGHT REFLECTED AT SPHERICAL SURFACES. 


I. 

Of the Reflexion of a Pcndl of Rays^ incMent nearly jierpen- 
dicularly upon a Spherical Surface, 

(47.) When a ray of light is incident upon any curved re- 
flecting surface, it will be reflected in tlie same manner as it 
would be by the plane which touches the surface at the point 
of incidence. Hence the investigation of the course of any ray, 
reflected at such a surface, is reduced to principles already 
established. 

(48.) Given the focus of a small pencil of rays, incident 
nearly perpendicularly upon a spherical reflecting surface ; re- 
quired the focus of the reflected pencil. 

Let Rs be any section of the reflecting surface, formed by a 
plane passing through the centre, and through q, the focus of 
the incident pencil; the line ac, joining these points, is per- 
pendicular to the surface at s, and is, therefore, the axis of the 
pencil. Now, let qr be 
any ray of the incident 
pencil, meeting the sur- 
face in R, and reflected in 
the direction nq ; and let 
RC be the radius drawn 
to the point of incidence. 

Then, since this radius 
is perpendicular to the 
tangent plane at the point of incidence, the angles, which the 
incident and reflected rays make with it, are equal. There- 
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fore, in the triangle qr//, fonned by the incident and reflected 
rays and the intercepted portion of tlie axis, the vertical angle 
aiujf or its supplement, is 
bisected by tlie radius uc; 
wherefore (Euclid vi. Prop. 

3.), tlierc IS =: — . nut. 

^ i\q i'(j 

since the rays composing the 
pencil are, qumti prchrirnc^ 
perpendicular to the reflect- 
ing surface, and iheiefore 
indefinitely near the axis in their incidence, the point ii a[)“ 
proaches indefinitely to s; and therefore, ultimately, 

as Qc 
5 S - r/c’ 

from which we learn that the distances of the fbei of the inci- 
dent and reflected rays from the surface are as their distances 
from the centre. 

(49.) Now, if QS and ^s, the distances of the radiant and its 
conjugate from the surface, be denoted by n and o', and the 
radius c*s by r, then, when the reflecting surface is concave, 
ac zz 6^-- r, qc =ir — and there is 
(5 (5 — /* 

— whence dr d'r == Uon , 

o’ r ~ o' 

or, dividing both sides of the cciuation by r . n, o', 



1 } - ^ 

d d’ r ’ 

from which it appears that the radius of the surface is an 
harmonic mean between the distances of the foci from the 
surface. 

(50.) When the reflecting surface is conve;r, denoting the 
distances from the surface by <5 and d’, as before, there is 

; whence --r = from which we 


ac =: 0 + Tf qc r 
obtain 


d’ 


r — rV 


L _ JL _ ^ 

(5' ““ (5 7' 

an equation differing (rom the former in the sign of d, or, which 
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is the saiTie thing, in the signs of o' and r. Now it appears, 
from the inspection of the figure^ that the distances b' and r 
lie, in this ease, from the surface in a direction opposite to that 
in which they were measured in the former; wlience it is evi- 
dent that the formula 

1 1 S 

T +¥=■?• 

really includes both cases, if we only consider the distances ?*, 
h and ^ as positive^ when measured from the surface toxoards 
the incident light; negative^ when in the opposite direction. 
This is equivalent to assuming the positive values of r, b and rt', 
to belong to the case of a concave surface, and real foci. 

(51.) When the reflecting surface is plane^ r is infinite, and 

1 1 

the formula becomes — -f — = 0, or 

0 O' 

d + ^^0; 


from which we learn, as before, that the radiant and its con- 
jugate are at equal distances from the surface, and at opposite 
sides. 

(52.) When the incident rays are parallel^ h is infinite, and 
= 0 ; and if we denote the value of b' in this case by^*, the 

0 


formula becomes -y 


- - , whence 
r 


/- 


r 

2* 


This quantity is called the principal focal distance^ or some- 
times simply the focal length of the reflector ; the focus, into 
which parallel rays are collected, being called the principal 
focus. In a spherical reflector, therefore, the j)rincipal focus 
bisects the radius. 

. (53.) Substituting y* for in the general formula (49.), 
it becomes 

1.1 1 
/’ 


a ■♦■y 


from which there is 


a* = 


a -/• 
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VVliereibre, the distance of the radiant from the principal focus 
is to the focal length, as the distance of the radiant from the 
reflector to the distance of its conjugate from the same. 

Again, if we subtract y'from there is 

( 5 . f 

<V -/= T-fjj -f= whence 

(8 -/)(&’ -f)=f^ 

That is, the distance of the centre from the principal focus is a 
mean proportional between the distances of the radiant and its 
conjugate from the same. 

(54.) As we shall liave irapient occasion, hereafter, to speak 
of the reciprocals of the distances of the two foci from the sur- 
face, it will be convenient to denote tliem by a characteristic 
symbol, and to assign them a name. Accordingly, let the 

(juantities - 7 - and -7 l)c denoted by a and a\ respectively; and, 

since these (juantilies are the proper measures of the degree of 
divergence or convoigeiice of the incidc.'iit and reflected pencils, 
let them he called, the vcrgcncy of the incident and rcfkcled 
j)cncif respccti vely . 

Again, the reciprocal of the radius is tlic measure of the 
curvature of the reflecting surface : let it be denoted by the 
symbol 

These substitutions being made in the equation (49.), there is 
a + «' = 

which expresses that the sum ^ of the vergcncies of the incident 
and reflected pencils is a constant quantity. 

Let <p denote the value of a', when a = 0, or the incident 
rays are parallel ; then there is 

And substituting in the equation just obtained, 

a q- ^ ; 

whence it appears that the sum of the vergencics of the inci- 


* '[’lie word sum is taken here in its algebraic generality, and 
hcconies the diticrcuco when one of the tiuantilies changes sign. 
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(lent and reflected pencils is equal to the vergcncy given to 
parallel rays by reflexion at the surface.. 

With respect to the signs— since the focal distances are posi- 
tive, when measured from the surface towards the inculent light; 
negative, when in the opposite direction — it follows tluit tlie 
pdritive wahwa of «, tlic vergeney of the incident rays, dernAe 
divergence^ the negative^ convergence ; and that the reverse is 
the case with resj)ect to a\ the vergcncy of the reflected rays. 

(55.) A slight attention to the equation 

a -j- oj ==. 

will enable us to trace t!:c corresponding values of « and the 
variables which it contains. We shall, in the first place, con- 
sider the case in which p is positive^ or the reflecting surface 
concave^ 

When (I == 0, or the incident rays parallel^ oJ ~ == p, and 

the J’eflectod rays converge to (ho principal focus, or theniitidle 
point of the radius. 

As the dlvergcyivc of the incident pencil increases, it is evi- 
dent from the formula that the convergence of the reflected 
pencil diminishes, so that the two foci aj)proach one another; 
until, when a = tliere is also rJ = p, and the foci, therefore, 
meet at the centre of the reflecting surlace. 

When a > g, a! < and as the divergence of the inci- 
dent pencil is increased continually, the convergence of the re- 
flected pencil is continually diminished ; until, when a = %, 
06 ^ = 0 ; ?. e. when the incident rays diverge from the principal 
focus, the reflected rays are parallcL 

When a > or tlie divergence of the incident j)cncil is still 
further increased, a' becomes negative^ and the Reflected rays 
diverge. And this divergence of the reflected pencil increases 
C0ntinually with that of the incident pencil ; until, when a is 
infinite, a! becomes so too, and the conjugate foci, therefore, 
again meet at the surface of the reflector. 

Finally, when a becomes negative^ or the incident pencil 
convergent j a! will be always posit ive^ or the reflected rays 
will always converge ; and the convergenco of the reflected 
pencil will increase continually with that ol lhe incident pencil. 
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(56.) When the reflecting surface is convexj g becomes ne- 
gative, and the formula is 

Now this change of the sign of ^ is equivalent to a simultaneous 
change in the signs of a and a', which, by the rule of signs laid 
down (54.), amounts to a change of divergent rays into con- 
vergent, and V. V, Hence all that has been said in the pre- 
ceding article, respecting the concave mirror, is directly appli- 
cable to the case of the convex^ if we substitute divergeiice for 
convergence^ and r. 

As the concave mirror makes all rays cojwergc, except those 
which diverge from some point between the surface and the 
])nncipal focus, and of these it diminishes the ilivergence; so 
the convex mirror will give a divergence to all rays, except 
those which converge to some point within the same limits, 
wliose convergence it will diminish. 

(57.) It is sometimes usual to compute the distances from 
the centre^ instead of the surfice. This is readily done; for, 
if the distances from the centre, nc and (jc^ be denoted by 
d and then, when the reflecting surface is convex^ (is^d—r^ 
qs = r — d\ and therefore the relation (48.) is thus expressed, 

d _^d — r 


or, taking away the denominators, dividing the result by rdd\ 
and denoting the reciprocals of r, d and d\ by p, w and u\ re- 
spectively, there is 

iJ u = 

When the reflecting surface is concave^ 


d d d” r 

-f r, qs ” r — dL whence --77 = 7 ,, 

** a' r — fr 


whence there is %i ^ 2 ^. 

In this latter case, however, the distances, r and d\ are 
measured, from the centre, in an opposite direction to that in 
tlic former case. Wherefore, if the positive values of the 
distances be assumed to belong to the case in which they are 
measured from the centre, towards the incident light, then, in 
tfie last-mentioned case, the distances r and d\ and therefore 
their reciprocals ^ and u! are negative, and the formula 
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will include all cases. 

If (p denote the value of v!^ when u = 0, or the incident 
rays parallel ; there is 

p = 

And, substituting this in the general equation, we have 

an equation which we shall employ hereafter, when we come 
to treat of images. 


II. 


Of Aberration in Refiexiofu at spherical Surfaces, 

(58.) When a pencil of rays, diverging from a point, is re- 
flected at a spherical surface, the intersection of each reflected 
ray with the axis will, in general, be different ; so that the rays 
composing the reflected pencil do not, as in the case of reflexion 
at plane surfaces, diverge from, or converge to, a single point. 
The point which was determined in the last section, and which 
is called tl)e geometric focus of the reflected rays, is the limit 
of the intersections, with the axis, of rays, whicli ap|)roac]i it 
indefinitely, and are therefore, quam proxitne^ per[)cndicular in 
their incidence. The importance of this point in all optical 
applications is derived from this — that, althouglji no ray, how- 
ever slightly removed from the axis in its Incidence, shall, after 
•reflexion, meet it exactly in that point, yet, wliatever be the 
breadth of the pencil, the number of rays collected in a given 
indefinitely small space, is infinitely greater at this point than 
at any other, as will appear more fully wlien we come to treat 
of caustics. 

(59.) Let us now proceed to inquire, generally, the inler- 
section of any reflected ray whatever with the axis. 
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AS being the 

section of the re- \ .... r 

fleeting surface*, * \ / 

<ic tlie axis of the 
incident pencil, 

UA any incident | \ ^ 

ray which is re- ^ ^’1 ^ ^ 

fleeted in the di- \ 

rection au', and \ 

AC the radius of \ 

the reflecting surface drawn to the {K>int of incidence; in the 

triangles (ix\C 5 wc have the relations 

AC ^ sin. Ciix AC _ sin. (y/a 

ca sin. caq’ aj sin. cAr/ 

or, denoting ca and cq^ tlie distances of tlie intersections of the 
incident and reflt'cted rays with the axis from the centre, by 
(I and cV ; the angle at tlie centre, Acs, by 0; and car = CAy, 

by /, 

r sin. (/ — O) r sin. (/ + 0) 
d sin, / ^ sin. i ^ 

and, adding, 

;• r sin.(/ i- ti) -{- sin.(/ — 0) 


cl-' cl 


zz 2 cos. 0. 


Whence — dividing by r, and denoting the reciprocals of r, d 
and d, by u and as before — there is 
7 // -j- u 2^. cos. 0 ; 

an equation winch determines the intersection of tlic reflected 
ray with the axis, whatever be its incidence. 

(60.) Wiien the incident ray is ]>arallel to the axis, n =0; 
and, if p dcn(<.te the value of xd! in tins case, there is 

(p zz 9.0 . cos. 0, or / rz ' r . sec. 0, 

Whence, if a tangent be drawn to the reflecting curve at the 


^ The annexed figure belongs to the case of divergent rays, inci- 
dent upon a convc.v surface ; in Avliich the distances d, d' and r, arc 
all posilivc. The resulting ccjuatioiL howevia*, includes all cases, if 
the rule respecting the .iigns ( 07 .) he atteinhHi to. 
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point of* incidence, the reflected ray will bisect the portion of' 
the axis intercepted between it and the centre. 

If, for . cos. 0, its value, be substituted, in tlie equation 
of the preceding article, tliere is 

-f ^ ; 

an equation remarkable for its simplicity, and which is pre- 
cisely analogous to that found (57^.), the quantity denoted by 
however, being, in this case, variable with the aperture. 

(61.) Now, when a pencil of rays, diverging from a point, 
is incident upon the reflecting surface, it is evident from the 
equation, 

v! + 24 = . cos. 0, 

that the value of is, in general^, different for each ray of the 
incident pencil. If u^ denote its ultimate value, when 0, 
there is 

uzz 

agreeing with the formula found (57.). 

Now, if we subtract the latter of these eejuations from the 
former, there is zJ — = 2^ (cos. 0 — 1). Hut cos. 0 — 1 

— — ver. sin. 0 ; wherefore, if the versed sine be denoted by x), 
and the difference between // and its ultimate value by An\ 
this result is thus expressed : 

A . 24^ r: — % . V . 

(62.) {/ being the geometric focus^ or the focus of those 
rays which arc indefinitely near the axis in their Incidence, the 
distance qq\ between it and the point in which the extreme 
ray cuts the axis, is called tlie aberratioit of tlie extreme ray. 

This quantity is readily fouml ; for. if d. denote the idti- 
mate value of d', we have 

S'li zz — n, zz ^ : whence thcTc is 

* (V (1^ 


* There are two particular cases, in which u' is invariable, what- 
ever he the value of 0, or all the rays of the pencil rellected accu- 
rately to the same point. These are, Lst, when ^ = 0, or the re- 
flecting surface plane ; and 2dly, when u is iuHuitOj or the radiant 
at the centre; in wliicli case is also infinite, and the rellccted rayt< 
all meet in tin' same point. 
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d' =d,ll + d,. Aj/]-» = </,[! - ; 

and, if this be expanded by the binomial theorem, 

cT = 4 [1 + ~v H » ) + {y v ) + &C.] 

When the incident rays are parallel, d' d, and 
this series becomes 

f—f[\ + -f + v"" + &c.]; 

a series which might have been obtained directly from the 
general value of namely ' r, sec. 

The general value of the aberration, d^ — is given by the 
preceding series, being e<jual to that series wanting the first 
term. When the angle 0, however, is small, the square and 
higher powers of its versed sine may be neglected, and the ap- 
jiroxiinate value of the aberration, in this case, becomes 

d? 

d' — = ~T- . V, 

When the incident rays arc parallel, = /, and its value be- 
comes simply 

f.v. 

(6«^.) These values of the aberration are generally expressed 
in terms of the aperture of the reflecting surface. Let x de- 
note the scniiaperture, or the sine of f) to the radius r, then 

V zz .* . sin.- fl, nearly, zz ' . — ; also / zz -'-r. 

^Vherefore, substituting, the general expression of the aberra- 
lion becomes 

and for parallel rays, zz / zz \ r, and it becomes 


(64.) There is another species of aberration sometimes taken 
into account; this is the pcr|)endkiilar to the axis, erected at 
the geoipetric focus, and terminated l)y the extreme ray. This 
is called the lateral nherraVion^ in contradistinction to the 
former, which is tei nied the lougHudinal aberration. 
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Thus, if SF be the axis 
of the pencil, F the geo- 
metric focus of the re- 
flected rays, and a / the ex- 
treme reflected ray, meet- 
ing the axis in jf, and the 
perpendicular fo in o; 
tlien F/'is the longitudinal, 
and fo the lateral aberra- 
tion, and we have 


FO = ly. 


AB 



vj . — , very nearly. 


Wherefore, if the longitudinal aberration ^ be denoted by 


lat, aberration zz 


7t 

1 


X 


3 ^ 


(65.) It is of importance to determine the least possible 
space into which all the reflected rays are collected ; for this, 
being \\\q j^hysical focus of the radiant point, furnishes a mea- 
sure of the confusi(3n arising from the aberration. 

To find this, let a/ 
be the extreme ray, cut- 
ting the axis in f \ qf^ 
any reflected ray at the 
other side of the a.\is, 
and meeting it in^/*'; 
and mn the perpendi- 
cular distance of the in- 
tersection of these rays 
from the axis. Then it 
is evident that, as the arch sa increases, this ])orpAdicii!ar shall 
first increase, and ailerwards decrease — increasing, on account 
of the increase of the angle and then decreasing, on ac- 
count of the decrease of — until, when =z sa, coin- 

cides with j\ and mn vanishes altogether, 7tin has, therefore, 
a maximum value, and, when it reaches this value, it is evi- 
dent that all the rays at the same side of the axis with qf^ sliall" 
l)ass through it, and that it is the lea.st possible space into wbicii 
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those rays can be collected, mn is, therefore, in this case, the 
radius of the least circle of aberration. 

To find its magnitude — let the semiapertures sa and m be 
denoted by x and ; and let x denote, as before, the coefficient 
of the square of the aperture in the value of the aberration ; 
then, F being the geometric focus, we have 

vf = %.x"^y f/*' = whence, subtracting, 

But, on account of the similar triangles mnf as/' — vmf\ 
there is 

nf r: mn . ~ = - — . o.p. nf ^ = mn . - - = - . q.i), 

^ AS X ^ L J / L 

mn being denoted by Whence, adding, there is 



and finally, equating these two values ofjf/*^ we obtain 


g =: -- {x — x^)xx^. 

Now, x^ being the variable in this expression, g varies as 
(x and is a maximum when the latter is so. But the 

product (x — x')x' is evidently a niaxinuim when x' = \-x; 
and becomes, in that case, Wherefore, the maximum 

value of or the radius of the least circle of aberration, is 





. 


from which we learn tliat the radius of the least circle of aber- 
ration is one-fourth of the lateral aberration of the extreme ray. 

(66). The general value of x (63.) is ^ - in which 

is the distaJLce of the focus of reflected rays from the surface. 
Wherefore, substituting. 


^ ^ (f5 — r)" X' 


e — '4: 

In the case of parallel rays, <5 : 

I or. 


t = I 


r- 


and this becomes 


from whicli we learn that the diameter of the least circle of' 
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aberration, for parallel rays, is equal to the cube of the semi- 
aperture divided by the square of the diameter of the reflecting 
surface. 


(C7.) With respect to the position of the centre of this 

p , ^ 

circle, we have nf :z: \ but i;/r: x.o;’; wherefore, 

iJC 


subtracting, there is 

or, the distance of the centre of the least circle of aberration 
from the geometric focus is equal to three-fourths of the longi- 
tudinal aberration of the extreme ray, 

a’* 

For parallel rays, therefore, n . 


III. 

Of haa^cs formed hy Rejlexion at spherical Surfaces. 

(68.) When an object is presented to a spherical reflecting 
surface, its image is tlic aggregate of the foci of the reflected 
pencils, corresponding to the several ])oinls of the object. 
Hence, to obtain the form and position of the image, we must 
determine the focus conjugate to each ])oint of the object, 
'fhis is done by drawing, from each point of the object, a line 
through the centre of the spherical suriUce, and computing, on 
this line, which is the axis of the jiencil, the place of tlie focus 
of the reflected pencil, by means of the formula for conjugate 
foci (57.). 

Accordingly, the relative position of the olyect and image 
is determined hy the same rulcxS, as tliat of the coiyugate foci. 
The object and its image, therefore, ho always on the same 
side of the principal focus; they move in opposite directions, 
and meet at the centre and surface of the reflector. 

As the axes of the several pencils intersect at tlic centre of 
the spherical surface, it is evident that the image will be /«- 
verted with respect to the object, when they he at op|)osite 
sides of the centre; when at the same side From this 
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it follows that the image of an object presented to a convex 
mirror is always erect; while that produced by a concave 
mirror is erect only when the object is between the principal 
focus and the surface, and in all other cases inverted. 

It is also evident that the image is real when inverted, and 
when erect imaginary. 

(69«) If the surface of the object which is presented to the 
reflector be a regular surface, there must subsist some relation 
between the distances of the several points of that surface from 
the centre of the mirror, and their inclinations to some fixed 
line drawn through the same point. Wherefore, combining 
this relation with that of the distances themselves, given by the 
formula 

4- W :z: f , 

we shall have the relation between the distances of the several 
points of the image from the centre, and the angles which they 
form with the given line; that is, wc shall have the polar equa- 
tion of the curve which is the section of the image. 



Thus, when the figure of the object is a spherical surface 
concentric with the reflector, whose section is represented by 
PQ, ?/, the reciprocal of the radius, cq, is constant, and there- 
fore z=.<p Uy is also constant, and the figure of the image, 
pq^ is likewise a spherical surface concentric with the reflector, 

whose radius, cq, = -y. 

If, for example, the object presented to a concave reflector 
be a portion of its own sphere, u zz and since 9 n — 2 ^, 
there is Or, the radius of the spherical image will 

be one-tliird of that of the reflector. 

(70.) If the surface of the object be plane, that of its image 
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will be that generated by the revolution of a conic section 
round its axis. 

Let us take, as the axis, the diameter of the spherical re- 
flector which is perpendicular to tlie plane of the object ; and 
consider the sections of the reflector, the object and image, 
formed by any plane passing through this line. Then Ptt 
being the rectilinear section of the object, ac the line drawn 



from any point of it to the centre, there is cr zz ca . cos. vcai ; 
that is, if the rccij)rocals of the distances cp and cm be denoted 
by a and respectively, and the angle vai by 0, 

u ^ a cos. 0, 

Wherefore, substituting this value of in the equation u, 

?// := (p — er , cos. 0, 


the equation of a conic vscction, whose focus is the centre of the 
spherical surface, and axis m(0or the diameter perpendicular 
to the plane of the object. 

Comparing this with the known jiolar equation of the conic 
section, in which the angles are measured froi^> the remote 
verteXy 


in 


1 . 


P 


— . cos. w, 
p 


which p denotes the semiparameter y and g the excentridty ; 


we have <p zi and a z; or, if /be the focal length, and 
(1 the distance of the object from the centre, 
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f 

p =/, and 8 = 

Hence the parnmeter of the section is equal to or to 
the radius oi' the sjiherical surface, and iherefore constant, 
whatever be the position of tlie object. Now, tlic principal 
parameter is ccpial to the diameter of curvature at the vertex 
of the conic section ; and, accordingly, we derive the remark* 
able conclusion, that, whatever be the position of the object, 
and consecpient magnitude of tlic section, the curvature at the 
vertex is invariable. 

(71.) With respect to the nature of the section, it will be an 
ellipse^ hppcrhola^ or paraholdy according as the excentricity g 
is Jess, greater than, or equal to, unity; that is, according as d, 
the distance of the o])j(‘Ct from the centre, is greater, less than, 
or equal to, the principal focal length. 

We have now all tlic conditions requisite to assign the nature 
of the section for eacli position of the object. 

When the object is beyond tlie centre at an infinite distance, 

then 2 = is nothing; and the image is a whose radius 

is y, half the radius of reflector. 

As the object approaches the centre from an infinite distance, 
the imago becomes an ellipse of increasing excentricity. When 
the object reaches the middle jKiint of the radius, the excen- 
tricity g becomes unit, and the ellipse is changed into a para^ 
hola. 

When the distance from the centre becomes less than half 
radius, g is greater than unity, and the curve becomes an /^/y- 
perholUi of increasing excentricity as the object approaches the 
centre ; and when the object reaches the centre, the excentri- 
city is infinite, and the hyperbola becomes a straight line coin- 
cident with the object. 

When the object passes the centre, and moves from thence 
to an infinite distance, the same changes take place at the cor- 
responding distances, as in the approach to the centre from an 
infinite distance — the curve being first an hyperbola, then a 
parabola, then an ellipse, and lastly a circle. 

In this case, however, a becomes negative, and the equation is 



IIEFLEXION AT SPHERICAL SUllFAt’ES. — IMAGES. 4*7 

v! :=z <p a. cos. 0, 

the equation of a conic section, in which angles are mea- 
sured from the near vertex ; and, accordingly, the axis of the 
section lies in an opposite direction, with respect to the centre, 
to tliat in the former case. 

(7J2). Wc have here considered tlie question in all its mathe- 
matical generality — considering the Jine of the object to extend 
mdefimtely in both directions — ^and the reflector to be an entire 
circle. 

When the object is entirely without the circle, it will be 
evident, from the inspection of the figure, that if a right line 
be drawn through the centre perpendicular to the axis, the 
concave hemisphere will give by reflexion the portion of the 
section between the near vertex and focal ordinate, while the 
convex hemisphere will give the remainder. 

When the rectilinear olyect intersects the circle, the remote 
hemisphere will give, as before, the portion between the near 
vertex and perpeiulieular diameter ; the portion of the circle in- 
tercepted between the object and perpendicular diameter will 
give the portion (.)f the image included by the same lines, by 
reflexion at the convex surface ; and the lesser segment of the 
circle will reflect the remainder of the image at its concave 
surface. 

When the right lino is limited, or the reflector but a portion 
of a circle, the curvilinear image will be only a portion of a 
conic section, terminated by lines drawn from the centre, cither 
to the extreme points of the object or extreme points of re- 
flector. 

It would be useless, as well as troublesome, to consider the 
figure of the image corresponding to any other figure of the 
object, inasmuch as the objects presented to reflectmg^irfaces, 
if not plane, are generally of irregular forms; the images of 
w|jich are therefore only to be determined by considering sepa- 
rately each point of the object. 

(73.) We shall now consider the magnitude of the images 
produced by reflexion at a spherical surface. 

If the section of the object be considered as an arc concentric 
with the reflector (a supposition which will not differ much 
i]\e iMith wIiL'ij the object is small and perpendicular to 
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the axis), we have seen that the image will be likewise an 
arc having the san^e centre ; and since these arcs, subtending 
the same angle at the 'centre, are to one another as their radii, 
see fig. page 44, it follows thait the linear magnitudes of the 
object and image are to one another as their distances frt)m 
the centre of the reflecting surface ; wherefore, denoting these 
magnitudes by m and rw', and observing that the distances of 
the conjugate foci from the centre are to one another as their 
distances from the surface, there is 


or, since o' 


3./ 


m 

5 qfl 

When the object is infinitely distant, o is infinite, and 
^ = 0; that is, the image is infinitely small compared with 
the object. 

As h diminishes, ™ increases; until, when ^ he- 
rn . '^ 7)1 

comes infinite ; that is, when the object is at the principal focus, 

the image is infinitely great compared with it. 

As d is still further diminished, the ratio — also dimi- 


/ 




m 


ntv 

nishes, until when ^ z= 0, — = 1 ; or, when the object comes 

TYh " 

to the surface, the image is equal to it. 

When the object moves to the convex side of the surface, 
the focal length f is negative^ and the formula becomes 

— = from which it appears that, in this case, the 

ratio is always less than unity, or the image always smaller 
than the object; the ratio decreasing indefinitely as the 
distance of the object increases. 
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CH A PTEil IV. 

or REFLECT10 AT ANY SURFACES. 


Gei^raLT^^ Refipxim at any curved Surfaces, 

(740 follows we shall limit our attention to the 

case in which the reflecting surface is a surface of revolution^ 
and the incident ray in a plane passing through its axis ; a case 
which comprehends most of those with which we are concerned 
in the practical applications of optical,! science. 

As the normal to the surface, in surfaces of revolution, lies 
always in a plane passing througlv the plane of inci- 

dence, in this case, and therefore also that of reflexion, must 
be a plane containing the jotis of revolution : we may, therefore, 
in what follows, confine our attention to the section of the surface 
made by such a plane, and containing the incident ray. 

The angles, which the incident and reflected rays make with 
the axis of abscissaE?^^ being denoted by &> and w', the cosines of 
thej angles^ which the inddenit ray makes with tlm axes of y 
and a?, are, sin. cos. oj ; those of foe angles coflt^l^J by the 
refltected ray with the same, sin. wV cos. respectively. But 
the cosines of foe angles, ^ tangent to the curve at fo^ 

■■■ ' dy da?.... 

poinjt^ oC iricidEtibe makes same axes, are . ^, 

tljer^ibr^: which the iticid^|i0d re- 

flci^efiirays (make with thB ti^ to the curve 'itt the ppint 
of incidence are, reap^ctivply, 





iioM<se%^oys 


<ir 


% 


V:^y. - ' ■ -■ ■ 

Now tliese angles are — angle of incidence, aiul angle 

of reflexion, re?»poctivclj, and therefore (since the angles of " 
incidence and reflexion; are c?quiil) iHcar cosi^ are equ^ with 
opposite signs ; that is, 

cos. cif • dw f sin. fw . + cOkS. ^ sin. J . 4y 2 =? 0 ; 

an equation which determines o/, the angle made by the re- 
flected ray with tlie axis of abscissa?, as a fimction :pf a/, the 
angle made by the incident ray with the same, and the coordi-^ 
nates of the point of incidence; 

(75,) Let (a, /3) be the coordinates of any point of the ineU 
dent i*iiy, (aV /^O those of thSS^^fltet^d ray 
rays pass through the point of incidence, whose coordinates are 
(;r, 2 /), their equations are 

S — 2/ ^ 

i3^•« 2 / = tan. (a' 

and if we eliminate w and equations and that 

of the preceding article, the revolt will give a relation lietweeii 
(a, /3), (tt'j /3-), ahd •tte reflecting curve. 

Accordingly, wlien the coordinates (a, are deterinincd by 
the law to which the incident light is subject, the resulting 
equation gives the relation between a' and or the equation 
of the reflected ray, tor each point of the reflecting curve. 

To proceed with this eliniinatioir:— From the equations of 
the incident and reflected ray wo deduce 




• a — iT 

cos.- fit;' — , 


Sin. W : 




m; 


•, a! — a? •. r^ry ' 

ng, for abbreviation, 



, ' cjrj^yE-D surVAcks -.M 

and substituting these values ih: the preceding equation, it be- 

. comes../ 'v!.'-, ■ / . . -■ 

(« — x) dX + (,3 - y)dy , («.' r*-ip^dx + (/S' ^ 

. ■ ."-T ^ "■-■^rrr-tr. j ^ ^ ’■> 

■ ■ ■■ . ■* ■ '-:■•■ ■ . ' *■ ■ 

wbieli, when a ami /3 are given, furnishes tlie relation between 
aVami /3'V or the equation of the reflected ray. 

When the incideiU pai^^ the axis, i3 — ^ = 0, 

wherefore ^ = a — a?, and the preceding equation is reduced to 

^ ,dx {a^ x)dx H- — y)dy zz 0. 

(7(>.) If we differentiate the values of ^ and f', relatively to 
a* and y ohlyr we find 

y ia ^ ^ i0 -y)ily = - 

(a' ~ x)dx-^{^^ t/)dy zz « {.df; 

^bfch being substituted in equation just obtained, it becomes 

a reinarkable result, from which it follows that the qua»>tity 
G + /) ^ minimum^ or that the course of the light from 

any fissurncd point in the incident ray, to any assumed point 
in the reflected ray, is the shortest possible. 

When the incident ray is paraliel to the axiS;, r: — dar, 
and this equation becomes 

(77;) To determine the curve which will reflect rays, pro- 
ceeding froni a point, ricca^d^c/^ to a point, we have only to 
consider (« {?), as given points in ccjuat. (75.), and in^ 

tegrate on that supposition. For the sake of siinpiification we 
shall take the focus of the reflected rays as the on|^of the 
coordinates, or make a! r: 0, 0^=: 0; then infegrating, we 
^nd 

- ^ 4 - = a. 

If this be transformed to polar coordinates, by making 

a* sr.cos. w, y ::r r.sm^^ a" = 

thei^;^is^:■..■V^■ v'- ^ 

{oL r iiO%* ; 

. K ' ■ - 1 - 0 . 



:.iai : 


knd jdfey^lbpUigi w 

'■ -i '‘“f W ■+ :/3.-S.!», t^j) 

or, nmking /^ ==r (Z5 .008/7;,^^^^ ^ fis . sUKy,. 

^._ U‘ 0- f\ "x -^rV ■ : 

I ;■■“ j . cos. (»■ ■■--- _7).' . ■:; ■ ■ 

The equation of an >f/%.y^or is 

axis major a^ and distance between the foci, «£ 

Also, the axis major coincides with the line joining the foci 
of the incident and reflected rajs, since it makes the angle y 
with tlie axis of ahscissa\ Hence it appears that, as the focus 
of the reflected rays is one of the foci of the curve, napiely the 
origin, so the focus of incident r is the other. 

Wlien the incident rays are parallel, wc must return to the 
differential equation (75.), irt -^ch^ m^ ^ 0, ^ 

before, and integrating, there is 

a’ d- -i- ?/“ ~ const. 

- If ic' be the value of a?, when ^ = 0, then const. = Sub- 
stituting this value, and transforming to polar coords., 

1 ■+■ cos. W 

the equation oi vl parahola^ whose principal parameter is equal 
to 4^'. 

These physical properties of the conic sections readily follow 
from the geometric properties of those curvx^s; For, in the 
ellipse and hyperbola, since the lines, (h'awn from any point 
to the foci, make equal angles with the tarigeiit at Unit pointy, 
it follo«^|hat rays diverging from, or coiivergjng to, one focus 
of an ellipse, will, after reflexion, converge to, or diverge from, 
the other; and that rays diverging from, or converging to, one 
focus of an hyperbola, will diverge from, or converge to, the 
other. Again, in the parahola, since the lines drawn from iahy 
point of the curve~one to the focus, and the other paral led to 
th^ axis-^^Ake equal angles with the tangeiit at 
it follo)^ ih incident upon a parabola, in a 
piiralid to the axis, will, after reflexion, conyerge to, or diverge 



'is 

from the focus, according ^ 

or convex surface. , 

Blit though it is thus evident fVom geometric considerations 
that the conic sections }>o|sess this property yet it remains to 
shoiv that they are the only curves possessing it: and this the 
analytic demonstrationV above given, haS'donc. 

(78.) The eqttaiion of the reflected ray (75.) may be put 
under a riiore convenient form. For, if we make dy == 
and multiply by becomes 

” ^ + p{iS K^)] + g[(a'- x) + />(i3' - 3^)] = 0; 

Now, transferring the 2d member, squaring both sides, and 
substitiitihg and their values, the resulting equation, 
it will be found, is divisible by the factor, 

(/3 - y){af -- 0?) - ((if ^y){u -- x), 
and is thus reduced to 

(//« — 1) [ (,3 - »/)(«' - x) + {3' — y){a.- .v) ] . 

+ %^[(* - ^ — y)] = (>> 

which is equivalent to 

+ (a' — J/) + %>( — x)\ 


This equation of the reHected ray may readily be obtained di- 
rectly. o) and :ry denoting, as before, the angles which the incident 
iuid reflected rays make with the axis of abscissic, let 5 denote the 
angle made by the uoriuul to the curve at tlie point of incidfnice 
with the same; then, tlic angle of incidence r= ±(a;— 9); the 
angle of reflexion = ih w )* AjuI, sijico th(?se angles are 
equal, we have : 


^ -{- uf — . S ~ 0, or 'jj + 'm ^ 25. ^ 

• ■■ ' ■ nr • tan. cu + tau. tan 5 -av 

lieuce tan. (io -i“ w ) = tan. 29, or ~ — 

■ / 1 — tan. w , tan. w I — tau*9 ^ 


r . - a d.v I 2tan. 5 

but tan. 9 = — whence = 

dy P 1 — tan.- 9 

and therefore 



r- T) (tan. ft? -f tan, o;^) + 2/J!(1 — tan. w , tan. co ) 
And substituting for and tan. vo their values, 

(75 .), obtain above written. 


0 ; 



a' *— 



tVfeen the incident ray is parallel to the axis, jS •= 0, 
and the eqi^J[ion is divisihl^^ a — .r; Wherefore, 

omitting the necessary, the eqiiaUoir 

of the reflected ray, in this case, becomes 

- l ) (/3 0 . 

When the incident rays diverge fVoni a point in the axis, 
/3 = 0; and if we place the origin, which is arbitrary, at this 
point, we liave also a = 0, and the general equation of the re- 
flected ray becomes 

(^ - ^) [(;»■ - 1 ) .c “ ^pii] -i-{« -^») [{p* - i)y + - 0. 

(79*) To get the point in which the reflected ray meets the 
axis, we have only to make /3 r: 0 in its equation, and the re- 
sulting value of a is the coordinate of the point required. 

Thus, tlie last found equatioil may be put under the form 
p*’- +i’,y)] t- ('>— •^)[ p{^ :V?y)+ (/w--^)]=0; 

from which, making /3 =: 0, we obtain 

a [ + Pli) + ( P^ — i')] ~ FJ) ( P-*' - V)^ 

which is equivalent to the following: 

a _ _ ^ J ^ 

a ^ pv — y , X py 

To get \i\Q ffeoynetrlv focus, or the focus of rays indefinitely 
near the axis in tluir incidence, we should substitute for p its 
value given by the equation of the reflecting cur and make 
y 0 in the result. It is easy to see how these results may 
he applied to the investigation of the aberraikm^ 

(S0.]r?8&iJ4, let the reflecting surface be a and 

the incident rays diverge from a point in the axis f then, 5 de- 
noting the distance of tlie vertex of the cone from the radiant * 
point, or origin, and 0 its semiangle, the equation of thc gei^- 
ratiiig right line will be 

2 / tan. 0(,r — <5), whence p tan. 0. 

And substituting these values of y and p, in the equation of 
llu> preceding article, wo obtain 



ltE:FLKX.ION At eVK*EI>' .S.t7itFAO}2S. 

■ i'i' -i 

■ ■ ^ , • ■■■■ ■ ■ ■ ■■■. ■'■'■■; 

Orr vertex of the cone, by mh^ 

gtituting a 4 - 0 for a, j? 4- 

d'.'x,- ^ 1 3cos.®0 

^ X + S^.cos.^d- a 

■ '■ ■■■■ ■•■ ■ ^^ ■•• .■ ■ -^ ■ :■ ■ ■ ' ■ 

When the incident rays ^e parallel, or the radiant point in- 
finitely distant, := 0 ; and there is 

0 ?; 

A^hen ^ =r 90®, the conical surface becomes a plane perpen- 
dicular to the axis. In this case, cos. 0 = 0; and, for the. in- 
tersection of the reflected ray with the axis, we have 

. ’■« .—-A: ', 

showing that the points, in which the incident and reflected 
rays meet the axis, are equally distant from the reflecting sur- 
face, and at opposite sides. Further, as this value of a is 
constant, it follows that all rays, div’erging from the same point, 
and incident on a plane surface, will, after reflexion, diverge 
accurately from the same point, agreeably to that which lias 
been already establislieHl (39.)- 

(iSl.) To apply tlic preceding theory to the case of the 
sphere: let h l>e the distance of tlie radiant point from the 
centre ; then, if we transfer the origin froirt the former to the 
latter point, by substituting a 4 - 0 for a, x 4 0 for the equa- 
tion of the reflected ray vyill be 

:.0-y)[ip^ - 1 ) (•»• + -^pi\ 

-J- (« — x) [(;j* — \)y + 9.j)[x + 

/Now, tlie eq'^^ation of the ci|*cde, referred to the centre, is 

{V 

xdxzxi 0, andp =: — 

'■ 'in , 

Substituting this value of p, the preceding equation becoriies 
which is equivalent to 



— ^ ) f r7fdi£.?i5£^jy Hh;^ 

maj^^lsKj conveniently transformed^ by ex- 
pressing ^ and yin terms of the angle at the centre; for it this 
angle be denoted by there is 

X == ?’ .cos. w, 9/ == r . sin. « ; 
wherefore, substituting these valucsj, and observing that 
cos.- ft> — sin.® oj = cos. 2 a> . sin. m r: sin. 2 w, 
the equation of the reflected ray becomes 
^ [o . cos. + r . cos. w] — a [5 , sin. Sw dr r . sin. w] + . sin. ~ 0- 

(82.) To find the point in which the reflected ray meets the 
axisvlet /3 == 0 in the last equatioUj^ and wo find 

^ ; « [6 . sin. 2w -f r . sin. w ] or . sin. w ; 

01*5 dividing both sides by acr isin. 


1 




agreeing with the equation already obtained (59 ), and from 
which the vvhole theory of focal lengths, aberrations^ &c. is 
deduced. 

(83.) The equation of the reflected ray, just found, miglit 
also be employed for the determination of w, when a and B are 
given ; or, in other words, for the determination’ of ilie point 
of incidouce, the incident and reflected rays pas.sing each 
through a given point. This is the celebrated problem of 
Alhazen, and is evidently equivalent to the following geome- 
trical problem : Given the two foci, to deseribe^ 

which shall touch a given circle***’ The algebraic solution, by 
means oftlm alK7ve equation, leads to an equation of thd 4^^^^ 
dirnensi^^'^^iere is one case, ho\vever, in which .(he; 
is easy; it Is that in which the right line joining the given , 
points passes through^^ U^ centre ; in this citse ^ ^ 0, knd the 
equation is reducecl to that of the preceding ai-ticlc, from which 
■we get.' ■■■ ■■■■■'. 


cos. OJ 
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OfCamtics produced hy Re^mxyn at any curved Surface, 

(84.) When a pencil of rays is reflected at any surface, the 
successive reflected rays will, in general, intersect in different 
points. Now, the of these points, or the curve traced 
out by the successive intersections of the reflected rays, is called 
the eaustw ; and it is evident that the condensation of the light 
in this curve is infinitely greater than at any other points. 
The investigation of these curves is, accordingly, of consider- 
able importanco in optical researches. 

u being the focus of the incident rays, let on, an' be two 
successive Incident rays, tlie corresponding reflected 

rays, meeting in q ; then the caustic curve is the locus of the 
point y. Let RE, r'e, be two normals to the reflecting curve, 
erected at k and ii', the successive points of incidence, and 
therefore meeting at the centre of the osculating circle. Then, 
if we denote qk and gE, 
the distances of the in- 
tersections of the inci- 
dent and reflected rays 
from that centre, by I) 
and d; Qii and Rj, the 
distances of the same 
points from the point 
of incidence on the re- 
flecting curve, by atid 
i's UK, the radius pf the; 
osculating circlcv by r ^ 
and (ills, the^ tile int^ident ray makes witli the 

tangent to tile eurye at the pomt of incidence, by there is 

Ihit since,; in proceeding r in the reflecting 
iJurve, to tlie consecwti vo -feid indefinitely near point u', the 
position of the jioihts k and q is iinalteved, it follows that uc 






HOModteKEou^ woiir; 


may; differentiate these r, as 

cpnstant. Accordi^^V wfe have ^ 

^ — r Td? , 0 — r§\ cos. G.dd n 0, 
g-i js' — r . dJ* sin. Q ~ cos, /? , = 0. 

Blit the cosines of the angles, which the incident and reflecteil 
rays make with the tangent to the curve, arc, respectively, 

(Is ’ being the increihejnt of tlie arc ; and, as 




ds 

these are equal, we have 

do 

If then we substitute — d^ for in the 2d of our equations, 
we have 

^^do ^ r n d& . sin, 0 — . cos. O-dO = 0^ 

— do r . do . sin, 0 — cos. 0 . dO .,= 0 ; 

and, nniltiplying the former by g', and the latter by and 
subtracting, there is 

% (f + t) 0, 


or, 


1 1 

7 ^ '7 


(85.) When the incident rays are parallel, e is infinite, and 
i = 0; wherefore, denoting the resulting Viduc of ^Vby J] we 
have 

_ r .$in. 6 

Now, the pfaord of the osculating circle, passing through tlie 
radiant {joint, = 2r . sin, 0 ; whefefore one fourth part of 
this chord. Again, J' may be expressed in terms of and 0. 
Vnr ^/v yndii i g tli o osculatittg circlc, expressed as a function 
of these quanlitieSvis 

: :W(f . •: • 

Finally, if we substitute for f . sin^ valuej in the- above 
equation, ■it becomes - . v7/-7'" ' :-k ■ 7 :\' 7 '. ' 




f 



(^AfJSTlOS ?iKOI)0^iEI> 5®^ 

(86.) djetetniiirt^ ^uatiQt) of the caiistic curve, we 

shall use the rMatipn between radius vector and the angle 
which it makes witli the tangent to the cuf<^e ; or, which is the 
same thing, the relation between the 
distance and perpendicular;. It is 
evident that the reflected ray is 
a tangent to the caustic nq at the^ 
point y: the question therefore is q 
reduced to that of finding the rela- 
tion between the distance and 
tlie angle U(yK, that between qr and 
the angle aRS heing given. Now, 
in the triangle Qf/it we have the re- 
lations - 

aq . sin. ayii — an . sin, any, 

. cos. 05-11 + OR . cos. 0K5 r: Uq ; 

1. e, denoting 05 by w, and the angle aqii by ^5 

?^.sin.^ n sin.^^d, 

?/ . cos. , cos. 20 4- 

Now being expressed in terms of p and 0, by means of the 
equations of the preceding article, and one of these <piantities 
tiien eliminated by means of the equation of the reflecting curve, 
we shall have two equations containing the other of these vari- 
al)les, togetl)er with // and 9; and this variable being elimi- 
nated, there results a single equation, containing it and ^ only, 
wliiclv is therefore the equation of the caustic. 

(87.) As an application of these equations, let us take the 
case in which the reflecting curve is i\\G logarithmic fipiraly and 
the radiant point at its pole. 

The property of this curve, with which we are here con- 
cefned, is, jth# the angle by the radius vector with the 
tangent is constaht. Wherefore, 0 being constant in the value 
of/ (85.), we find 

:.C/ - 

Jr T"v*, 

and this being e<juation 






1 

tliei’e is f. Now, putting this value of / in equations of 
the preceding 

?/.sin.^ :r: ^.sin.Sd, 
w . cos/ip = p (1 .+ cos. 

and, dividing the fqrriier by the latter, there is 


tan.p 


sin, ao 
1 4* cos. 


zz tan. 0, 


Wherefore, as 6 is constant, so is also ?, the angle jnade by 
radius vector with the tangent in the caustic curve. That 
curve is therefore a logarithmic spiral, having the same modulus 
as ilie former. 

(88.) We now proceed to consider this subject iii a more 
general point of view. 

It is evident that when we pass front any reflected ray to 
that indefinitely near it, the two rays will have, at their inter- 
section (which is the locus of the caustic), the same coordinates; 
and the only quantities whicli shall have varied are the co- 
ordinates of the reflecting curve. If therefore we difierentiate 
the equation of the reflected ray, relatively to these coordinates 
only, we shall have two equations involving the coordinates of 
tlie intersection, together with those of tlic reflecting curve and 
their differentials. If, then, we eliminate the latter from these 
equa t ions j combined with the equation of the reflecting curve 
and its diff^^ equations, there will result a single equation, 
edntaming bnly the coordinates of the in terseeijons of the suc- 
cessive refl^ec ray s, and which ; is therefore the equation of the 


cavisti 


(89.) Thus, let-fhe incid^^ to the axis; 

making d//, s pihvy ih the cquatiqmp^ tlie ?;refibcted ray (77.), 
and omitting'-; the traits, it is , ; •; ■ ■ , • 

1 if we ..atxl' y 

.iiwily, and . obserye.tiifat ■■■ 
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dp d'^if A » -i* i- • 

ill whicli ” And rf we eliniinate x, y, />, arid 7, 

IVom tlicse equations, iconibined with tliaA'quation of the ro- 
flecling curve, and itt 1st and 2d ditterentials, we shall obtain 
a single equation containing a and (3 only, wliich is therefore 
the equation of the caustic. ^ 

If we transfer f to the othey side, jn the equation of the re- 
flected ray, then square, and SuLstitute for its value, that 
ciiuation becomes 

1 ) (/3 - j/) + % {« — x) - 0, 

an equation already found (78.). And substituting in this for 
(;i — y) its value, obtained above, we have 

which, combined with the equation 
will detei mine the caustic. 

(900 If these equations be squared and added together, 
there is, 


[(“ - + (p’ - S')"] r' = (1 + V 

and, extracting the square root, and dividing by y, 

^ _ 4- Ml + 7 /) 

i ' 

Now', the chord of curvature, in a direction parallel to the 

S/i ri •"'t* /xo ' 

axis of abscissae, is ■ ; wherefore, denoting this by c, 

we have V v., 

'■;4^v_c .. ' 

'4’ ' 

*• e. the distaricri/bf any point in thri reflecting curve from the; 
corresponding in the capstic,^^ ori the focal length oif xi;;; 
small oblique pehtril of iparii^Qel Trays la equal to one-fourth of 
the chord of erifiprt dh^tioni parallel to the^^i^^ 

cidentpencil^|;if^f ' " . . :■■ ■■ :C 

(91). tbeory, let us take 



the case in w the reflecting curve jS; a the 

,-' X- = air, 
aM difterehtiatirig, . . ' i ^i/p tri'af 

fWHn which there is, . * •, J? = ^, ? =; ^ t 

and these values being substitnte^ in et^j^uations ($0.)| 
we And ... ^ --•y r: whence ;/3 sr 0, 

and . . . a — *, 2= -X ~ 

X ^ 

It appears then, that thc caustic is, in ibis case, reduced to 
a point, whose coordinates are 0 and ; tliat is, the focus of 


the parabola. Rays parallel to the axis are, therefore, re- 
flected accuraiely to the focus, as is evident from other consi- 
derations.- 

(92). Reefuired the caustic when the reflecting curve is a 
parnbda anA the rajs are incident in a direction perpmdk-^ilar 
to its axis. 

In this case, taking the line perpendicular to the axis, as 
the axis of abseissic, the equation of the curve is 


x'‘ — ay. 

Whence, differentiating tw'ice, wc find 

8x a , 

and substituting in equations (89.)i 

Rrpm the^iper pf the^ eqi^^ we get sub- 

8tituting-'iri\Hii§.lpt.ter, 


W'x-: ■ ; 'V 
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The iivtci^etMtions of -this earvc^ w axis are obtained by 

making « =#;^ by two values of j8, namely, 

(3 =; ^ biirve thorefor<? intersects' tbe axis 

at tbe^;yeJ?tcx at a pointy B, whose distance’ femi tins 

varied'’ AB =: 9 AF v E. be^ ibcus of the pambola* 

form is repi-esented in the annexed figure. 



If the distance ab = be denoted by jSV and o thus elimi- 
iiated from the ajuation of the curve, that eqiiation assumes 
the following more simple form : 

(93.) As another example, we shall take the case ill which ; 
the reflecting curve is a cycloid, and the rays incident in a di- 
rection 

If we denote by 2a the axis of the cycloid, or the diameter 
of tlie generating circle^; the relation between the coordinates is 
expressed by the two equatidu^^^ 

a; zr a . versin. fly y = a(0 + sin. fl) ; 

and, if we iliff^rentiate twice, fl as the independ|erit 
variable, we find ^ * 

> sinv'^v-.. . 

Whence”';.' ■■■; ■ , ..I ■ , - ■'■ ■■ ;> '• '■ '■ ■■ V' - -v 

— ^ 1- _ 1 4: co s.^^: 

and these eqijations (89f), 

the..follpwin^^'>: ■ v;-’'' 
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Afl (3; + ■’■’ j$'.±::rj;a0O.'rr .sil.U'^0);.4 ■■ ■.;■. 

:pri waking. 0^ z:;. ^ 0',. ^ ■••'■' 

siwV.O') 

and, finally, it' we remove the origin to the point whpse foprd^ 
nates are « and J -«5 by making 

.we have ■, ^- 

= 4rt . versin/^ ^ -f- sim fi’)} 

the equations of a cycloid^ wiipsfe axis axis of the 

former, and the coordinates are obtained by 

bisecting the axis and settiitfese of the former/ caustic 

consists, therefore, of two cycloids, each described on half the 
base of tlie original cyclpid| as is represented in the annexo<l 
fiijure. 



(94,) We now proceed to the investigation of the equation 
of the caustic, when the incident rays diverge from a point. 
The equation of the reflected mjV in this case, is 

f'Ct* + 

ifl, which (a/, jS') ar^ the c^ryinates of any point of the re- 
flect ia| ray V and («, ;i8) those of any point of the inciderit ray, 
which ar^supposed to be given. Then, difterentiating this 
equation relatively to .r and »/, the coordinates of the reflecting 
curve, we';haTe:''' ■ 
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ill wJiich g — But since there is 

(« - a ) 4- p(^ -:>/) = - 


IS 

f • 

Hf’ 

dv ’ 


this equation becomes 

[f'tf - S') + K? - »)] ? = (f + !■') [1 +f +1; . 

Now^ since do + do^ =z 0, there is 

^}l~ [(^- — j) + i>(j^ ~ p)f . 

dx ’ dx \^xj (a — .r) “ (p — // j - 

,, 1 + + '4 . f = Wir :;;)r (f -M: 

^ dx dx {c(. — x) (p — //)• 

If, therefore, for the sake of brevity, this function of;r be 
denoted by x^, tlie difTereiitial ecjuatioii is written, 

[> '(/3 - .y) + ? (S' - .//) ] g = ii + f' ) 


Again, if v/e multiply this equation by y>, and eliminate between 
it and the primitive equation, which is e([uivalenl to 

f'{a - j?) -1- f(a' ~ a-) = - ;> [ f'(/3 - .y) + c (p' -- //) j, 
we obtain 

[f'(“ - •^) + ? («' — ^)] a = - />( f + .(•') x*. 


And, by the aid of these two equations, a' and j3', the coordinates 
of the caustic curve may be completely d(3t(?rminGd. 

(95,) If we transfer the quantities 
to the other side of these equations, and then sejuare, --^nd add 
them together, we find, on reduction, 


' (f + s') (1 + - 2f' [(p - y) - p(a. - a)] q=z0. 

or, (i -f ?') (I ; 

since (S— t/) — p(a — or) And dividing by ^^^(1 -j-p^)x, 
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If the origin of the coordinates be placed at tlie radiant 
point, i, c. if a r- 0, 6 r: 0, then 

fj v'a- -t- i /' . q 

which is half the chord of curvature pasislng tlirouglt the origin ; 
where! ore^ if tliis cliord be denoted by e, there is 
1 1 _ 1 
T+7-r*' 

an c(|uation wliicli has been already obtaini'd by a diHerenl. 
niethotl. 

From this ccpiation we derive the following projiortion : 


t :: -Ic : 


1 


When the incident rays are |)aralle], -* zr 0, and ther(*foro 


ns lias been already sliowin 

(96.) To (letennine the ccjuation of the caustic, curve, we 
shall place llie origin at tiu* radiant point, ov make a zr: 0, 
|3 zi: 0, in cHjuations (9 !•.), Avhicii may Ih' tlius written : 

f# “ (? I 0 (q/J 4* ^ •) 
cqx^ - (s -r 

But from the etjuation oiThc preceding aiTiele we obtain 


f 4- ' 




- (1 ’ 

and, this value being substituted in the preceding equations, 
they 

pi - „i ~ 

^ ”1“ %(/ — ( i 4- //')x ^ 

- y 


in whicli ^ iz ^/a;' -f x 

4 - 2r 

To olitain the equation of the caustic, .r, ?/, and </, are to 
be eliminated trom these two equations, combined with the 
equation ol ihe reflecting curve, and it.s derivatives ; the re- 
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suiting equation, containing a! and /3' only, will be that of the 
caustic. 

(97.) The relation between the coordinates of tlie caustic 
anef those of the reflecting curve, however, may be exliibited 
under a somewliat simpler form : for if, in tlie diflerential e(]ua- 
lion ol‘ the reflected ray 

|j-(p' - >/) - 'ly] z (f + f')x-, 


we substitute for its value, 


we find 


( g' - .r) + ;?(3' - 
^ ■ a.> + py 


?J) 


(3.1' - r: (a 4- p3)K'^-, 


in which we have omitted tlie trails over a and /3, as no longer 
necessary, 'rhis equation, combined with tliat oi‘ the reflected 
ray (78.), namely, 


(p - .v)\ i p- - - 1 - - ■»•)[(;>' “1).'/ i- 


will serve conveniently for the determination of the caustic 
curve. 


(98.) l^eforc we j)roceetl to ajiply this theory to any parti- 
cular examples, we shall investigate some other general pro- 
perties of the caustic curve. 

As this curve is the locus of the intersections of the suc- 
cessive reflected rays, it is evident that each reflected ray i.s a 
langent to the curve. Now the tangent of the angle, which 
tlu; tangent to tlie curve makes with tlie axis of abscissm, is 


(1^ 

dcc!^ 


therefore, being the angle which the reflected ray makes 


with the same axis, 



tan. co', 


or. 




d/3’, cos. (V- — da!, sin. J ~ 0. 

(99.) To obtain another equation between da^ and d/S', we 
shall differentiate the equation 

(/S' — V/) - -f (a' - a)- = 
by wdiich means we have 

- ;?/) 0//3' - d//) + (a' - a) (da' - da) = p\ dJ ; 



(i<S 


lI(3MOtiENEOlJS LUillT. 


or, putting for (p’ — y), («' —aO, their values, /. sin. 

{il^ — dij) sin. J + {dvJ — doc) cos. cJ =: 

Again, performing the same operation on the equation ^ 

(p - yT 1 (a ““ ‘^0" 

we find 

— . sin. ui — d.v . cos. oj == ; 

and, finally, adding these e(|uations, and remarking that 
(]y . sin, -f f/a* . cos. q- rf/y . sin. oJ -f- diV . cos. J = 0, 
there is 

d3'. sin. w' -i- dy\ cos. w zi d^ -f- d^. 

Now, if we square this ecjuation, and that of tlie preceding 
article, and add them together, we find 

dS^ + da!'^ ^ {d'j -f- - r/r-, 

dc: being the differential of the arc of tlie caustic curve; 

(/.:* zz d'j 4’ d'^\ 

«aiul zz & + {} + const. 

When the reflecting curve, tliercforo, is an algel)raic curv(\ 
its caustic is always reci\fiid)Ic, 

(100.) As an a|)plication of the preceding theory, we shall 
investigate the ecj nation of the caustic curve when rays di- 
verging from any pj)int are reflected by a ^])lK»rical surlace. 

If b be the distance of the radiant point IVom the centre of 
the circle, its equation is 

f ' (a* - o)^ zz 

deriving from this equation the values of p and and sub- 
stituting them in equations (9G.), we should have a and /3, the 
coord Mjate^f the caustic curve, expressed in terms of x and «/, 
the coordinates of the reflecting curve ; and eliminating the 
latter by means of these equations and that of the circle above 
wrilten, we should have a single equation, containing a and /3 
only. Having already, however, obtained the equation of the 
reflected ray in this case, we shall save trouble by employing it 
in the present investigation. That eejuation, we have found, is 

i3[;5.cos.^i-j I- r .co.s.w] — a[o.sin.2w + r.sin. w] + (^>r .sin.wizO; 
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and difFerentiiiting witli respect to w only, there is 

;3[52<5 . sin. 2co + r sin. <>;'] -f a[S5 .cos. Sw 4- -j-.cos. — Sr, cos. !>jz=0; 

aiufit we eliminate a and 0 successively Irom these equations, 
we shall find 

sin.^ w f 0 . cos. w( 1 -f 2sln.-&j)] 

^ *“ r~ 4“ tUr . cos. oj -f r* -h dor , cos. w 4- J^6- 

aiid, hnally, eliminating w between these equations, we shall 
have an eijuation containing* cc and /S only, wdiich will be con- 
sequently the equation of the caustic curve. 

This elimination cannot be effected exce['t in some particular 
cases, in Avhich the value oG 0 simplifies the above formulae. If, 
for example, the radiant point be at the centre of the circle, or 
0, we find 3 -- 0, a zz 0 ; and the caustic is reduced to a 
point, namely the centre itself, as is otherwise evident. 

(101.) When the radiant point is infinitely distant, or the 
incident rays parallel, 0 is infinite, and the above values become 

/3 r . sin.'^ w, a, zz r , cos. oj(l- 4~ w)* 

The (flimination is easily effected in tliis case: for, squaring* 
these equations and adding, we find 

jr -f f/' n ^ (1 1 d.sin.'Cr;), 

or, r'^siii.* w ~ j + a" — ^ ; 

and .substituting for sin. w its value derived from the former of 
the two cciiiations, 

the eejuation of the caustic in this case. 

This equation is that of an epwijcloid^ generated by the re- 
volution of a circle whose radius is ^ , on another wdiose ra- 

l' 

r 

dius is -™ ; the latter being concentric with the reflecting circle. 
The form of the caustic" is that represented in the adjoining 
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figure; in wliich abcd is the reflecting circle, vr' and co tlie 
base and ffcneratin^ drclc of the epicycloid ; the radius of the 
former being one half, ^ 

that of the latter one 
fourth of the radius ot 
the reflecting c\u*ve. 

The branch OFi> of the 
caustic is generated by 
reflexion at tlie con- 
cave surface cau; the 
branch ci’n, by re- 
flexion at the convex 
surface cun ; tlie latter, 


howi 


ever. 


beinj 


ivia- 



g'huinj^ in the sense in 
which we have used that word as applied to foci. The curve 
lias a cusp at r and r', the middle points of the two radii, 
wliich are the principal foci of the rays incident on the two 
liernisphercs. 

This curve may lie ihmlliarly exhibited by exposing a glass, 
full of milk, to tlie rays of t!:e sun : the caustic will be defined 
by a bright line of light on the surface of tlie liquid. 

(102.) Wlion the radiant point is at the extremity of the 
diameter, « — ?•; and the values of /I and a become 


;• . sin. w (1 — cos. w), 
a n r -p | . cos. w ( I — cos. w). 

The resulting eejuation will be more simple if we (anjiloy 
]>o!ar coordinates, first transferring tlie origin to the [loint whose 
abscissa is Thus, let 

/3 z:: . sin. 0, a n Ir 4- . cos. 0^ 

and we have 

.sin.t^ ~ J r . sin. w (1 — cos. w), 
f . cos. 0 = r . cos. w ( 1 cos. 'jj) ; 

and it we square these equations, and add them, we find 

J r (I — cos. uj) ; 
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and dividing' the latter of the two e(iualion,s by this, we get 
cos, w -- cos. 0 ; wheiicc, iinaily, 

( I — cos. 

the equation of the atreVtoide^ or tiie epicycioid generated by 
the revolution of a circle upon another of eipial radius. 

The form of tlie curve is 
rc()reseuted in tlie adjoining 
(igiire, in which qua is the 
nUccting circle, o'/e tin? epi- 
cycloid generated by tin? circle 
QO rolling upon the circli' fg, 
which is concentric with the 
rcHecting circle; the radius 
of the generating circle and 
hasc being each one third of 
that of the reflecting eircle. 

(1(K].) The caustic being tlie locus of the intersections of the 
successive relics ted rays, it is evident that tiie condensation of 
the light in tliis curve is inflnitely greater tiian in the sur- 
roHiuiing space. Agaiig this curve lias always a cusp cor- 
nvponding to llie intersection of the central rays with the axis: 
at this [joint the number of r.iys, collected into a given space, 
is intinitely greater than at any other point of the curve, and 
the point, itself is the geometric i‘ocns of ray?* inde finitely near 
t!u' axis in their incidence. N('-w, the interval belwcen this 
[Joint and the inter.veclion of ;my other reflected rav with tiie 
axis is t!u? longitiulln.d alicrrafiO)}. of that ray; and the smallest 
sjiaco llirongii wlilcli edi the reflected rays pass is the hasl nrclc 
of aher ration or diifusion. 

'i'iie consideration of the magnitude of tins eircle is of con- 
siderahle imiiortance, iiiasnuu*]i as it d- termiiu s tlTe limit of tlie 
<vnccn( rating' jHKCcr of any reflecting sin i'aci*. M'o determino 
it? let CO, CO, ho tlu? brandies of tiie cmistic; Acv^g we nt, the 
extreme rays, londiing the caustic at ilio poinis c and c', and 
cnlting it again at k and Iv, Then, sinci* all tlie reflected rays 
are tangents to tlie caustic, in some part of its lengih co or 
f'o; it is evident tliat they must all pass through A.7r, or that 
kk' is the diameter of tiro least circle of aberration, and nk its 
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radius. ConsequeiUly, the radius of the least circle of aberra- 
tion Is the ordlnuto of the intersection of the extreme ray with 
tlie caustic curve, and is accordingly obtained by eliminating 
a be^^veen the e(|uation of that extreme ray and that of the 
caustic ; the resulting value of ft is ihi) (|uantlty sought. 

It is to be observed, that the final equation which gives the 
ordinate of the point or the radius of the least circle of 
aberration, must also give the ordinate of the point c, which is 
also a point of intersection of the extreme ray with the caustic. 
Moreover, as the extreme ray is a tangent to the curve at this 
point, the point c is a doable point, Accordiiigly, the re- 
sulting equation must have two equal roots, belonging to the 
ordinates of tlic point c, and independent of the re(|uirc(;l values 
of /3; anti these roots being known and the equation depressed, 
the resulting equation will give the retpiired values oi' ft, 

(lOf.) To apply this to an example; let us se(*k the least 
circle of aberration, wdieii parallel rays are reflected by a 
spherical surface. 

Making o infinite in equation (81,), the equation of the re- 

ficcted ray in this case is 
1 . 

ft . cos. 2c,j — a . sin. 1 r , sin. 'jj r: 0. 

Whence, substituting for sin. and cos. their values ex- 
pressed in terms of sin. w, and denoting the extreme value of 
sin. w by we have for the extreme ray 

p(l — q- ra 
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and tliis value being substituted in ecjuation (lOL), the equa- 
tion of the caustic curve in this case, tliere is 

O'fty 1 — 4- 

Finally, if we make /3 = x being another assumed vari- 
able, r will disappear from the resulting equation, which thus 
becomes 

— 3ar-.a‘'(l — -f = 0. 

Now, this ecj nation must have two etpial roots belonging to the 
ordinates of the point c, at which the extreme ray touches the 
caustic. But since the general value of /3 is r sin.^ w (101), for 
til is point there is 

/3 ^ and therefore x = a. 

Accordingly, the preceding equation must have two roots equal 
to rt, and is therefore divisible by {x — a)K Performing the 
division, the depressed ecj nation is 

4' 4- + a- 0 ; 

an equation which gives the values of and therefore of 
l3 -v- yx\ the radius of the least circle of aberration. 

This is the general solution of the prol>lem, whatever be the 
aperture of the mirror. When a is very small, x is so likewise : 
in approximating, tlierclbre, to its value, we may neglect all the 
terms of this equation but the two last, the rest being, in this 
case, indefinitely small in comparison. We have*, tliereforc, 

4“ « = 0, or, a’ == -^ U/ ; 

^ ziz rx^ = — \ra^\ 

a result which agrees with that already obtained (G(>.). 
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CHAPTER V. 

OK Li<;uT im:i'Kacti:i) at im.ani: si iifacks. 


I. 


i)f U ('fraction at a mi <j;lc plane Sarfaci , 

(105 ) WiiEX a ray oi’ passes from «aso raediuni iato 
another of a (lifFcr(‘i!t nattire, it is, in p in n!!, hojil from its 
original direcliom This nKKiiikralion oi’ liglii is calleil rc-^ 
fraction. 

The tv;o portions olTlic ray, before and niter ii]ruienc*(Mip(nj 
the surface houndirig the two media, are c‘a!led the incident 
and refracted rajjs, Tlie angles whiebi tlicy make with tli(J 
j)(?rpondicular to the refracting surface at ikie j)oint of inci- 
dence, a]’c called the of incidence and rifraction^ re- 

spectively; and die angle, contained by tlie rcfiacted ray with 
the incident ray yiroduced, is called the angle ‘ deviation. 

In general, when a ray passes from a rarer into a denser 
medium, the angle of incidence is greater than t!ie angle of re- 
fraction ; and, therefiire, the deviation takes place loicanU the 
perpendicular at tlie common suriace. Wlien llio passage of 
the ray, on* the contrary, is from the de’.jscr into the rarer me- 
diiim, die reverse takes ])lace, and t he deviation from the 
|>erpondi(‘iilar. 

Tlie angle of deviation, corresj)un<ling to a given angle of 
mcideiuxv ii >5 in general, different for dilferent media; and any 
medium is said to have a greater or Itsss nfraeding po:ccr tium 
another, according as the deviation produccil I)y it, at a given 
incidence, is greater or less than that of the other. 
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(lOG.) angles which the portions of the ray in the two 
iiicdia malic with the perpnidlcalar to the refracting surface 
(it the point of uuiilenc(\ are in the same phtne^ and their sines 
are In an invariahle railo^ whutii'cr he the direction of the 
ineident light, 

'This law, we liave already observed, is the result of oxpe- 
riciice; and we have exjdained jjui exj)erimeiit by which its 
truth may be familiarly exhibited. However, as it is the 
ic>inHlatioii of the whole theory of refracted lii;ht, it will not be 
amiss to show in \vhat manner the cotistaiiL ratio of the sines 
may ho more strictly established. 

Let a perfectly strai<i,lit ])i'am, 

AH, be jirovided ; to w hicli are 
attaclucl, near the extremities, 
two plates, so that their 

})!ancs are pcrjiendlcular to' the 
line of the b(‘am, and therefore 
];anilleL Now, tlie uj){.)er of 
these plates beln;;' [ler fora. ted in 
any point, o, let a jjoint, (/, hi' 
snarkc'd on the lower, I'xaetly 
ciuTesponding in position. Then, 

M glass vessel, whose bottom is 
IH i feelly piano, l)ei ng pJaced on 
the upper plate, and ]>artly filled 
with water, or any oilier transparent thiid, let a beam of the 
sun's light, ss', he incident on the surface of the fluid at s'; and 
let the position of the beam be shifted, until the reiVacted ray, 
s'o, passing through the aperture at o, shall meet the other 
plate in the corresponding point o' j and, at tliat moment, let 
the altitude of the sun be taken, and the inelinajlion of the 
beam to the hori/on measured. 

"Now, the surfaeo of the fluid being liori/onlal, tlie altitude 
v)l tlic sun is eijual to the angle wdiich tlie Incidient ray makes 
with the siiriace of the fluid, or to the com|)lement of the angle 

incidence. Also, llie refracted ray od being evidently parallel 
to the beam, the inclination of the beam to the horizon Is equal 
to the angle wliich the refracted ray makes with the ^surface of 
the fluid, or, to tljc compicinonf of tlio aiisflo of refraction. 


^ 'v 
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Thus, the ex})criment being repeated at different altitudes of 
the sun, we obtain several angles of incidence with their cor- 
responding angles of' relVaction ; and llieir sines, being taken 
from the trigonometrical tables, will be Ibiind always in the 
same ratio. 

In the foregoing experiment, the course of the ray is from 
air into water. It would be easy to modify the experiment so 
as to adapt it to the case in which the light proceeds in the 
opposite direction. As the fullest confirtnation of these laws, 
however, is derived from the agreement of the results deduced 
from them with experience, it is unnecessary to dwell longer 
upon the subject, 

(107.) If 0 and 0- be used to denote the angles which the 
portions of the ray in the rarer and denser medium, re^ 
sj)ectively, make with the perpendicular to the common surface 
at the j)oint of incidence, the law of refraction will be ex- 
pressed b}- the equation 

sin. 0 


//. being a constant ([uantity. 

This constant is termed the hidcx of refraction : and, since 
0 is greater tlian O' (105.), it is evident that a is always greater 
than unity. 

The index of refraction, though constant for the same 
media, is yet, as we liavc* already remarked, different lor 
different media. The least value of‘ ;/. is unity, its value when 
a ray proceeds out of any medium into another of equal density: 
in this case, it is evident that the ray will undergo no refraction. 
The greatest known value of is 3; which is its value when 
a ray proceeds from a vacuum into clironiatc of lead; and 
between those extreme values it is found of every intermediate 
magnitude. Thus: for water, jw. zz For crown glass, 

zi 1,535. For flint glass, zz 1,(5. For diamond, /x zz J2,487. 
For chromate of lead, /x zz 3. 

In all these cases, in which a single medium only is noticed, 
the otlier is understood to be a vacuum. The index of re- 
fraction, in such cases, is called the absoluie index of refraction 
of the meduim. 
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(108.) The angle of deviation is the diflcrencc between the 
angles of incidence and refraction. 

It may easily be sliown that, the greater the incidence, the 
greater must also be the deviation. For, by the equation of 
the preceding article, 

sin. 0 zz ih sin. (/. 

Now, if w^e add and subtract sin. 0^ on both sides of this equa- 
tion, and divide the latter result by the former, there is 

sin. i) sin. fjj — 1 
sin. 0 + sin. 0' ““ (l -|- 1 ’ 

... , . tan.UO — O') 

or, since thenrst meinberol this cciiiation = 

* ‘ tan. ; (f) + t)')’ 

fh 1 

tan. 1(0 — &) rr - - . tan. ;(0 -f- O'). 

/A + 1 

rroin which it appears that, as 0, and tliercforc also ()\ in- 
creases; 0 — o', the rleviation, likewise increases. 

When tliC angles of incidence and refraction are very small, 
they may, without sensible error, l)o considered proportional 
to their sines; and we have 

0 zz 

0 - 0' zz (//, - 1) O' = i). 

tJ- 

Tliat is, the deviation of a ray, which y)asses nearly perpendi- 
cularly through a refracting surface, bears a given ratio to the 
angle of incidence. 

(109.) It follows from the equation sin. =: /x , sin. ff,. that 
O', the angle which the portion of the ray in the denser me- 
dium makes with the perpendicular to the surface, can never 
exceed a certain limit. For, it is evident that sin. tf,*and there- 
fore 0' itself, is greatest when sin. 0 is so. But the greatest 
value of sin. 0 is unity ; to which it is equal, when 0 is a right 
angle. Wherefore, if Oj denote the corresponding value of 

.1 

sin. 6. zz — 

/x . 

Thus, when the refraction takes place at the surface of water, 
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.V, r: and 0 , - 48^". 28'. 

When the refracting inediuni h crown glass, 

/.t r ~ and . n itf^. 8!)^ 

Now O' is the angle of refraction or incidence, according* as 
the course' of tlie ray is iroin tin* rarer into the denser rnediinii, 
or in the opposite threction. Tn the latter case, therefore, /*. r, 
wlien the comso of the ray is from the denser into the rarer 
inediuDj, it cannot be transmitted wlien the angle of incidence 

exceeds a certain limit, 0 , wliose sine rr. - , In fact, it aiv 

/X 

pears from exj eriment, that the I'ay wliose incidence exceeds 

this limit is tiinu'd hack into tin' denser nu diiim, being rrJlcrtaL 

and not relraeted, at tlie comrf.on s\iri j«*o. 

This st erns to afujrd a simple. meiliSH! o!' determining the 

index in'* lefraet ion t^f any substance : for we have only to oli- 

serve the limiting angle, at v.’hich a ray of‘ light ceases to emerge 

from that substance into air; the reciprocal ol’ the sine of this 

angle is the index of relivietion between air and that sulistance. 

(110.) In wliat has preceded, wo have used the character //. 

1 1 • ‘ 1 . . 1 
to denote tlie ratio . , m which 0 and 0 are the angles 

whicli tlie branches of tiie ray in the rarer and denser medium, 
respectively, make with the perpeudirudar to the surface at the 
point of' incidence. In this case /x is tlie same, whellu'r the 
course of the ray is fi om the rarer into the denser medium, or 
t’. : and is always greater than unity. As it is fre^piontly 

necessary, liowever, that our analysis sliould designate the di- 
rection of the light, we shall em|iIoy tlie symbol, m to denote 
the ratio of the sines of the angles of incidence and refraction ; 
so that 

c sin. (inc. ) 

m — - ; 

sin. (ref.) 

Accordingly, when the course of llie ray is from the rarer inlo 
the denser medium, m =://,; when in the opposite direction, 
1 

w - . 

(111.) If a pencil of parallel rays be incident on a plane re- 
fracting surface, die refracted rays are also parallel. 
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For, since the incident mys arc parallel, as also the perpen- 
diculars U) the surface at the points of incidence, ithjllows that 
the planes of ineidenco are parallel, and the angles of incidenee 
equal. Hence, sini*e th(' ano-les of incidence and relVaction are 
in the same plane, and tlieir sines in iui invariable ratio, the 
planes ol reiVaelion are parallel, and the angles of refraction 
c(jua!. .Accordni*'iy, the relVacted rays inn.st l)e ];ara!!el, as 
they he in ])aralld planes, and cont.'un erju.al angles with parallel 
litu‘s in tht)se ]>lanes, naiiieiy, the perpendiculars to the suid’ace 
at i!»'‘ [joints of incidence. 

(llhV) A j)en(*il of rays, diverging from a ]')oint, being inci- 
dent nearly jKTpemhcul nly upon a |)hine relVacling surface, it 
required to iletermine the focus of tiie vc!Vacte<l peiicil. 
l^et o be the rcuhaiit point, C!0 
the ))erpcndieii!ar from it oi\ the 
ivlWuiiug surlace; on ain' inei- 
ilent ray, whicli is refracted in the 
direction ms; and let tlris nn'racted 
ray be produced liackwanls to 
meet the pci pendicuiar to the re- 
i'raeting suri'acc in //. Then, in 
■die triangle there is 

M(j sin. UAKi ^ sin. rqo 

Jio. sin. layo sin. 

iiiit UdO and in^o are ecpial to the 
angles of incidence and refraction 
res])cctivelyj and the ratio of their Miies == ; wlierefove 

RfJ 

' :z: 7/». 

\i<i. 

Now, since the incident rays are, by supposition, (/urnu 
proxrt.nc jH‘rj)endicular to the refrac^ting surface, the point \i is 
iiHldlnitely near to o; and, ultliualeiy, wlien n coincides with 
n, the distances R<i and 115^ coincide with oa and oy ; wlicrefbro, 
d the.se latter distances be denoted by 0 and f'y, there is 

— == 'W?. ; 

a 

that is, the distance oi‘ the focus of the refracted rays from tlie 
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surface, is to the distance of the focus of incident rays from the 
same, in the constant ratio of the sine of incidence to the sine 
of refraction. 

When the radiant point is in the rarer medium, in and 
is greater than unity, wherefore 6' 7 On the contrary, when 

tljc radiant point is in ilie denser mediuin, m ~ and is less 

than unity, and therefore 0 ^ / <5. 

The distance fV, thus determined, is the vllimate value of the 
distance of the intersection of the refracted ray with the axis 
from the surface, and to which it approaches more and more 
nearly as the aperture oil is diminished. But, as it is evident 
that tlic number of rays diverging from the point o, and inci- 
dent on a given breadth of the surface, is greatest at the point 
o; so the riiimher of refracted rays collected into a given space 
on the perpendicular oa, is greatest at the corresponding point 
of that perpendicular, whose distance is determined al)ovc. 
This point, therefore, is justly considered as the ftxais (>f the 
refracted pencil. This subject will be placed in a clearer and 
more general point of view when we treat of caustics. 

(11 f3.) liCt us now seek the intersection of any refracted ray 
whatever with the axis. 

Let the distances oq and oq be denoted by 0 and rV, and 
the semiaperturo or by r/.; then, if we square the ccpiation 
nq •=: and substitute for Jiq and uu their values ex- 

pressed in terms of 0 , o- and «, there is 

0- -f r/!^ ~ -f- ar ) : 

-f (7/r — 

When the aperture is small, we may obtain from this an 
approximate value, which will be sufficiently near the trutli for 
all practical purposes. For, if the preceding value of 
developed, and all the powers of a, beyond tlie second, neg- 
lected, there is 

== mh + , 

But when a = 0, there is 6' 1 = the approximate value ah 



REFRACTION AT A SINGLE PLANK SURF AC 


81 


ready found ; wherefore, if we denote this latter by and 
subtract, 


~ 1 ) 


m6 


This quantity is called the aberration of the extreme ray. 

The intersection of any refracted ray with tlie axis may be 
exhibited by a simple coiistriictioi> 

(ill being any incident ray 
whatever, })roceeding from tlie 
point Q, let It be produced 
backwards, until it meet the 
perpendicular to the axis, qp^ 
erected at the focus of rays 
indeiinitely near the axis; 
then, if with the centre ii and 
radius Kp a circle be desenbed, 
cutting the axis in q^ that 
point will be the intersection 
of the refracted ray with the 
axis. For, joining Kry, there 
is 



R|7 _ np _ oq^ ^ 

IKi IKi 00 ’ 

whence r <7 is the refracted ray, and q({ the aberration. 

(114.) It is necessary to observe that, when a beam of light 
falls upon the surface of a refracting medium, tlie whole of the 
incident light is, in no case, transmitted. A portion is always 
reflected ; and, when tlie course of the liglit is from the rarer 
into the denser medium, the proportion which the reflected 
bears to the transmitted part increases regularly with the inci- 
dence ; being smallest when the liglit is incident jierpendica- 
larly^, and greatest wdicri the light just grazes the surface, 
neither portion ever vanishing. 

The case is somewhat different when the light proceeds from 
the denser into the rarer medium : in this case the reflected 
portion increases regularly witli llie incidence, as before, until 
the .angle of Incidence reaches the limiting value above men- 
tioned ; \vhen, suddenly, the xvhole of the incident light is re- 
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fleeted, and none whatever transmitted. Tliis limiting angle 
l)as been, accordingly, called the angle of total rcjlcxmn. 
This reflexion, l)eing.t()tal, tar exceeds that whicli takes place 
at the most highly polislied reflecting suriaces, the most bril- 
liant ot‘ which absorb a considerable portion of the incident 
light. 


II. 

Of Kef radhot at parallel plane Surfaces, 

(115.) Wlien a ray of iig!)t traverses a medium bounded by 
parallel planes, and re-enters the original medium, tlie emer- 
gent ray is j)aral!el to th.e incident. 

Let qrrV be the course of the 
ray, ])assing from the medium a 
into the medium b at u, and re- 
cmerging iiUo the i'onner at jd. 

Then, by the Ijnv of ridVaetion, 
as it bas been laid down (10(5.), 
the ratio <}f tiie sines of llie angles, 
wliicli tlie I'rancbes (d’ t!ie ray in 
the media a and n form willi tlie 
perpendicular to tlie bounding 
surface, is constant, whatever be 
the course of the ray; that is, if 
OB and oV be tlie perpendiculars to the })arallcl surfaces at the 
points of ijicitlence and emergence, 

^ sin. QUO ^ sin. aVtd 

sin. idup "" sin. rr'// ’ 

But, on account of the parallelism of tlie surfaces, tlic angles 
n'up and uid// arc equal : tlierefore the angles quo, q'rW, arc 
also equal, and the lines qr, q'r', tlierefore, parallel. 

(116.) When a ray of light, passing through the second 
medium, enters a third whicli is different from either of the 
former, the surfaces bounding the media being parallel, the 




REFllACTION AT I'ARALLEJ. VLAXR SUIll ACES. 


83 


course of tlic ray in tl\e third medium will be the same as if 
t!ie light had entered it directly from the first, and is therefore 
altogether independent of the intermediate medinni. 

For tlie demonstration of this law, whicl* may be considered 
as the foundation of all that relates to successive refraction by 
dilferent media, wc must resort to (•xj)enence. It is proved by 
ex[)eriment tliat if a ray of light, jiiis rv, passing from the me- 
dium A, traverse two others, c and c, and finally emerge into 
the original medium, all the hounding surfaces being parallel, 
the emergent ray tv will be })arallel to tlie incident uu. 

Now, if we suppose anotlier 
ray, <fs'T'v', to be incident di- / ^ 

rectly from the first upon the 
third medium, in a direction 
parallel to qr, and })assing 
ihrougli the third to re-enter 
the first, it follows from the 
last arth^le that the incident 
and emergent rays, and 
t\'^, are also ])arallel. Hence, ^ / 

the incident rays, an. and rfs', ^ 

being supposed parallel, the / 
emergent rays, xv and r'v', arc ^ 
also parallel ; and, as they are 

both equally refracted at the common surface of the same 
media c and A, sx and st', the branches in the medium c, 
are likewise parallel. 

Hence, when a ray of light passes from any medium, through 
an intermediate medium, into a third, all being hounded by 
parallel surfaces, the total deviation of the ray is the same as if 
it liad passed directly from the first into the tlfird. 

This principle may he geiUTalized : for, since* the course 
of the ray in tlie third medium is the same as if the liglit 
had pasvsed directly into it from the first, it follows, that if a 
fourth medium he added to the other tliree, the course of the 
»’ay in it will l>e tlie same as if the liglit liad passed from the 
first into the third, and thence into the fourth ; which is the 
same as if the liglu had passed dircctlfj from the first into tlie 
fourth. And, generally, whatever be the number of media, 
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the course of the ray in the last, and therefore the total devia- 
tion, will be the same as if the light had been incident directly 
from tlic first into lhe'la5.t, parallel to its original direction. 

(117.) The analytic expression of these laws is as follows: 

Let i' and r/ denote the angles of incidence and refraction 
from the first medium into the second ; i' and from the se- 
cond into tlje third ; and and from the third into the first. 
Then, if W, ^ and denote the corresponding ratios of the 
sines, 


iiJ 


sin. 

sin. It' * 




sin. i" sin. i, 

yr, 

sin. It" sin. 


And if we multiply these ecpiations together, and observe that, 
on account of the parallelism of the surfaces, i" iz u', ij =i it", 
there is 

, „ sin. d 
mhn'm. rz ^ - — . 

^ sin. 


But by experiment it appears that the emergent ray is parallel 
to the incident, and therefore r, z: d ; whence we have 

zz 1 . 

Now, if m denote the ratio of the sines out of the first medium 
into the third, in z: - ; wherefore there is 

VI z: 


That is, the ratio of the sines from the first medium into the 
third, is the product of the corresponding ratios from the first 
into the second, and from the second into the third. 

This conclusion is readily generalized : lor, if t/z"' denote 
the ratio cf the sines from the third medium into a fourth, 
then the ratio from tlie first into the fourth z; mwd" n vi'iu'V. 
And, in general, whatever lie the number of successive media, 
i{ m denote the index of refraction from the first into the last, 
we have 

711 z: &c. 

This result is of great importance ; for by means of it wc can 
obtain the measure of refraction between any two media, pro- 
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videcl we are able to connect them by any intermediate media 
whatever, at whose common surfaces the refraction is known. 

(118.) In the case of three media, if the second or inter- 
mediate medium be a vacuum, zz. — y, and // ; (J and 

// denoting tlie absolute indices ol* refraction of the extreme 
media : accordingly there is 

m . 

That is, the relative index of refraction between any two media 
is erjual to the (juolient arising from the division of tlie absolute 
index of the second liy that of the first. 

Thus, if it be required to find the relative index of refraction 
from water into glass, there is 

fj -J, and // =z nearly, 

in which /jJ and denote the alisolute indices of refraction of 
water and glass, respectively. Wherefore 

m = U nearly. 

(119.) When a pencil of rays, diverging from a point, is 
incident nearly perpendicularly upon a medium bounded by 
parallel plane surfaces, and emerges into the original medium, 
it is re(juired to find the focus of the emergent pencil. 

Let 0 denote the distance of the focus of the incident pencil 
from the first surface; o' and the distances of the conjugate 
foci from the same after tlie first and second refraction, re- 
spectively: then, if 6 denote the thickness of the medium, 
o' + 0 and o" + 0 will be the distances of the conjugate foci, at 
the second refraction, from the refracting surface ; and we have 
the equations : * 

i)f = t;i3, 

0^ Q zz m{cl^ 4 - 0) ; 

and subtracting the former from the latter, there is 
0 = m(di" — 6) -f 

VI 
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From whioli it appears that the focus of the pencil is hrouglit 
nearer to tlie medium by the double refraction, the distance 
between the foci of the incident and emergent pencils being to 
the thickness of the medium in a constant ratio. 

If tlie rays meet \vitli a second medium bounded by pianos 
parallel to tbos(‘ of the former, the focus oi* the pencil einergent 
from the dist medium will, after refraction by the second, be 
brought nearer to it by the quaiUity 

m! ~ 1 , 


in which 0' denotes the thickness of the second medium, and 
in' the index of refraction Irom the surruimding medium into it; 
wherefore the inter\al between the first and last focus will be 


in 




O': 


and this is so, wlietlier the media arc in contact, or separated 
by any interval whatever. 

In the same manner, if there he several such media, their 
combined elfect on the jdace of the focus oi’ the emergent pencil 
is obtained by adding together the separate clfects of each. 
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III. 

Of Refraction by Prisms^ 

(ISO.) Wo now proceed to consider tlio relraction of a ray, 
or system of rays, in passing through a medium bounded by 
plane surfaces which are inclined" to one another at any angle. 
We sliall coniine our attention to t!ie most imj)ortanl case: 
that, namely, in wliich tiie refraction takes place in a plane 
perj)endicular to holh the bounding surl'aces, and therefore to 
the right line in which they meet. 

Any medium bounded by two plane surfaces, which are in- 
clined to one another at any angle, is called in optics a prhvu 
The two surfaces are called the faces of the prism ; the line 
in which they meet, the edge; and the angle which they ibrm, 
the rtfr acting angle. 

Any section of the prism, formed by a plane per{>endicular 
to both surfaces, and thei*efbre also to the edge of the prism, is 
called a principal section of the prism. 

(iJiil.) When a ray of light passes through a prism, which 
is denser than the surrounding nu'dium, the total deviation of 
the ray is, in all cases, /ror/i the refracting angle, 

l.et jiAc, in the adjoining ligures, iv}>reKent a ])rincij)a] 
section of liie prism ; oiiitho.' the course ot the retracted ray, 
which is obviously ooutasued in tiie plaue ot that section ; and 
let mn^ be the perpendiculars to the faces ot tiie |)iism at 

the points of ijK’idiM ee and emergence. There are, theii, tliiee 
cases to be considered, inasmuch as the angles Aiicf, Alfa, which 
the ray within the prism makes wdlli the >r.!es towards the 
vertex, may he both acute, one right, or one oblnse. 

In the first ease, it is 
yvidenl dial the ineident 
and emergent rays, (iU, 
lie on the sich's ot 
the perpendiculars from 
the vertejo i and, since 
the branch of the ray in 
die rarer medium con- 
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tains a greater angle with the porpcncliciilar than that in the 
denser, the deviation, both at ingress and egress, will be from 


the vortex of the prism. 

In the second case, namely, 
when one of the angles, akh', 
All'll, is right, and the other 
acute, there will be no deviation 
whatever at the former; and at 
the latter, the deviation will he, 
for tlie reason already given, 
Irom the vertex of the prism. 


A 



In the third case, where one ( 
and the other, Aii'ii, acute, since 
at the side of the perpendicular 
towards the vertex, and ii'u' at 
the opposite side, the devia- 
tion at II will be tow’ards the 
vertex, and at ii' from it. But 
the angle of incidence at a' is 
greater tlian at ii ; the former 
being the exterior, the latter 
tlie interior angle of the trianixle 
UitVi : hence the deviation in the 
former case is greater than in 
the latter (108.), and therefore 
tills case is the difference of the [) 
the vertex. 


f the angles, ark', is obtuse, 
the ray iiu will evidently lie 


A 



the iofal deviation, which in 
lartial deviations, will be from 


(122.) Tlie vertical angle of tlie prism is equal to the sum 
or difference of the angles which the course of the ray within 
the prism ms'.kes with the perpendiculars to the faces at the 
points of Incidence and emergence. 

. For, if y and denote these angles, and t the vertical angld 
of the prism, there is Aiui' = — -y, au'h -- — 'vjy'. 

Accordingly there is s + + — >1/'^ = c, whence 

£ ~ "vk “b 
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When the angle ar'r, which the ray within llio prism makes 

with one of the sides towards the vertex, is obtuse, there is 

cr ‘ 

Auhi ii: --- -f -vk', and, consequenl ly, s r: 'vj/ — '4/\ 

This formula, however, is included in the preceding, if the 
positive values of tlie angles -J/ and be eslitnated from the 
perpendicular toxeards the verUw of the prism ; for, this being 
understood, it is obvious that -4/ or yp' becomes negative, when 
the corresponding angle akr^ or ar-r is obtuse. 

From this it follows that the greatest angle of a prism, which 
can transmit a ray of light, is double the angle of total re- 
ilexion. For it is evident that g =: -H -vk' is greatest, when 
and so ; that is, when each of them is equal to tlie 

angle whose sine = — . Hence the greatest angle of the })rism 

which will transmit a single ray is 

a = 

(1SS.) Let p and denote the angles which the incident 
and emergent rays make with the per[)endiculars to the surface 
at the points of incitlence and emergence, the positive values of 
these angles being measured from the y)erpcndicular tmeards 
the base of the prism. Also, let 4/ and v', as before, denote 
the angles, which the course of the ray within the prism makes 
with the same perpendiculars, estimated toxeanh the vertex. 
Then /x being the index of refraction of the prism, we have the 
following c([uations ; 

sin, n . sin. '4/j sin. , sin. 4^', 

4 + 4 = ^; 

by means of wliicli the direction of the emergent ray is deter- 
niined, that of the incident ray being known. * 

.When the surfaces are parallel^ or g zz 0, there is 
4 + 4' ~ whence sin. 4 — shi. 4 ; 
sin. p' zz — sin. p, and p' =: — p; 
consequently the incident and emergent rays are parallel. 

Wlien the ray is incident perpendicularly uj)()ii the first 
siurface of the prism, the determination of the direction of the 
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emergent ray is cas 3 ^ For, since f = 0, we have, by tl)c (irst 
and third of tliese equations, \p z: 0, 4^' z= s; wherefore, sub- 
stituting in the second, there is 

sin. rz //. . sin f. 

Now, if 0 denote the deviation at the second surface, wliich is 
tlie total deviation of tlie i‘ay in this case, there is 

=Z 4- s 4- rt, 

sin.(f> 4 s) -- //. . sin. ;• ; 

an equation wliicli enables us to determine /x, the index of re- 
fraction of the prism, by measuring the deviation of a ray in- 
cident porpenuicularl}^ upon its first surface. This method, 
however, is not so convenient in practice as tliat of Newton, 
which will be presentlj' cx|>lained. 

(F24.) The total deviation of the refracted ray is equal to 
the sum"^ of the deviations at incidence and emergence. 
^Vhereforc, denoting it by" o, tliero is 

a = (p — li) + (p' - r: p + pi? _ 5, 

since 4- = i. 

When a ray of light jjasscs nearly perpendicularly tlirougli 
a thin prism, tlie total deviation is constant, and bears an inva- 
riable ratio to the angle of the prism. 

For, in this case, the angles of incidence and refraction, 
being very small, may, witliout sensible err{>r, be considered 
proportional to their sines; wherefore ih.e equations of the pre- 
ceding article become 

'P — /^'Y9 

and, adding, ? 4 o' = == //.s. Whence 

bzz o 4- p>^ — ? z: (a — 1)£. 

(125.) I..ct it be reejuired to determine in what case the 
total deviation of a ray, in passing through a prism of any J*e- 
fracting angle, is a mnihnum. 


It is scarcely necessary to remark that the tvord sum is iistnl 
here in the algebraic sense, and becomes the difference when one of 
the partial deviations is negative, or towards the vertex. 



91 


\ 

REFRACTION IVi PRISMS. 

the condition of the question there is 

d. 0 = d(0 -f (p^) z= 0. 

Also, since i/; + rz s, d(^ -f vi/') n 0. 

If, then, we diflerentlatc the equations 

sin. ip zz , 7 . . sin. sin. zr . sin. i/',. 

and substitute for dp' and d^J their values, — dp and — d^^ 
furnished by the equations first obtained, there is 

cos. p . dp zz fh . cos. il/ . Ji//, cos. p'. dp zz //, . cos. i//’. dl ; 
and, divitling tlie former by the latter, 

cos. P cos. '4^ 

ce).s. coa.ip'* 

Now, s(|uaring this equation, it may be written 

1 — sin.® p __ 1 ~ sin.~ 4' 

1 — sin.' y' ^ 1 — sin.' \f'' 

And, finally, substituting for sin. p and sin. p' their values, 
//>. sin. /A, sin. and taking away the denominators, we 
obtain 

.sin.- 

Hence sin. 'i' zz 4; sin. 4', and J/' = f \p. 

The lower sign cannot he employed, inasmiu‘h as it would 
give f = 4'^ f 4'’’ “ 0. There is, thcrel'ore, 



Since •*// and 'p' are etjual, it is evident tliat p and p' are also 
equal, and therefore the deviation is a minimum when the 
angles of incidence and emergence are equal. , 

The magnitude of the least deviation is determined hy the 
equations 

0Zz2p -- 3, 

sin. p = /A . sin. 

What has been said here of a single ray is evidently true of 
a pencil of parallel rays. If, therefore, a beam of solar light 
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be refracted by a prism, and received upon a screen, llie lieiglit 
of the depicted image will be a minimum wlien the refractions 
are equal at incidence and emergence. For the total deviation 
is equal to the sum of the angles which the incident and 
emergent rays make with the horizon; but the inclination of 
the incident ray to the horizon, or the altitude of the sun, is 
constant; therefore the inclination ol‘ the emergent ray to the 
horizon, and consequently the height of the image, will be least 
when the deviation is a minimum. 

(126.) Newton’s method of determining the index of refrac- 
tion of any substance is derived from the principles just ex- 
plained, and is as follows : The substance to be examined is 
formed into a prism, which is exposed to a beam of solar light, 
and so placed that the reiVactions shall he etjual at incidence 
and emergence. It is easy to ])lace the prism in this position ; 
for we have only to move it slowly round its axis, and stoj) it 
at the point at which tlie solar image, between its descent and 
ascent, appears stationary ; and, since the deviation is then a 
minimum, any small derangement from this position will cause 
no sensible change in the total deviation of the ray. The prism 
being fixed in this position, the sun’s altitutle and the inclina- 
tion of the emergent beam to the horizon are then measured: 
their sum is equal to the total deviation. Wherefore, il’ the 
angle of the prism be ascertained, we have the angles of inci- 
dence and refraction at the entrance or eniergence of the beam, 
and therefore the index of refraction. For, by the preceding 
article, there is 

^ ^ O ’ ^ - -I,™ ■ 

sin . -^0 + c) 

. .*. /Jj = ; 

' sm.-g 

To determine the index of refraction of a fluid, it is only 
necessary to enclose the fluid in a hollow prism, whose sides 
are glass plates tenninateJ by parallel planes, and then to take 
the measure as for a solid. For the direction of tlie emergent 
ray will be the same as if tlie ray had entered immediately from 
air into the fluid, and emerged in the same manner, witliout the 
interposition of the glass (116.). 
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M. Biot’s contrivance is to bore a liole tlirougli tlie sides of 
a solid glass prism, communicating with another hole in the 
base through which the fluid is to be introduced ; the apertures 
in the sides are tlien to be closed by glass plates. 

(127.) We now proceed to establish directly a relation 
between the angles of incidence and emergence. 

It is evident tliat this is to be iiccomplished by eliminating 
and from the three equations (1523.) : the resulting equation 
will contain o', and g. It will be found convenient, however, 
to employ, instead of the angles which the ray makes with the 
])erpendiculars to the surfaces, the angles which it contains 
with the surfaces themselves. 

Let a and r/! denote the 
angles uur, u'h'c, which 
the incident and emergent 
rays form with the sides 
of the prism towards the 
base; 13 and /:?' the opposite 
angles, aur', ar'r, which 
the course ol the ray within 
the prism forms with tliose 
sides, towards the vertex. 

These are, respectively, the complements of the angles of in- 
cidence and refraction out of the surrounding medium into the 
prism, and we have, therefore, the following equations : 

cos. a rz . cos. /3, cos. a' n //, . cos. ,3', 

+ /3' 4- 5 “ rr; 

which determine completely the direction of the emergent ray. 

To eliminate 3 and 3\ we substitute in the second of these 
equations the value of 3^ given by the third, there is then 

• cos. a! = /a, . cos. — (/3 4- s)J = — . . cos. {3 + ?) 

= —//.[ cos. 3 • cos. s — sin. 3 • sin. s } ; 

or, substituting for /jt . cos. 3 its value, cos. a, given by the first 
equation, and bringing that term to the other side, 

cos. a' + cos. g . cos. a = /X , sin. g . sin. /3. 


A 
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Again, the first equation, multiplied by sin. s, gives 
sin. 3 . cos. a = /x . sin. s . eos. 3 , 

And squaring and adding these two equations, we obtain 
cos.® « 4- cos. s . cos. a . cos. H- cos. - r/J /x ■, sin.' s, 

an equation containing a^, and s only. 

This ccpiation may be put under a remarkable form ; for, 
substituting for cos.- a, cos.” a', their values, .^(l + cos.^2r/), 
i(l 4- cos. ^2a% there is 

cos.- a 4- cos.‘ = 14 “ 

ZIZ 1 I* cos. {a + f/j) cos. (a — r/J), 

Also, 52 cos. a . cos. r:= COS, (r/ H' (/J) f COS. (« — w'). 

Wherefore, making these substitutions, and subtracting sin. 
from both sides of the equation, 

f/.', sin.' 5; — sin.- s rz 

cos.®' f cos.a.j^ COS.(c4 l-r/)4'COS.f//.-'-r4^)j -f COS.(«’f- C4^)COS.(a — a ), 
which is equivalent to 

(,a' — 1) sin.'^s rz ]~cos, •' -f cos. (^',4* [cos. s + cos.(r/— • «’) ]. 
The angle contained by the inciden.t and emergent ray 
ao(f ™ A 4- Aiio -F Aifo zz a 4- (/! 4- 

Thi.s angle will be a niaxmnm^ when a 4- a is so. Now, the 
first member of tlie above ccjuation being constant, the two 
factors of the second vary reci})rocaIly. Hence, when a f </J is 
greatest, and therefore its cosine least, the first factor is least, 
and therefore the second greatest : it follows therefore that 
cos. (a “ c/J) will be tlic greatest possible in this case ; it is 
therefore etpial to unity, and a — r^J = 0 ; /. e, the incident aiul 
emergent rays make ecjual angles with the sides of the prism. 

(1528.) The e(piation of the preceding article may be also 
employed to determine the index of refraction /x, when the 
angles a and a', which the incident and emergent rays make 
with the sides of the prism, are known. For this purpose it 
may be put under another form, better suited to logarithmic 
calculation ; for, since the sum of two cosines is equal to twice 
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tlic cosine of half the sum, multiplied by llie cosine of half the 
difference, there is, 

(/X- — 1) sin.'s ~ 

a -f (*! -t s r/. f- f// — £ £ -j_ f// — a s ^ 

4 COS. g COS. cos. y^- cos. ; 

, . s + 

or, iriaking y, 

(p/’ — l)sin.‘£ --4cos. 7 . cos. (y — O.cos. (y— a). cos. (y aM, 

from which //,- — 1 , and therefore /y>, is readily determined when 
s, a, and X are known. 

The manner in wliich this is applied is the following: 



'i'lh? substance whose index of refraction is sought is to be 
formed into a prism, and any object, as q, observed by the 
eye ac o', botli directly and by means of the refracted ray, 
QRR'^i^ The angles at a and n' are then measured, as also the 
angle quii = a, which the incident ray makes with the side 
of ific prism. Then, in the triangle ooq', o 4 a ! u' == •-; 
but tlie angle o, contained by the incident and emergent rays, 
— a + a- -I- s ; wherefore, denoting the observetl angles o and 
(f by r} and 0 , there is 

• a + <*■ -f £ -t- >3 *T' ^ ; 

from wbicli ofj is determined, all the rest being known. Hence 
a, a\ and £ being known, is determined by the equation above 
givcir^'. 

^ For the results obtained by these and other methods, see Appendix. 
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(I 29 .) A siiiali pencil of rays being incident nearly perpeiu 
dicularly upon a thin prism, it is required to find the focus of 
the refracted pencil,.. 

Let j) be the focus of tlu? incident 
pencil, and us a perpendicular from 
it upon the' first surface; then, 
taking iVszr /x.ns, iV will be the 
focus after refraction by the first 
surface, and therefore the focus of 
the pencil incident on the second. 

Wherefore, drawing from d' the 
perpendicular dV on the second 
surface, and making n's^ u..i)"s^, 

1 )'' will be the focus of the pencil 
after the second refraction. 

It is evident that the line dd", joining the foci of the incident 
and emergent pencils, is parallel to the line ss', joining the in- 
tersections of the perpendiculars witli the two surfiices. 

It will not be difficult to calculate the position of the point i>'^ 
with respect to one of the sides of the prism, that of d being given. 

For, referring the radiant to the first surface, the distances 
AS and DS are given ; wherefore, denoting them by a and d, 
d's = /j^6, is also given. 

Again, referring the conjugate focus n" to the second surface, 
and denoting the distances as^ and i)"s' by a and (3, there is 
jy's' ~ 

Now, if we denote llu? distance d' a by r, the angle d'as by 0, 
and the angle of the prism by s, wc liave in the triangle d's-a, 

a, 7' cos. (ff -f ?) zz r (cos. 0 . cos. s — sin. 0 , sin, s), 
a/S ~ rsin.(fi -f s) zz r (sin. cos. ? -P cos. . sin,?); 
but in the*‘triangle d'as there is 

a = r cos.O, i^b zz r sin. 0. 

Wliercfore, substituting these values in the expressions for 
a and /3, we find 

ex, zz a , cos. i — ijM , sin. s, 

[jLiB zz a. sin. s |- . cos. ? ; 

by which the position of the point is completely determined!. 
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Since the angle of the prism is supposed to he very small, 
we may, witliout much error, take cos. s == 1, sin. e = i, and 
we find 

a — a = — ju,g6, 

fx.(/3 — 6) = ta. 


IV. 

Of Ivwffcs produced by Kcjraclmn rit Plane Su7'farrs. 

(130.) It has been already shown (US.) that when a pencil 
of rays, diverging from a ])oint, is incident nearly perpendicu- 
larly upon a plane refracting surface, the rays will diverge, 
after refraction, from a point whose distance from the surface 
is to the distance of the focus of incident rays from the same in 
the constant ratio of the sine of incidence to the sine of refrac- 
tion ; or, tliat if d and d' denote the distances of the radiant 
and its conjugate from the surface, the relation between tliem 
is expressed by the equation 

b' — md. 

Now, considorijig the image as the aggregate of the foci of 
the several pencils of refracted rays, which are incident from 
the several points of the object, its figure and position are found 
by letting fall {)erpendiculars from each point of tlie object on 
the refracting surface, and increasing or diminishing these ordi- 
nates in the constant ratio of m: 1 ; the extremities of the new 
ordinates determine the several fioints of the imago. 

It is evident from what has been said, that ilie figure ol‘ the 
image (if viewed perpendicularly to the refracting surface) is 
similar to that of the object, since the ordinates are in a con- 
stant ratio. But the position and magnitude will, in general, 
be difierent. 

When the refraction is out of the rarer into the denser me- 
dium, 7, t\ when the object is in the rarer medium, the image 
is farther from the refracting surface llian the object ; anti, on 
the contrary, it is nearer to ilic surl’acc than the object, when 

II 
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the latter is in the denser medium, tlie perpendicular distances 
of the corresponding ])oints of the object and image from the 
surface l)eing in the constant ratio of 1 : m. Ilcncc we see the 
reason why a lake or any place covered with water a[)pcars 
shallower than it really is; the image of the bottom being 
brought liearer to the surfiice by the rclVaction, 

(iril.) When the object is a j)lane^ or its section rectilinear, 
if this plane ha parallel to the ^ ^ 

surface, its injage will be also ; 1 

parallel to it, at a distance 

greater or less in the ratio of i 

m : 1 ; and the magnitude of j 

the image will bo the same as ^ 

that of the object. 

For AB being the object, and ab its image, we have 
an hs 

All ~~ Bs‘ 


And since ar == ns, there is also aw = 6s, and therelbre ab 
and us arc parallel ; and moreover, since Aabw is a parallelo- 
gram, ab = AB. 

If the plane of the object be indhied to the surface, that of 


the image will also be in- 
clined to tlic same ; and the 
tangents of the angles which 
the planes of the image and 
object make wath the surface 
are to one another in tlic 
ratio of 7 n : 1 . 

For AB being the object, ab 



the image, as before, 


«R 6s 6s Bs 

— zzrn zz — , or — 

All BS aw AR 


from which it follows that the lines ab, ab, produced will rn- 
terscct the surface at the same point, o; wherefore 

tang. 60s ! tang, bos : : 6s : bs : : rn r i. 

Hence a])pears the reason why a stick, or any straight object, 
partly immersed in water, in a direction inclined to the surface, 
appears broken ; the image of the immersed part forming ‘a 
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less angle with the surface than the stick itself, anfl therefore 
appearing inclined to the part whicli is not immersed. 

The magnitudes of the object and image arc evidently to 
one another as the secants of the angles at which they are in- 
clined to the surface ; for 

IJA ; ha : : ao : ao \ : sec. aou ; sec. aoii. 

(13S.) Let the object he presented to a refractuig uicdiuin 
bounded by two parallel plane surfaces. 

It has been shown (119.) that when a pencil of rays, di- 
verging from a point, is incident nearly |)ei’pendicu!arly on 
such a medium, they will diwrgt-, aiLcr reiVaclion, from a 
point nearer the surfav^e if it he denser than t’lO s\n rounding 
niedium, firther from it if nu'cr; the inierval L'ctwcen the ibci 
of the incident and rcIVactetl ray!** bearing a constant ratio to 
the thickness of tlic medium. Hence, when a luminous object 
is presented to sucli a niedium, since the perpendicular clislances 
of each point ol‘ the object from the surliice are increased or 
diminished by the same quantity, tlie image will be parallel to 
the object, and \\s Jigiire and magnitude the same; the only 
difference being in the poHition of the image, which is nearer 
to, or farther from the? surface than the object, according as 
tl»e medium is denser or rarer than that w hich surrounds it. 

(199.) Let the objeet be pre.scnted to a prism whose re- 
fracting angle is very small. 

It will be readily seen, from what has been said of the image 
produced by a single surface, tluU, if the section of tlie object 
be a right line, that oi the image will also be a right line, in- 
clined to tlie surface at an angle which may be i>\'idily calcu- 
lated. For, if 0 , denote the angles made by the objet-l 

and its images after the first and second refraction with the 
first surface of tlie prism, it will ajipcar from (191.)* that 

- tan.(f ix tan. fi, tan. (O' 4 - :-) z= //,Uin.(0' + 0 ^ 

ni which s denotes the angle of tin' prism. And, if 0- be elimi- 
nated from tiiese c(|ualions, tl', the inclination of the image 
alter refraction by l>oth surfaces, will be expressed in terms of 
0 and £. 

Jiut, in general, whatever be the form of the object, the 

n 2 
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figure of the image may be calculated from the formula? which 
determine the conjugate foci in this case. For it has been 
shown (129.) that if a«and b denote the coordinates of the focus 
of the incident pencil, referred to the first surface of the prism, 
a and /S, those of the focus of the emergent pencil, referred to 
the second surface, the relation between them is expressed by 
the equations : 


a — a n: — aeft, 



Now, if the object be of any regular figure, tlic relation between 
the coordinates, a and i, is given. Wherefore, if a and h be 
eliminated, by means of the two equations just given, combined 
with the equation of the object itself referred to the first surface 
of the prism, the result will be an equation containing a and 
only, which will therefore determine the form of the image. 
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CHAPTER VI. 

OK LIGHT REFBACTEU BY SPHEllICAL SUBFACES. 


I. 


Refraction of a small Pencil of Rays incident perpendicularly 
upon a single spherical Surface. 

(134.) Given the direction of a ray of light incident on a 
spherical surface, bounding two media of different densities ; 
it is required to find the direction of the refracted ray. 



Lot FA be the incident ray ; as the section of the spherical 
surface formed by the plane -containing the incident ray and 
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tlic centre ; and cs any diameter of this section inoetinfr the 
Incident ray in i\ Also, let Ay’bc the refracted ray, or the re- 
fracted ray produced, meeting this diameter mf; and let oa 
be the radius drawn to the point of incidence. 

Then, in the triangles fac, /^vc, there is 


Fc =: fa 


sin. FAC 
sin. FCA ’ 




sin./AC 
sin./cA ' 


and if Avc divlile the fcaaner of these equations by the latter, 


, , . sin. FAC 

and observe that - 


sin./AC sin. ref 


sin. me. , 

r- zz we have 


FC FA 

---- /y/.™-. 

./C ./a 


From this ecpiation, by substituting ibr fa and /a their 
values, expressed in terms of FC and /c, the radius of the 
spherical surface, and the angle at the centre, we may obtain a 
general relation between the distances fc and wliatever be 
the incidence. Tins investigation will be found in a subse- 
quent part of the chapter. 

(185.) A small pencil of rays, diverging from or converging 
to a point, being incident perpendicularly upon a spherical 
surface, it is reiiuired to find the focus of the refracted pencil. 

Let F be the focus of tlie incident pencil ; i c the line con- 
necting it with tlie centre, and meeting the surface in s : this 
line, being perpendicular to the refracting surface, is the axis 
of the pencil. Now, fa being any ray of the incident pencil, 
the point /, in whicli the refracted ray meets the axis, is 

determined by the equation incident 

pencil being very small, and perpendicular to the refracting 
surface, the, rays wJiicli compose it are nearly coincident with 
tlic axis; hence the point a coincides nearly with s, and fa 
and /a become fs and /s, respectively. Accordingly, the ulti- 
mate position of the j)oint in wliieli the relVactcd rays meet 
tlie axis, when the lireadth of the incident pencil is indefinitely 
diminished, is determined by the equation, 


PC 

./c 


FS 






JlEFRACTION AT A SINGLE SPHERICAL SURFACE. 


103 


Ironi which wc learn that the distances of the conjugate foci 
from die centre are to one another in a ratio compounded of 
the ratio of their distances from the surface, and of the ratio of 
the sines of incidence and refraction. 

(13(>.) Let FS and /s, the distances of the conjugate foci 
from tlie surface, be denoted by 6 and and the radius cs 
by r, then, the refracting surface being concave^ fo == o — ?*, 
fc 1 = — F, and the equation of the preceding article is 

written ^ - 

0 — ?' b 


or, taking away the denominators, and dividing tlie result by 
rb'd^ there is 



1 


or, if we denote the reciprocals of r, b and b\ by a and as 
before (51.), 

77l(^ot! — 0 ^ “■ 

(137.) When the refracting surface is convex^ wc have, from 
the second of the preceding figures, FC b + r; 

for this case, therefore, the equation of (135.) becomes 


from which Ave obtain, using the same notation as before, 
vi{a^ -f = a 

a result differing from that of the preceding article in the sign 
of ^ only. 

Now, if we observe that the radius r, in this case, is measured 
from the surface in a direction opposite to that in the former, it 
will be evident that the Ibrmula * 


‘ o) — a— ^ 

really includes all cases, if we only agree to consitlcr the distances 
/*, 0 , and b^ (and therefore tlieir reciprocals, e? «^) 

positive, when measured from the surface towards the incident 
; nefffitivc, when in the opposite direction. rFliis, it is 
obvious, is the same as assuming the positive values of I lie 
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(juiintitics a, and a' to belong to the case of a concave sur- 
tiice, and diverg'cnt rays. 

When the refracting, surface is plane, ^ = 0, and the general 
Ibrnnila becomes 

mrj rr a, or 5' — 
as we have already obtained 

(138.) The preceding formula includes also the case of re- 
flex ::'n.*..P<>r, in reflected light, since the angles of incidence 
and reflexion are equal, and lie at opposite sides of the normal, 
their sines arc equal with opposite signs, and therefore, in this 
case, — 1. If, then, this particular value of in be substi- 
tuted in the general formula (136.), it becomes 

a + — 2^, 

agreeing with the result already obtained *'. 

(139.) The formula of (136.), as it has been found to in- 
clude the case in which the light is incident upon the conv.ex 
surface, as well as that in which it is incident upon the concave; 
so it is also true whether the light passes from the rarer into 
the denser medium, or in the contrary direction ; m denoting in 
all cases the ratio of the sines of incidence and refraction. The 
value of ?«, however, is different in these two cases, being equal 

to /X in the former case, and to — in the latter; /x denoting 

/X ° 

tlie ratio of the sines of the angles which the portions of the 
ray in the rarer and denser medium, respectively, make with 
the perpendicular to the surface at the point of incidence. To 
distinguish between tlie cases, accordingly, we have only to 
substitute these values for m in the general equation (136.), 
and when the light is incident from the rarer into the denser 
medium, we*have 

//,(»' - g) = a — j ; 


* In this manner the whole theory of reflected light might be 
derived from that of refracted light, by simply making = — 1 in 
the results of the latter theory. This method, however, is not so 
well adapted to the purposes of the student as that which has been 
employed. 
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when from the denser into the rarer, 

a' - /^{a — 

It is evident that one of these formula' is obtained from the 
other by transposing a and ol \ from which we conclude that 
the foci of the incident and refracted pencils are convertible, 
or that, if the light be incident in the opposite direction, di- 
verging from, or converging to, thd* focus of the refracted rays, 
it will be refracted diverging from, or converging to, the fccas 
of the former incident pencil. 

(140.) When the incident rays are parallel, a = 0; and, if 
the resulting value of ai be denoted by <p, there is 



'j'liis ({uantity <p, or the vcrgcncy given to parallel rays by re- 
traction at any surface, is called the power of that surface ; we 
learn, therefore, that the power of any surface varies directly as 
its curvature. 

This result may be otherwise expressed : for, if we substitute 


tor and o their values, -j, and f denoting the distance 
of the principal focus from the surface, we have 

^ m- r 


This formula may be put under the form 

from which it appears that the distance of the principal focus 
from the surface is to its distance from the centre in the con- 
stant ratio of the sine of* incidence to the sine of refraction. 

(141.) When the rays are incident from the rarer into tlie 
denser medium, m =z /x, and the equation of the preceding 
ttrticle becomes 


Wherefore, /x being always greater than unity, the sign of <p is 
the same with that of Accordingly, wlien g is j)0sitivc, or 
the refracting surface concave^ tlic refracted rays divcige from 
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the principal locus; and, on the contrary, they coiiverfix to 
the same, when ^ is negative^ or the refracting surface convex' 

(137.). 

When the rays proceed from the denser into the rarer me- 
dium, m =: — , and substituting in the equation of tile pre- 

jjj 

ceding article, 

^ = ^ l)e. 

In this case, then, the sign of ^ is opposite to tliat of ami it 
follows therefore, from the rule of signs laid down (137.), that 
a c'onrave refracting surface of a rarer medium will give a con- 
vergence to jiarallel rays; and a convex^ divergence. 

It appears from the preceding, that any s})licrical surface, 
bounding two media, has two ])nncipal foci, one of rays pro- 
ceeding from tlie rarer into the denser medium, and the otlier 
of those which proceed in the opposite direction. 

If the curvature of the surface and its power, in the latter 
case, be denoted by ■;) and to distinguish them from the 
former ; there is since tlie curvature of the surface, 

in the two cases, lies in opposite directions with respect to the 
incident light; wherefore, from the preceding Ibrnui he, 

From which wc conclude that the two foci are similarly situateil 
with resjicct to the incident light, and tliercfore lie at ojiposltc 
sides of the surface; and that their distances from the surface 
arc in the constant ratio of the sines of incidence and refraction. 

(14^.) Returning to the general equation (136.), which is 
equivalent to 

via^ = 06 -j- (w — 1)^, 

it is evid<?lit that, when the term (w — 1)^ is positive^ i. e. when 
the light is incident upon the concave surface of a demer^ or 
the convex of a rarer medium, a' will he always positive^ unless 
when a is negative and greater than {in — 1)p. In these cases, 
therefore, the refracted rays always diverge, unless when the 
incident rays converge to some point nearer to the surface tlian 
the principal focus of »*ays ctoining in the opposite direction 
On tile contrary, when [in 1)^- is negative , or the lay^ ni" 



UEFllACTTON AT A SINGLE SPHEllIOAL SURFACE. 107 


cideiit upon the convex surface of a demicr^ or the concave of 
;i rarer uiediiini, will be ne^ailve^ unless when a is positive 
and greater than (m — 1 )p; and accordingly the refracted rays, 
in these cases, always converge^ unless when the incident rays 
diverge from some point nearer to the surface tlian tlie principal 
locus of rays proceeding in the opposite direction, 

(143.) If the preceding equation be diiferentiated, we find 


mdoi = da, 


or 


mdli 1 = 



iroin which wc learn that the conjugate foci move always in 
the mmc direction^ the increments of their distances from the 
surface having always the same sign. This is the contrary of 
that which takes place in reflexion. 

It will be easy to see the corresponding positions of the foci. 

I 

1. When a = 0, ^ Therefore, when the 

nuliant, or the focus of incidejit rays, is infinitely distant, its 
conjugate arrives at the principal focus. 

2, When a rr — {m — 1 )^, a! rz 0 ; i. e. when the radiant 
coincides with the principal focus of rays coming in the opposite 
direction, its conjugate moves off to an infinite distance. 

o. When a =: a! zi: and, accordingly, wlien the radiant 

coincides with the centre of the surface, its conjugate inccls it 
at the same point. 

4. When a is infinite, a' becomes also infinite ; and therefore 
when the radiant coincides with the surface, its conjugate meets 
it there. 

Hence the march of the two foci may be easily traced. 

(144.) In the preceding article we have seen that the two 
foci always move in the same direction, and coincide at the 
surface and the centre. In order to determine wliAi tlie in- 
terval between them is a maximum, wc must have t/d drl, or 
df/J* doi . 

But mdoJ zz: dec; and dividing this by tlio eqiia- 

ti<)n of condition just found, in order to eliminate ded and da, 
tlicre is 

a*. 

IT v/e mnlliply this result by and extract the square 
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root, there is 7 W = a x/m; and, substituting this in the cqua« 
tioii ma! zn a + — 1 ) ^, we obtain 

a( — 1) zz {m — 1)^, or a =: ( + l)e> 

(145.) It is sometimes convenient to compute the distances 
fj'om the centre^ instead of the surface. This is readily done; 
for if the distances fc and fc (see figures, page 101) be de- 
noted by d and d\ when the refracting surface is cmivex^ there is 
— r, ^ zz (V — r ; and substituting in equation (135.), 

d d — r 

w ‘—r 

and, if we take away the denominators, divide tlie result by 
rdd\ and denote the reciprocals of r, d and d^^ by e, w and 
we obtain 

When the refracting surface is concave^ there is fs = 4* /*, 

ys zz d' + r; whence tliere is, in this case, 

^ d + - , . , . 

--tr zz 3 whence + ^ = min + e), 

d^ d' r ^ 

a result differing from the former in the sign of r or ^ only. 

In this case, however, it is evident that the radius is mea- 
sured from the centre in an opposite direction, with respect to 
the incident light, to that in the former ; if, then, the positive 
values of the distances d, d', and r, be estimated from the centre 
towards the incident lights in conformity with the arbitrary 
convention respecting signs ^already laid down, in this latter 
case the radius r, or its reciprocal must be considered as ne- 
gative, and the formula 

u* ^ =z m(u — 
will embi^ce all cases. 
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II. 

Aberration in Refraction at a single spherical Surface, 



(146.) In the preceding section we have sought only the 
ultimate position of the point, f in which tlic refracted ray 
meets the axis, when the arc sa is diminished ad injinUum, 
It is readily seen that the number of the refracted rays col- 
lected at that point will be far greater than at any other, and 
that therefore that point is to be considered as the virtual locus 
of the refracted pencil. As, however, each ray of the refracted 
pencil actually meets the axis in a different point, it is important 
to determine the space through which they are diff'used along 
the axis, when the arc sa is finite. This is evidently obtained 
by seeking the distance of the intersection of the extreme ray 
with the axis from the surface, or centre ; the difference be- 
tween this and its ultimate value, when sa = 0 , will be the 
space of dijfnsmi^ or, as it is more frequently called, the aber- 
ration of the extreme ray. 

It has been already proved (134.) that whatever be the 
aperture, there exists the relation 

• FC FA 

Now, if the distances from the centre, fc and /c, be denoted 
d and d'; the radius ca by r; and the angle cas by dj 
there is 

=: r- 2dr cos. /a* = d-^ -f- r® SdVeos. 0. 
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Wlicrelori*, scjvianng the preceding equation, and substiliitiiiit 
these values, 

d ' ^ d® q- r * — 9.drco^A) 

* d' ‘ q- 0 ’ 


or. 




o 


r 

d' 


cos. 0 4- 1 == ^ — 2-^^- COS. 0 t I 


dr, rrlvr.hng bolli sides by r-, and denoting by and tlu' 
reciprocals ol' d, d^, and r, we Jiave 

a ' - — 2//^ cos.O -p f [ii- — 2//^cos. 0 h j- ]; 

an equation wliicli gives llie relation between if and tlie re 
clpi*oeals oi‘ tbe distances of the intersections of tlie incident and 
rc.i’acted ray^^ witli tlie axis, whatever be tlie value of 0, the 
angle at the centre. 

If we rsiibstitutc f (cosrO j~ for on both sides of 

the equation, it will assume the form 

(?// — |Cos. q- I'sin.'O j^(?/ — ^cos. O)- -p g-'^sin.'tl J; 

from wdiich we have 

A n ^ cos. 0 ± \/[ VI '{n — ^ cos. 0) - -p {nf — 1 ) f sin." 0 |, 
the general value of u\ 

When the incident ray is parallel to the axis, if zz 0, and 
this expression becomes 

If! z=. 0 ± - sin.-f))]. 

The value of being a 1 unction of (1, the intersection of c.ach 
ray of the refracted pencil with the axis is, in general, different. 
There is one case, however, in which the value of is inde- 
pendent of 0; it is that in which the coefficient of cos. a, in 
the general equation, is nothing, or ~ If we substi- 

tute this value for u\ in the same equation, we obtain 

//m -Ti ffj or d rz vir. 

When tile distance of the radiant, then, has this vahii', all the 
rays will be refracted exactly to the same point, whatever be 
their incidence. 

(117.) In order to obtain an appniximate value of when 
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the angle 0 is small, we shall return to the general equation, 
which, if we substitute for cos. 0 its value 1 — r, (v denoting 
the versed sine of 0^ assumes the following form : 

(?/ — ~ ^(u — e)" 4- 

If we make v ~ () in this equation, and denote the resulting 
value of by there is 


Uf - ^ {u - e) ; ^ ^ 

an equation which agrees with that already found (145.), and 
wliich determines ?/. the ultimate value of ?//, when tlto incident 
ray coincicles with the axis. 

Again, when the angle 0 is so small that all the powers of 
its versed sine, above the first, may be neglected, we have, l)y 
M-Laurin’s theorem, 




denoting the value of when v = 0. 
^ av 


But, diflbrentiating the preceding equation, we hav(‘ 
(?/ (ltd -h ^ {vdid 4- uUlv) m'uulv. 


Whence, making 
therefore 


7 ’ziO, we obtain 



in- u — u, 

~ ■""e? atul 

w. - e 


u' — n chd zz 


Hi u — u. 




Finally, if in this result wc substitute for u^ its value in ?/, 
given above, we obtain 

TO - 1 VIU 4- J * 

diC = . el?. 

m 7/ — e 

When the incident rays are parallel, u = 0, and the varia- 
tion of ti becomes 

m 

The value of dU in the case of reflected light may be oh- 
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tained from the preceding, by making vi zr — 1, in the general 
expression just found, which thus becomes 

(M zz - 

agreeing with the result obtained (Cl.). 

(HS.) In the preceding investigations the d' iTbances have 
been computed from the centre : it is in ge*ieral more conve- 
nient, however, to measure them from tlie surface; and it is 
t^vlrlcnt, that the results in this case will be obtained from the 
former by a simple transformation. Fcr, if o and <5' denote the 
distances from the surface fs and ys, there is ^ + 7 \ 
cV zzS r: or, denoting the reciprocals of d and d\ d and o', 
by u and ?/, a and a', respectively, 


71 


cto 
— >> 

a + g ’ 


/// 


. 

a' -f- ’ 


and tliese values being substituted in tlie ecpiation which gives 
tlie ulliniate value of we obtain 


cc+g zz m{c(! + g). 

Making the same substitution in the expression f*or (hi\ there 
(hi! = (a- — ?7ia)v ; 


but, if we differentiate the value of expressed in terms of a', 
there is (ltd = 7 -VT'Tr, ; wlience 


(led 


did -j- ^ -- moL)7\ 


The preceding investigations have been ada})ted to the cas(‘ 
in which the refracting surface is convex towards the incident 
light; but as, in this case, the radius ?*, measured from the 
surface, is ne^ntive^ in order to accommodate the f<)rmuke to 
the case in which the quantities entering them are positive, the 
sign of § must be changed, and they become 


a - g zz m{% - g\ 
dod =: (a! — 

The former of which equations determines tlie ultimate value 
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of a', when the arc, or its versed sine, is evanescent ; the latter, 
the difference between this ultimate value and the appi'oximate 
value of when v is finite, though smalh 

(149.) To express dx^ in terais of the aperture, it is to be 
observed that, when the arc 0 is small, its versed sine 

t; = *-siii>’0, epp = 4^- r’sin.‘ 0 = \-fiv-. 

X denoting the semiaperture; wherefore, substituting 

(lod = (a' — py — ma) • ; 

from which it appears that the variation of a' varies, caet, par., 
as the square of the aperture. 

If exJ be eliminated from this expression by means of its value 
in a, it becomes 

7)t — 1 

= - tj -r U - Is - 

^t/0 

Wlieri the incident rays are parallel, a = 0, and a! = and 
this expression becomes 

/ m-- 1 . , , 

(/(p = r ; 


or, substituting for o its value in namely, — --?~ 

^ ^ ““ — i)“’ 

(loO.) The quantity da' being found, the aberration is 
easily obtained ; for o' being the distance of the intersection of 
any ray with the axis measured from the surface, 

da! 


.=-V, 


whence do' 




The quantity do' is the aberration. 

d^ 

Thus, for parallel rays, ” ; whence we find 




<p .ar - 


from which it appears that the aberration from the principal 
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focus varies as the square of the aperture directly and inversely 
as the focal length. 

(151.) Ileturning to the general expression for da', it is evi- 
dent that there are two cases in which it becomes nothing, and 
in which, therefore, the aberration vanishes. These are when 
§ — oL^ and when f — (in -f l)a. In the former case the inci- 
dent rays diverge from, or converge to, the centre, and there- 
fore undergo no refraction ; aiul, in tlie latter, tlie distance of the 
fociiTbf incident rays from the surface, or b --- (m + l)r, and 
all the rays are refracted accurately to tlie same point (14{)), 

With respect to the sign of dx\ it will evidently be deter- 
mined V)y that of the quantity p — {m -f l)a, being the same 
with the sign of this quantity, when ni > 1, or the rays incident 
from the rarer into the denser medium ; and tlie opposite, when 
the light proceeds in the contrary direction. 

Thus when divci'ging rays are incident upon the concave 
surface of a dtmscr medium, p and a are both positive ; and, 
therefore, da! will be positive, negative, or nothing, according as 
^ > (m d- l)oCf f < (rn + l)a, or p = + l)a; i e, accord- 

ing as b is greater, less than, or equal to (in + 1)?'. Wlien 
commging rays are incident upon the concave surface of a 
denser medium, a is negative, and the value of do! is, in all 
cases, positive. 

When the rays are incident upon the convex surlace ot' a 
denser medium, ^ is negative; and it is easily seen that, in 
the case of diverging rays, the value of t/a' is always nega- 
tive; while, for converging rays, it will be negative, jiositive, 
or nothing, according as p > (in + !)«» ^ < (m -f- I)a, or 
^ zr (;m 4” l)a* 

Finally, when the light passes from the denser into tlie rarer 
medium, the sign of do! is the opposite to that which it has 
when the light proceeds in the contrary direction, other cir- 
cumstances being the same. The sign of the aberration is 
always the opposite to that of do! (ISO.). 

In the case of parallel rays, it is evident (150.) that the sign 
of the aberration df is, in all cases, the opposite to that of/, 
the focal length. Hence it follows that the intersection of the 
extreme rays with the axis is alxmys nearer to the surface than 
that of the central ones. 
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III. 

Successive Refraction of a small Pencil of Rays incident pcr-^ 
pcndicularly upon several spherical Surfaces, 

(15S.) We may now proceed to consider t!ie succcr;sivc re- 
fraction of a small pencil of rays hy several media, tlir surfaces 
bounding which are supposed to be spherical, and their centres 
disposed along the same right line. This riglit line is obvi- 
ously perpendicular to all the surfaces, and is called the com- 
mon axis of the spherical surfaces. 

We shall, in the first place, suppose that the intervals 
between the successive surfaces are inconsideralile, so that the 
focal distance of the rays after refraction hy any one of them is 
that of the ra 3 \s incident on the next. If, then, //f', &c. 

denote the indices of refraction at the 1st, 2d, tld surfaces, &e. 
respectively; a the vcrgency of the incident pencil, and oiI\ 
a'', &c. the vergencies alter refraction by the several surihccs, 
the relations which exist among these <piantities are deleriniucd 
by the equations 

wW = a + ~ 1 )/, a! h (wj" — l) e", 

7/iV 1 = a'' + (r/f" - 1)/', &c. 

Now, if we multiply the 2d of these ecpiations by the 3d by 
See. fjJ'y if'y &c. denoting the indices of refraction !>etween 
the original medium and the 1st, 2d, 3d medium, &c. re- 
spectively) and observe that 

&c. 

they become 

IjJ a! - a. + {fj ~ I )g', 

&c, = &c. 

and adding these equations together, and denoting the number 
of surfaces by tliere is 
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an winch determines the vergcncy of the refracted 

pencil, when that of the incident pencil is given. 

When the intervals between the successive surfaces are too 
considerable to be neglected, the focal distance of the raysat’ter 
refraction by any one of them is no longer that of the rays in- 
cident upon the next, the difference between these distances 
being ecpial to the interval between the surfaces. The eejua^ 
tions expressing these relations, tf)gcther ivith a system ol etjua- 
tion.s*similar to the preceding, expressing the relation between 
the focal distances of the incident and refracted rays for each 
separate surface, will determine the problem. The elimination 
amongst these c([uations, however, leads to results of great 
eomplexity. 

(15G.) If <p denote the poxc'cr of the system, or the value of 
when the incident rays arc j)arallel, or a = 0, the pre- 
ceding equation is resolvable into the following: 

IZ (/a' 1).' + + &c. 4- 

= a 4 

Wlien the ray re-emerges into the original medium, z: 1, 
and these equations become 

^ z: (a' i)./ + (uJi ... + &c. 4(1“ 

a*'*' — a 4 i5. 

Thus, when a pencil of rays passes through a medium 
bounded by two spherical surfaces, and re-emerges into the 
original medium, the power of the system becomes 

^ = iy/ - 1)^.' + (1 - y/y = (a' - !)(/ - f). 

Such a combination is called a h'n.9. As this case, however, 
is one of the greatest practical importance, it will merit a 
distinct coni^ideration. 

(154.) A spherical lens is a solid bounded by two spherical 
surfaces, or by a plane and a spherical surface. The axis of 
the lens is a right line [lassing through the centres of both 
surfaces. 

There arc six different forms of the spherical lens : — 1. The 
double conveXy in which both surfaces are convex externally. 
2, The double eom'dvCy in which both are concave. 3. The 
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meniscus^ in which one surface is convex and the other concave, 
the curvature oftlie convex being the greater. 4. The conccwo- 
convex^ in which one surface is convex and the other concave, 
the curvature of the concave being tiie greater. 5. The plano^ 
conx)ex<i one of whose surfaces is plane and the other convex. 
(5. The jdano-concave, in which one surface is plane and the 
other concave. 

These varieties are indicated algebraically by the signs of 
the radii, or of the curvatures of the surfaces. The Curvatures 
of those surfaces being posUwe which are concave towards the 
incident light ; negative^ of those which are convex. 

(155.) We shall, for the present, confine our attention to 
the case of central rays; those, namely, wliich diverge from, 
or converge to sornc! point in the axis of the lens, and are 
nearly coincident with that axis. Such rays, it is obvious, are 
incident nearly per])endicularly upon both surfaces of the lens. 

The focus of central rays, incident upon a lens, being given, 
it is required to find its conjugate, or the focus of the refracted 
rays. 

Let a and |3 denote the vergencies of the incident and rc- 
fractcil rays, alter refVaction by the fir.st surface ; and cd the 
corresponding (juaiitities for the second surface; p and the 
curvatures- of the two surfaces ; and g. the index of refraction 
in passing from the surrounding medium into that of whlcli 
the lens is composed ; then the relations amongst these cptaii* 
tlties arc given by the equations 

( 4 ^ - f) == a - f, 

Now, if the distance between the surfaces, or the thickness 
of the lens, is so small that it may be neglected, since the focus 
t)f the pencil after refraction by the first surface is that of the 
pencil incident on the second, 

/3'= /3. 

Wherefore, subtracting the former of these equations from the 
latter, we have ) z: a' — a -h f ^ or 

a'-a = (a - l)(p — 

nn C(jnalion which determines the vergency of the refracted 
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rays, when a, the vergency of the incident rays, and the curva- 
tures of the surhices, arc known. 

This equation comprehends every case that may arise, if we 
remark only that the positive values of a and aJ belong to the 
case of divergent rays ; those of f- and to that in which the 
surfaces are concave towards tlie incident light. 

(156.) AVhen the incident rays are parallel, a == 0, and if 
w e denote the resulting value of a! by p, we have 

p =(//.- 1) (f - ^')- 

The quantity 9 may be called the ahsolute vergency of the re- 
fracted rays, or the poiccr of the lens ; and the equation may 
be thus enunciated : — ** The power of a lens is to the difference * 
of the curvatures of its surflices in the constant ratio of the dif- 
ference of the sines of liuidence and reti action to the sine of 
refraction.*'’ 

Substituting this value in the equation of* the preceding 
article, it becomes 

tzz % I 0; 

whiclt may be thus ex})ressed : — “ The excess of the vergency 
of the refracted above that of the incident rays is constant, and 
equal to the power of the lens.” 

(loT.) From the value ofp, obtained in the preceding article, 
we learn that the power of the lens, or its reciprocal, tlie prin- 
cipal ideal length, remains tlie same whichever side of the lens 
l)e turned towards the incident light. For, if the lens be 
turned round, q becomes and v, u.; but, moreover, the signs 
of both arc changed, the opposite suri'acc being now offered to 
the incident light; wherefore? the value of p remains tlie same, 
botli in sign and magnitude, as before. 

Accordingly, in the different cases wdiich we proceed to 
examine, wt’ arc at liberty to suppose p > or the surface of 
greater curvature, to be turned towards the incident light, 
inasmuch as this supposition will not aflect the result. 

In the concavo-convex lens, therefore, f and being both 
positive, the value of p is 


^ I'hc word dllJvrencc is here taken in tlie algebraic sense, am 
Wcoines the sum when the curvatures are of opposite signs. 
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In the meniscus both are negative, and therefore 

In the double concave lens q is positive and negative, and 

<p -{/j, ?')• 

In the double convex ^ is negative and positive, and 

(p l)(p 

In the plano-concave ^ is positive and =: 0; wherefore 

In the piano convex f is negative and ^ 0, and 

cp z= — (/X — l)f>. 

From this it appears tliat, when the medium of which the lens 
is composed is denser than the surrounding medium, or ih > 1, 
the value of <p is positive in the double concave, the plano- 
concave, and the concavo-convex lenses; and therefore these 
lenses cause parallel rays to diverge: while, in the double- 
convex, tlie plano-convex, and the meniscus, being negative, 
parallel rays are made to coiwergc* When the medium of 
which the lens is composed is rarer than the surrounding me- 
dium, is less than unity, and the sign of o is reversed. Ac- 
cordingly, convex lenses of a rarer medium give divergence to 
parallel rays, and concave lenses convergence. 

In the double concave or double convex of equal radii, 
zz and 

? = ± - 1 ) 2 ^; 

or the power of such a lens is double that of the plano-concave 
or j)lano-convex of the same curvature. 

When the lens is of glass and therefore ,a — 1 — 

yearly ; wherefore • 

?> = 4r(? - fO- 

In the case of the double concave or double convex lenses, 
in winch ^ and p' are of opposite signs, <p iz ± { (p f i. e. 
the power of such a lens is an arithmetical mean between its 
curvatures, or its focal longtli an harmonic mean between its 
radii. AVhen tliese radii are equal =z g;, or the focal length 
is equal to radius. 
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(158). If we differentiate the equation, 

Cf! z=: a -r (p, 

we have da' = da ; from which there is dd' zz . do. Wliencc 

it follows that the two foci move always in the same direction, 
dd' and do being of the same sign ; and the rates of their pro- 
gress are as the squares of their distances from the lens. 

— It is easy to trace the corresponding positions of these foci. 
First, let the lens be of the concave kind, in which p is always 
positive ; then, as long as a is positive, a' is akso positive, and 
greater than it ; and wliilc a decreases from infinity to nothing, 
od decreases from infinity to 0 . When a, passing through 
nothing, becomes negative, a' zz. — a still continues positive, 
until a = 9 , when it becomes nothing. 

Finally, when a > 9 , a! becomes negative; and as a in- 
creases negatively, a' increases also without limit. 

F rom all this we learn, that when the incident rays diverge, 
the refracted rays diverge still more ; when the former become 
parallel, the latter diverge from the principal focus; and when 
the divergence of the incident rays is changed into convergence, 
the divergence of the refracted rays still continues, though less 
than before, until, when the incident rays converge to the prin- 
cipal focus of rays proceeding in an opposite direction, the re- 
fracted rays become parallel ; and, finally, their divergence is 
changed into convergence, when the point to which tlie incident 
rays converge is still nearer to the lens. 

If the lens be of the convex kind, 9 is negative, and the 
equation is 

= a ~ 9 ; 

an equation differing from the former in the signs of a and od. 
Wherefore ‘all that has been said of concave lenses may be ap- 
plied directly to convex, if we only substitute convergence for 
divergence, and v, v. Hence, as the lenses of the concave kind 
increase the divergence and diminish the convergence, so 
of a cjpnvox character increase the convergence and diininisii 
the divergence. 

(159.) From the equation a' a <p, several useful rcla- 
lioUb between the distancesof the conjugate foci may be derived. 
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For, if 0 and denote these distances, and jf" the focal Icngtli 
of the lens, that equation is equivalent to 

1 1 I . ^ r5-F/ 




1 I 

y + 


whence ~rr — ■ 


u c. the distance of the radiant from the lens is to the distance 
of its conjugate from the same, as the distance of the radiant 
from the principal focus of rays coming in an opposite direc- 
tion is to the focal length. 

Again, from these equations we deduce 




^ 7 ’ 


e. the distance of the radiant from the lens is a mean propor- 
tional between tlie distance of tlie radiant from its conjugate 
and from the principal ibcus of rays proceeding in an opposite 
direction. 

Hence, wlien the position of the radiant and its conjugate 
are given, we may find the position of the lens. For in this 
case 0 — 0 , the distance between the foci, is given; and 6, the 
distance of the radiant from the lens, is rc(juired ; wherefore, 
tienoling the former by a, and the latter l)y a’, from the pre- 
ceding result we obtain the equation 


■ 


luv — <t/ = 0 , 


1 

whence .v — - ^ y q- af ; 


which determines the two positions of the lens which satisfy 
tlie problem. When (t andy bave the same sign, the problem 
is always possible. When they are of dillerent signs, it will 
become impossible when a < 4/1 

From this we learn that the least distance between the foci 
is equal to four times the focal length ; a result w hich miglu 
readily have been obtained directly. 

^,lbO.) In what has preceded, we have su])po8cd the thickness 
of the lens so small that it may be neglected in our calculations, 
a supposition which has greatly simplified our results. To 
complete the theory of refraction by a single lens, however, it 
will he necessary to consider the effect ol‘ the thickness, when 
that thickness is too considerable to lie neglected. 

The vergencies of the pencil, l)cfore and after refraction by 
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the 1st ajul surface respectively, being denoted by a and 
/3' and a';* we have, as before', the equations 

l“((3 - f) = ® — h 

- f') a' — f'. 

Now, the distances of the focus of the pencil, after the first re-, 
fraction, from the 1st and 2d surfaces, respectively, differ from 
one another by the interval between those surfaces or the thick- 
ness of die lens; wherefore, if fi denote the reciprocal of that 
thickness, there is 

J _ 1 _ 1 

8^'^ 3 ^ d* 

and it remains to eliminate j3 and 

To effect this elimination, the equation last found may he 
put under the form 

/5'/3 f = 

and if we multiply this equation by and substitute for 
tlieir values derived from first two equations, we find 

[« + (y. -1 )f] [a' + {,a_l)f'] +_aO[(a'- «) + (^0 - l)(f'-f)]=0; 


an equation whicli expresses the relation between a and 
wliatever be the thickness of the lens. 

1 . 

If we divide this equation by 0, and make ^ =0 in tlie re- 
sult, we have, as before, for a lens of inconsiderable thickricss, 
aj — cc 4- (/^ “~ i) — f*) ^0. 


(IGI.) When the incident rays are parallel, a: 
the resulting value of a' be denoted by there is 


: 0 ; and if 


^r=(/x - 1) 


/J.0 + ( /X - 1) p 


the general expression of the power of a lens of any thickness. 

When the lens, whose curvatures are f and is turned in 
the opposite direction with respect to the incident Jiglit, it is 
evident that rJ becomes f , and v. v., and that the signs of both 
are changed. It is obvious, from the inspection of the formula, 
that the value of does not remain the same after this substi- 
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tntlon, unless in tlic case in which the two curvatures are equal 
.'ind in)posite; and, accordingly, in all lenses whose thickness 
■js double convex and double concave of equal 

oiirvalures excepted, the power of the lens is altered by re- 
versing its position with respect to the incident light. 

If we divide the numerator and denominator of this expression 
by and denote the reciprocal or the thickness of the 
lens, by d, it may be put under the form, 



To obtain an approximate value of (?, when the thickness of 
the lens is small, we have only to develop the first term of the 
([uantity within the brackets, either by the binomial tlieoreni 
or actual division ; and if we neglect all the powx*rs of ^3 ex- 
cept the first, we find 



(162.) Iletinning to the general equation, (160.), if "0* be 
added and subtracted, the result will remain iincliangcd, and 
it will assume the following very symmetrical form : 


-f (y. — 1)? + d’ "*■ ~0. 

As an applicalioii of tlsis formula let us take the case of the 
sphere. Here llic curvatures of the two surlaces, o and f', are 
equal, the former being negative and the latter positive; and 
Ozz ’ Wherefore the equation becomes 





+ ~ 0. 

1' ‘I 


When the incident rays are parallel, a 0 ; and, denoting 
the resulting value of cc' by <f, we fiiul 



(163.) In a pnino-spltcrteal lens, whose plane surface is 
turned towards tlie incident light, ^ -- 0, and omitting the 
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trait in the symbol of the curvature of the 2d surface, tlic 
equation of the preceding article is reduced to 

(a + ^ot! + — 1) =. 0. 

When the incident rays arc parallel, a = 0, and we have 

9 = 7 - 1)?, or / = —7^. 

Wherefore the focal length of a lens of this kind is altogether 
independent of the thickness; a result which is otherwise evi- 
dent, inasmuch as the rays undergo no refraction at the 1st 
surface. 

In a lens, whose curved surface is tun ed 

tovvards the incident light, = 0, and the equation becomes 

4 - = 0 . 

For parallel rays, a = 0; and there is 

<?[,«-<> + (.«- - l)f] = — l)f ; 

or, substituting for 0, .-ind f, their reciprocals, yj b, and r; 



It is evident that, if r denote the radius of the sj))R‘riral 
surface in a lens of this kind having its curved surface turned 
towards the incident light, it becomes — r when the lens is 
turned in the opposite direction. Accordingly, ify'and f^ de- 
note tlie focal Icngtlis of the lens in the two cases, 


() r T 

fz=: — + and/'= - ; 

" y. ju, — 1’ a — 1 ’ 


and subt*'acting, 


f-f = 

^ fj. 


That is, the difference between tlie focal lei]gths of the lens iii 
the two cases is to its thickness in the constant ratio of the sine 
of refraction to the sine of incidence. If the lens be of crown 
glass, the difference of the two focal Icngtlis is two-thirds of tin* 
tliickness. 
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When the lens is a hemisphere, having its curved surface 
turned towards the incident light, r is negative, and f) zz r; 
wherefore, substituting in the equation last obtained, we iind 

—S > 

and, accordingly, the focal length of the hemisphere, in this 
— r 

case, is to — — - p the value of the focal length when the plane 
side is turned towards tlie incident light in tlie ratio of 1 to a. 

(1C4.) Wlien tlie two surfaces of the lens are coucentrw, the 
problem is a case of that already investigated, in which, namely, 
tlio thickness of the lens is etpial to the sum or difference of the 
radii of tlie two surfaces, according as the directions of their 
curvatures are opposed or coincident. The investigation of 
this case, however, will be more simple, if it be derived imme- 
diately from equation (145.) in wJiich the distances are re- 
ferred to the centre. 

Let u and x) denote the I’cciprocals of the distances of the foci 
IVoin the centre, after refraction by the first surface, u' and 
tlie analogous quantities for the second refraction, and and r:', 
the curvatures of the surfaces ; then we have 

X - q - !^(u - - f'). 

Now, subtracting the former equation from the latter, and 
observing that v zz v\ tliere is p f ' 

whence 

u' - ?/ = - y — f). 

r • . 

a result which is true, whatever be tlio interval between tlie 
surfaces. 

When the curvatures of the tw^o surfaces are turned the 
same xcay, and consequently the surfaces themselves parallel, 
f' and are togetlier positive, or together negative, according 
as the lens is concave or convex towards the incident light. 
The reader cannot fail to observe a remarkable analogy between 
this formula, for the refraction of a pencil of rays by a medium 
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bounded by parallel spherical surfaces, am\ that of (1 19 ), io 
which the bounding surfaces are parallel planes. 

When the curvatures of the two surfaces lie in opposite di- 
rections, the solid which they contain must necessarily be of 
the form of a double conve.v lens ; and, therefore, the sign of 
the curvature of the first surface, becomes negative. In this 
case, tlicrefore, the formula is 

- u -H r/). 

y' 

(165.) In the case of a sphere^ ^ ^ and the equation t)i' 
the preceding article becomes 

— ?/ zz — 

Hence, if ^ denote the reciprocal of the pi incipal i'oeal length 
of the sphere, estimated from the centre, or tlie value of ?/ 
when w = 0, 



and, substituting this in the preceding equation, it becomes 

-- u zz. , 

If the sphere be glass, w zz nearly ; wherefore 

or /zz Jr. 

If the sphere be of zoater, p. zz nearly ; wherefore 
9 zz J f , and / == 2r. 

Hence the principal focus of a sphere of glass is distant from 
it by hall the radius; that of a sphere of water by the entire 
radius. 

(166.) "We may now proceed to consider the refraction of a 
small pencil of rays by any combination of lenses, whose axes 
arc coincident. We shall limit our attention to lenses 0 ^ 111 - 
considerable thickness; and take, in the first instance, the case 
in which these lenses are placed in contact, 

T^et a denote the vergency of the pencil incident upon the 
system ; o,\ af\ &e. the rcrgencies of the refracted 
pencil, after refraction by the 1st, 2d, &c. 7 Hh lenses, 
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severally ; and &c, tlie poxoers of these lenses. 

Then, since the lenses are in contact, the focal distance of the 
pencil after refraction by any lens of the system becomes that 
of the pencil incident upon .the next ; and we have, therefore, 
the following equations ; 

a' — a = 

a" - a! ^ f 

a"' - a!' = 


and adding, 

— a = (p' -I- 4- 4- See. + <;><"’ ; 

an equation which expresses the relation between the vergmeks 
of the incident and refracted pencils, the of the several 

lenses which compose the system being known. The |)owers 
of the component lenses are expressed in terms of the curva- 
tures of their surfaces, and the index of refraction of the sub- 
stance of which the lens is composed, by means of the formula 
obtained (156). 

(167.) If (p denote the pozoer of the system, or the value 
of when a m 0, 

ip zz 4- 4- <P'^^ -f &c. 4- 

And substituting this in the preceding equation, it becomes 

— a 

From the former of these equations we learn that the 
power of any system of lenses placed in contact is t!)e sum of 
tlie powers of the component lenses.'” The word aum dem)ting, 
as in common algebra, that the quantities are to be affected 
with their proper signs. • 

With respect to the signs of these (juantitics, it is obvious 
from (157.) that the powers of all lenses of the concave kind 
are positive^ those of lenses of the convex kind, negatwe. 

The latter of these equations is precisely analogous to the 
formula for a single lens, and informs us that “ the difference 
between the vergencies of the incident and refracted pencils is 
it constant quantity, being equal to the vergency given to 
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parallel rays by refraction through tlie systeru.'” The positive 
sign, affecting these quantities, denotes divergence^ and the 
negative^ con vergence, 

(1(58.) When the lenses are separated by any intervals, the 
vergency of the refracted pencil, after refraction by any lens of 
the system, is no longer that of the pencil incident upon the 
following: — Let a and (3 denote the vergency of the pencil 
before and after refraction by the 1st lens; r/ and /?, the ana- 
logous (quantities for the 2d; r/J' and /iJ", for tlie 8d, &c. 
Also, let 0, y', &:c. denote the powers of the several lenses, 

and 0, o', 0", &c. the recijirocals of the intervals between them; 
then, reasoning as in (160.), we obtain the following relations; 

/3 — a =: <p, & — x' = /S" — z: uv", &c. 

^ _ i - L 1 1 _ i_ 


And if the quantities /S, a', ,3', a", &c, be eliminated by means 
of these equations, the resulting etjualion will express the rela- 
tion between the vergency of the pencil before and after refrac- 
tion by the system. 

Thus, in the case of two lenses, we have the three equa- 
tions : 


[3 - a 0, 


3' -aJzz — 


1 _ 1 

"3 Ir 


It is easily seen that the last of these equations may be put 
under the form 

(0 - r/)(^ I- 

and substituting in this, for ^ and r/, their values, a + <?, 
and & — <?', obtained from the two former equations, and 
omitting the trait over /3', as no longer necessary, we obtain 

(0 + (p' — /3) (0 -j- (p 4- a) 0^ , 

When the incident rays arc parallel, a = 0 ; and denoting 
the resulting value of or the pow'er of the lens, by we 
have (0 + f) (0 4- — 4>) z: 0», Whence, denoting the re- 

ciprocals of <p, (p\ and 4>, by/,y’', and f ; and the reciprocal of 
or the thickness of the lens, by d, there is 
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the focal length of the compound lens, expressed in terms of 
the focal lengths of the simple lenses and of the interval be- 
tween them. 


IV. 

O/* Aberj'afion in lie fraction by Lenses, 

(169). If a and /] denote the recij)roca!s of the distances of 
the intersections of the incident and refracted rays with the 
axis, referred to the first surface of the lens, /S' and a' the ana- 
logous quantities for the 2d surface, and 0 the reciprocal of 
the interval between these surfaces, or of the thickness of the 
lens, the relations which exist amongst the ultimate values of 
these quantities, when the aperture of the refracting surfaces is 
evanescent, are determined by the equations 

a - f = ((3 - f), a' - ^ O' - p'), - ^ 

From these equations we have obtained, by elimination, the 
relation between a and the ulthnaie value of a', when the 
aperture of the lens is evanescent (160). We now proceed to 
inquire the difference between the ultimate value of % and its 
approximate value when the aperture is though small. 

Let X and a- denote the semi-apertures of the 1st and 2d 
surfaces, respectively ; then it is evident that a', the quantity 
whose variation is sought, is a function of two variable's, 3' and 
*r'. Wlierefore we have ^ 

the quantities within the brackets denoting the partial dilfer- 
ential coefficients of a', with respect to the two quantities upon 
which it depends. 

Now, if we differentiate the 2d and 3d of tlie preceding 
equations, we obtain 
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/da\ 

W7 “ 


f^> 


0'^ 

d0 = y.d^. 


But, if the viiriation of the quantities jS and a^, arising from 
the change of aj)erture only, be denoted by re- 

spectively, there is 

( (Ju\ 3'~ 


since a' = • Jf. And, substituting these values in the ex- 

pression of rfa', we find 


da' = . X. + . x\v K 

\ P' P“ / 

In which it only remains to substitute for x and yJ their values, 
given in the second section of this chapter. 

To proceed with these substitutions, if we substitute >3 for a'^ 
and u, for in the value of da (149.), it becomes 

(//} = X . = « (/3 ^ cY{fl 

Whence, eliminating ^ by means of the first of the equations 
written in the commencement of tliis article, there is 


1 he value of x! is obtained from this by substituting ft' and a' 
for a and ft, respectively, and — for and therefore 

And substituting in the expression of dod, given above, 


uX’ \ (3' > 

Jji,{/3'-a')»(/3' - fta') j, 

the general expression for da', w4iatever he the thickness of 
the lens. 

The relations among the quantities, a, a', ft, ff, which enter 
this expression, are determined by the three equations written 
above. If ft and ft! be eliminated by means of the first two of 
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these equations, the resulting value of dj will be expressed as 
a symincli ical f unction of «, ^5 and 

(170.) When the thickness of the lens may be neglected as 
inconsiderable, the third of these equations becomes 

ft' = /3. 

And substituting in the other two, and in the expression for 
doL^ obtained in the preceding article, there is 

« - ? = Hft “ f)» - f' = Kft - f'K 

fW = (li — a'Wfi — , 

equations which contain every thing requisite to the develop- 
ment of the theory of the aberration of a thin lens. 

If, in the expression for c/a', just obtained, the quantity 
within the brackets be developed by performing the multipli- 
cations indicated, it becomes 

(a 4- ^ ^ (O^ 4. l)(a'> - cc^)ft - a^) 

= (a'- a)[(.a -f 2)ft '--(Jil^ \- 1 )(a4- a')|3 4 

c/a' ^ 

I (.“' + 2)/32--(‘2^4 f l)(rt + a')/3+f;,(aM- ««’ 

a result which will be found convenient in its application 
hereafter. 

(171.) To express da' as a function of the vergoncies of the 
incident and refracted pencils and the curvatures of the two 
surfaces, w'c have only to eliminate /] by means of tlie first i\vo 
equations of the preceding article. Thus, from the former we 
obtain 

ft - « = ^ - «). ft -- f''« = ™“[p — ]> 

• ‘ * 

and, as it is evident from the second of these ccpiations, that 
ft *— a\ ft — [jnt\ are similar functions off' and a', suhslitiiting 
in the former expression of c/a', obtained above, there is 

'■^“'=^-1- + i)"j ~ (?' - (?''+ 1K]|; 
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an expression remarkable for its symmetry, and which, com- 
bined wiili tlie equation, 

a' — a = (a ~ l)(o - 

obtained by eliminating /3 from the first two equations of the 
preceding article, contains the whole theory of a thin lens. 
(172.) When the incident rays are parallel^ 

ft = 0 , and a' = == (a — l)(f — ^') ; 

' and these substitutions being made in the jn-eceding expression 
for rfa', wc find 

4 = 1^’ + [Kf - f') — ??[."' (f - f') - f]|- 

If the quantity within the brackets in this expression be de- 
veloped, it becomes 

Mp - — f')^- + 1 )(? - f')f f («■ + 2 )f'- I 

= .“(f -• f') j(^ - + (/•* + = 

/, {/p = 


In a piano-spherical lens, having its plane side tijrned to- 
wards the incident light, a 0 , and omitting the trait in 
the symbol of the curvature of the second surface, the ex- 
pression ot df becomes 


d<f) = 






To express this in terms of the power of the lens, we have 
only to eliminate c by means of the relation 0 -- — — 1 )^^ 

and there is 

“* = 

In a piano-spherical lens, having its curved side turned to- 
wards the incident light, = 0 , and there is 

1 • » 
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im 


Or, eliminating f by means of the equation f = (y- — 


^7^ 






To compare the values of da^ in the same plano-sphcrical 
lens turned in opposite directions with respect to the incident 
light, we have only to consider the curvatures as equal and 
affected with opposite signs iiT the preceding expressions, and 
it will be readily seen that the value of dip, when the plane 
surfiice is turned towards the incident light, is greater than in 
the contrary position in the ratio of ~ -f 

In a double convex, or doulile concave lens of equal cur- 
vatures, f*' = — f, and the value of d(l> becomes 


dip = *“ P' + 


Or, since in this case (p = (y. — 1 


When the lens is of crown glass, in which /x. — I nearly, 
the coefficients of<jf>\r *5 in the preceding values off/(/>, arc re- 
spectively and 4* three lenses, then, have the 

same apertures and powers, the quantity dip is greatest in tiui 
])laiio-spherical lens having its plane surface turned towards 
the incident light, and least in the same lens turned in the 
opposite way. 

(17d.) When the evicrgent rays are parallel, 

o! = 0, and a = — (,a — l)(f — [J) ; 

and these values being substituted in tlic equation of (171.), 
we find 

«^«'= YfJ ~ ~ V 

a result which agrees with that obtained in the j^rcceding 
article, if we substitute ^ for p, and v. and change the signs 
of both quantities ; that is, in fact, if the lens be turned in 
the opposite direction with respect to the incident light. Hence 
it appears, that, when the refracted rays are parallel, the value 
of da! is the same as in the case in whicli the incident rays arc 
parallel, if the lens be turned in the opposite direction with 
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respect to the incident light in the two cases. This observation 
will be found of importance hereafter, when we come to sp(^ak 
of the simple microscope. 

(174.) We shall now return to the general expression of d<x 
for a lens of inconsiderable thickness (170.). 

The distances of the radiant and its conjugate being given, 
let it be required to determine the form of the lens for which 
^the value of rW is a mmhnum. 

Here a\and a! are given, and fl is the variable which is to 
be determined by the conditions of the question. Therefore 
differentiating the quantity within the brackets in the ex- 
pression of (/oi! (170.) with respect to /3, and e([uating llie 
result to nothing, we obtain 


/3 = 




(u + r/J)- 


And this value of /? being substitut(?tl in the expression of t/r/ 
itself, the quantity within the brackets becomes 




w herefore the inininuim value of da' is 




, , a(cx! — a) f a — -L 

To find the form of the lens, we have only to suhstitute the 
value of /3, obtained above, in the equations, 

(ix — l)f = — a, Qj, — l)f' =; ,x/3 — a', 


which are equivalent to tlie first two equations (170.) ; and 
making I’on abbreviation, 


a(,a -1 )(y. + a')’ ^ ~ iKf^ + 2)’ 

we obtain 


f = pJ -f qa 
= jm + qa\ 

(l7o.) When the incident rays arc parallel, a = 0, and 
p; aiid the minimum value of da' becomes 
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7 KF'-'i) 


3 -Jl 


And for a Ions ol* crown glass, | nearly, and 
dip Uf^^- 

With respect to the form of the lens in this case, it is de- 
termined by the equations, 


f ==/></>. = 

And, accordingly, the ratio of the curvatures of the two sur- 
fiices is independent of the power of the lens, and is 

__ y 2a-— 4 

f p 2^-4-//' 


When this ratio becomes 



The curvatures of the two surfaces, therefore, in a lens of this 
kind formed of crown glass, lie in opposite directions; that is, 
the lens is either a double convex or double concave; and the 
curvature of the posterior surface is the one-sixth part of that 
oi‘ the anterior. Such a lens is called by artists a crossed 
Urns- 

If the index of refraction be of such a value as to satisfy the 
e([uatioii 2/x' - p — 4 =: 0, that is, if 


1 f 


— 1.C8G, nearly, 


which is about the value of p. for the more refrangible kinds of 
glass; then = 0, and the form of the lens, lor which the 
value of is least, will be a ])lano-spherical lens having its 
curved surface turned towards the incident light. ^ 

The power of this lens is 

• (ji = (//, — 1)^ = .68(>, 

It is evident from the observation made in (173.), that 
tlic best form of the lens, when tlie emergent rays are pa- 
rallel, is the same as that which we have been just investi- 
gating, but reversed in position with respect to the incident 
light. Tills will appear also directly if we make «•=:(), a= — 
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in the equations of’ the precetling article ; for thus the value of 
diJ is the same as before, and for the curvatures of the sur- 
faces there is 


(176.) The form of the lens, which has been investigated in 
the preceding articles, is obviously the best form for a single lens 
of indefinitely small thickness, inasmuch as the aberration is 
less than in any other lens having the same radiant and. con- 
jugate. We shall, therefore, in what follows, take this as the 
standard lens^ arid compare the aberration and form of any 
other lens with its aberration and form. 

It has been already found that the value of [i, in the lens of 


best form, is ^ 

“T /V J 

let US take 


therefore in any other lens 


t-> 




+ u^) -f* ; 


and substituting in the value of dec' (170.), the quantity within 
the brackets becomes 


y—i / , v. / , ol 

= ^ -i’ 

making (a + = (/x — i)f. Wherefore making, for the 

sake of abbreviation, 




VI, 




the general^ expression of dec' is 


f- 


da) = I — a).i* — a)* — ocoJ + f'*]; 

an expression differing from that obtained (174?.) merely in 
the additional term e®. 

When the incident rays arc parallel, a = 0, and oc' = r/>, 
and the value of da' becomes 


r/0 = 4- 
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When £ is very small, the general value of da', here given, 
will ho ffi'eater OY less i\\m the particular value just alluded to, 
and which is obtained from the preceding by making £ = 0, 
according as the quantity, — nf — aa'^ is positive or ne- 
gative; and, accordingly, ‘that value of da o, minimum \x\ 
the former case, and in the latter a maximum. When the 
medium of which the lens is conrtposed is denser than the sur- 
rounding medium, the least value of is unity ; wlien rarer^ 


its least known value is -j- ; hence n — 




is always posi- 


tive, and therefore the quantity, 7i(a^ — a)- — «a', will be 
always positive when a and a' arc of different signs, or the con- 
jugate foci at opposite sides of the lens; when they lie at the 
same side, it will be positive or negative, according as n[a! — ay- 
is greater or less than 

The quantity a\ or the vergency of the refracted pencil, is 
increased or diminished by the effect of aberration, according 
«Ts a' and dal are of the same or of opposite signs. When the 
incident rays are parallel, since m and n are always positive, 
it is obvious that dtp and (p are necessarily of the same sign, 
and, therefore, that <p is always increased by llie increase 
of aperture, or the intersection of the extreme ray always nearer 
the lens than the ])rincipal focus. 

(177.) To obtain the form of the lens, we must substitute 
the value of /3, namely, 


:::= 




(a + a!) 4 - 




in the equations 

(ju — l)i> ~ — a, (g. - 1)^' = //,.5 - a'; 

and, using the symbols p, y, and as before, we find 
<P = 4- r/a + ms 

. = pa, -h qa! f ms ; 


from which ccpiations, the relation between the form of any 
lens and tliat of best form is immediately perceived. 

When the incident rays arc parallel, a = 0, a' = </i, and 
these equations become 


^ p(p iHEf + ms. 
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(178.) As an ajiplication of the preceding equations, let 
it be required to find the aberration in a lens of a given fonn. 

In this case f and p' are given, as also a and al ; and there- 
fore £ is determined from either of the equations of the pre- 
ceding article. Accordingly, substituting its value thus de- 
termined in the expression of dJ (17C.), the resulting value 
will be the quantity sought. 

Tims, if the lens be a double concave or double convex of 
ecjual curvatures, rJ = — p ; wherefore, substituting this value, 
and adding together the equations (177.), there is 
[p ^)(a -f a') -h %ns = 0; 


but 


p ^ g = 


— Q 


a-fl 
■ /A + S 


o > 


7n = 






And this being substituted in (17G.), the resulting value of daJ 
is that re(|uired. 

To obtain the curvature of the surfaces, we have only to 
eliininate 5 from the ecjuations of the preceding article by sub- 
tracting the latter from the former, and we find 

2 ? - (p-q){o^’ -«) 

as is otherwise evident. 

(179.) Conversely, let it be required to find the form of the 
lens wliich produces a given aberration. 

This is done by equating the general value of da! to the 
assigned quantity, and solving the resulting equation for^; 
the value of £, thus obtained, being substituted in the values 
of f and (177.), the form of the lens is determined. 

Since e /occurs in the second dimension only in the expression 
of rW, it is evident that tlie equation by which it is determined 
will give two values, which arc equal with opposite signs. 
Hence it appears that there are, in general, two lenses which, 
for a given distance of the radiant and its conjugate, produce 
a given aberration; and that the curvatures of the surfaces 
of these lenses are nearly related, differing only in the sign 
of If the values of £, determined as above, be imaginary, 
iherc is no lens which fulfils the conditions of tlic question. 
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It readily appears from the expression of do! (176, )? tliat the 
value of that quantity will remain unaltered if we substitute 
a' for a, and v, and ehansje the signs of a, a', and e, simul- 
taneously. But, if tliese changes be made in the values of 
f and (177.), f is changed into f', and r. r, ; and the signs 
of both are changed. Ilencc it appears that if the focus of the 
refracted pencil be made that of the incident pencil, and the rays 
proceeding from it in the opposite direction be refracted back 
to the former focus of incident rays, the value of da! will 
remain unaltered. This is a generalization of the re.sult ob- 
tained (17o.). 

(180.) The position of the radiant and its conjugate being 
given, it is required to determine the form of the lens whose 
aberration is nothing. 

'fo solve tills proldcm, we have only to equate to nothing 
the ([uantity within the brackets in the expression of fW; and 
solving the resulting equation with respect to f, we obtain 

if ~ n{ci} — a)2^; 

and this value being substituted in the expressions ibr and f', 
the form of the lens will be determined. Such a lens is termed 
a plan a tic. 

The value of s is real, and therefore the problem possible, 
only when a and a' have the same sign, and aa' > ;«(»' — a)‘^. 
In all other cases the problem is impossllile. As the value of 
£ has the double sign, it follows that, when its value is real, 
tliere are two lenses aplanatic for the given position of the 
radiant and its conjugate. 

When the incident rays are parallel, a -- 0, and a! -- 
and the quantity under the radical sign is reduced to — 
and, since n is always positive, the value ofg is always ima- 
ginary, and it is therefore never possible to destroy the aber- 
ration of a single lens for parallel rays. 

(181.) W e now proceed to consider any combination of lenses, 
disposed in any manner along the same axis. 

To begin with the case of two lenses : let a and /5 denote 
the reciprocals of the distances of the radiant and its conjugate 
for tlic first lens, o! and the analogous quantities for the 
second; also, let ^ and b- denote tlie powers oj*the two lenses, 
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and ^ the reciprocal of the interval between them. 1 he re- 
lations which exist among the nliimate values of the quantities 
a, ,3, a', which they have when the apertures of the lenses 
are evanescent, are given by the equations 

, . , ' 1 ^ 

/3 - a = ^ - a' = ~7- - j = y . 

But if X and denote the semi-apertures of the two lenses, 
it is evident that the general value of /3' is a function of two 
variables^' oJ and a*', and therefore that 



denoting the jiartial differential coefficients oi' 


/3' with respect to x^ and Now, differentiating the second 
and third of the preceding equations, we find 



and if the variations of /3 and /3', arising from the aperture 
only, be denoted by x. a:** and x' . tliere is 


</p — X , x^^, 





WhereH)re, substituting, we have 


= x' • sd' + X . x\ 
P‘ 


And, accordingly, the total variation of /3', after refraction by 
the two lenses, is equfil to the variation of /S' arising from the 
aperture, together with the analogous variation in /3, produced 

by the first lens, multiplied by the fraction 

/3 

If we observe that a;' = ar . y, the value of rf/3' njay> be 



written 




in which it remains only to substitute for x and x' their values 
as found in the preceding part of this section. 
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(185.) If* there be a third lens, the reciprocals of whose con- 
jugate distances are denoted by a!^ and jS'', and the reciprocal 
of the distance between it and the second by i)', the relations 
which exist amongst the ultimate values of the distances are 
determined by the equations 

^ - a = -a! ^ p'' - 

i_i_2 

a! l3 O' Z 7’* 

And the variation of /3" is 



But from the preceding equations we deduce 



Substituting, therefore, and putting h" 



and for djS^ its value found in the preceding article, 




« = + (0 . «:■« + (->' y « . 


or, since :r a? . - , 
aJ 


^'1 _ 


/3/3' 


a . ,'i • . , , 

a” a!aJ' 




a-2. 


In like manner, if there be a fourth lens, the reciprocals 
of the distances of the radiant <and conjugate from which are 
denoted by and j3'", and in which tiio variation of arising 
from aperture only, is denoted by k’’’ . *, the total variation 

of will be 



the law of which is evident, and may be easily extended to 
any number of lenses. 

(183.) When the lenses composing the system are m 
contact^ 


o! == i3, == ^ = jS^', &c. 
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In this case, therefore, tlie' coefficients of x, x , &c. in the 

expressions just found, are all equal to unity ; and for mally 
number of lenses denoted by n lliere is 


= [x + x' 4- x" 'f 8cc, 4* 

jn whleli it only remains to substitute for >t, x', &c. their 

values as ioiind id)ovc. 

(181.) To obtain the conditions of aplaiiatism in any 
systojn of lenses, we have only to make the coefficient of af' 
equal to nothing* in tlic values of (73', (/3", &c. which have been 
just obtained. 

Thus, in order that a combination of two lenses should be 
aplanatic, we have the equation of condition (181.), 




In a combination of three lenses, the equation of condition is 


and, in like manner, for any number of lenses; and it remains 
only to substitute for x, x, &c. their values furnished by 
the equations of the preceding articles. 

When any number of lenses are combined in contact, the 
equation of condition becomes simply 

X 4- -f 4- &c. 4- x'"’ — 0, 


To render any combination of lenses aplanatic is obviously 
an indeterminate problem ; for tlicre is hut one eejuation 
of condition to be fulfilled, while there are as many un- 
known quantities, g, e'. e', &c. as there are lenses. Hence it 
is evident that we are at liberty to superadd (?z — 1) arbitrary 
conditions to the problem, n denoting tlie iminber of lenses ; 
and the equations expressing these conditions, logetlier with 
the equation of aplanatism, will suffice to determine the quan- 
tities e, f', h'', &c. ; and it then remains only to substitute the 
values of these quantities, thus determined, in the expressions 
of the curvatures of the surfaces of the lenses (177.), 

The simplest condition, and which first suggests itself, is to 
take each of the quantities, e, e', e", &c, (one excepted) equal 
to nothing; the remaining one will be determined by the 
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c(|uauon of'aplanatisin. In thiscrfse, the aberration of all the 
lenses, but one, is the least possible for the respective distances 
of their foci. 

Again, we might assume as the arbitrary conditions, that all 
tlie lenses, but one, should be equally curved on both sides. 
By this condition, the value of f is determined in each of the 
lenses in question ; for, if a and y denote the vergencies of the 
incident and refracted rays in any one of these lenses, and its 
index of refraction, we have seen ( 178 .) that in this ^-ase 

£ ^ (a 4- a!\ ; 

ajid similarly lor tlic rest. These values of s, e', See. being 
therefore substituted in the equation of condition obtained 
above, that equation will determine the remaining one. 

(185.) We shall now proceed to develop the preceding 
theory in its simplest and most important application, namely, 
to the case of two lenses placed in contact ; and inquire the 
forms of the two lenses, so that the comhlnalion shall be 
aphmatic for any assigned position of tlie radiant. 

The condition of aplanatisni in this case is 

R + x' = 0, 

"x- and x' being the coefficients of the square of tlie aperture in 
the values of doJ (170.) ; wherefore 

X == \ni(a! — a)^n{a! — oCf — aa! + f-], 

a and a! denoting the vergencies of tlie incident and refracted 
pencils for the lirst lens. To obtain the value ol‘ x', we have 
onlv to substitute a' and ot!^ for a and a!, and w//, and for 
w, and e, vi and being the same functions of y, the index 
of refraction of the second lens, that m and n are of jx. In this 
manner we have • 

^ =: .yn\a!^ — cx!y^fi(a!^ — a') - ~ cx!cx!^ + 

If the powers of the two lenses be denoted l)y ^ and (j/, there is 
• oi — a = = <j!. 

And if these values be substituted in the expressions of x and x^ 
and the resulting expressions substituted in the e(|uatioii of 
condition, x 4 - x' = 0 , it becomes 
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— aal -f V m!(py^ — a'a" -f ^ » 

which beinjr fullilled by means of the arbitrary quantities 
s and 6\ and the vakics of these quantities, thus determined, 
being substituted in the equations 

^ gx -f- ///f, = pa -f qal + ms^ 

(in which and f'*' denote the curvatures of the surfaces of the 
second lelis, and // and the same functions of that p and 
q arc of the forms of the lenses will be completely de- 
termined. 

(186.) Since there are two arbitrary quantities, b and 
and but one equation to determine them, it is evident that we 
are at liberty to introduce into the problem some arbitrary con- 
dition, the choice of which will be of considerable importance 
Clairaut proposed to make the curvatures of the adjacent sur- 
faces of the two lenses c<]ual, one being convex and the other 
concave, in order that they might admit of being cemented 
together, and thus the loss of light, occasioned by reflexion at 
their surfaces, avoided. This condition is equivalent to j', 
or substituting for and their values, 

px + qa! -f yns = p'a'' + -f- m's^ 

liy means of which one of the quantities, & and £> is determined 
in terms of the other. To this adaptation, howxver, there are 
weighty objections in practice; the compound lens will be 
liable to strain on the cooling of the cement, and moreover, 
a distortion of the same nature must ensue on every change 


* As the equation of condition is a quadratic with respect to 
£ and s', it will evidently depend upon the assumed conditi(m, 
whether these quantities admit of r<^l values or not ; that is, when 
the pow'ors of the lenses are. given, the condition introduced may, 
render the problem impossible. When the powers of the leiisef^ arc 
not given, the problem will be possible under any condition what- 
ever, since tlie resulting equation is of tluj third degree in the un- 
known quantity, <p or 0', and must therefore have at least one real 
root. 
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of temperature, if tlie two glasses' be Jilferently expansible by 
beat. 

Tlie most obvious condition seems to bo to make one of ihc 
quantities ^ and equal t(» nothing, or to make one of the 
lenses of the Ijcst form (174.). This coiulltlon is equivalent to 
(h = 0, or (/x.' 0; and in virtue o(' it the aberration of that 

lens will be a niiiiimuin for the particular distance of the ra- 
diant, and tlierefore any sn)all change in that distance will not 
sensil)ly a.iTect its value. 

The foregoing seems naturally to suggest that if instead of 
making f/y. := 0, or dyJ ^ 0, in one of the simple lenses, we were 
to take (/(?/ i- yj) 0, in ae expression of the aberration of 
the compound, the combination would possess a considerable 
practical advantage. Accordingly, the coeiiieicnt k being 
diflereniiated witli respect to a, our condition is 

(Ik (lx! 

~ 0 . 

(la (lx 

Now, performing the operations indicated, and observing that 
(/a" = (lex! = (fe, it becomes 

But if we differentiate the values of q and f (177.) with respect 
to a, we find 

(U (N 

m -1- (p + ?) = 0, + (// <7') = 0 ; 

and substituting in the equation of condition for 

ds ds' . • 

m ?»' their values — (}> + g)) —(/>' + ?'), thus oh- 

« 

tained, and making for abbreviation 



it becomes 


L 
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+ m{a 4* +' 4 - m\a! -r a'')J = 5 

at) equation which ilctcrniines the relation V)ctweeii the arbi- 
trary quantities £ and when the aberration of the compound 
lens is a minimum. 

Now, if tills equation be fulfilled, togctlier with that of the 
preceding article, by means of the arbitrary quantities e and 
and the values of these quantities, thus determined, substituted 
in the expressions of the curvatures of the surfaces (177.)5 ^hc 
forms of the component lenses Avill be obtained. It is evident 
from what has been said, that the aberration of the compound 
lens will he nothing, and its differential also nothing; so that 
the combination possesses the advantage of lieing aplanaticj 
not only for the particular value of a, in virtue of the former 
of these equations, but also when that quantity receives any 
small variation, in virtue of the latter. 

(187.) When the incident rays arc parallel, 

CL = 0, (xl = 0 , and a'' ~ 4- p', 

and substituting, the equations of aplanatism are 

+ w?'] -f — 4-?')4'»f? '] 0.. 

c[Z8 + -f- f .?')] -- 0. 

£ and g- being dete.rmined by means of these equations, and 
the resulting values substituted iu the equations 

2 ^ P? + f' ^ y'P + P\? ' f 

-- /yf 4- ms, f = //^' f 1- r ) f 

the compound lens is com|)letely determined, and will be 
aplanatie, not only i'or ])nrallel rays, but also when the distance 
of tJio radiant is finite and considerable. 

(188.) y.7ie quantity whose value we have boon hitherto 
seeking is the variation of the reciprocal of the distance of the 
intersection of the emergent ray with the axis, arising from the 
aperture. If this (piantity be denoted by -- k;v% .r l>eing tlie 
semi-aperture of the first lens of the system, and the distance 
of the intersection of the emergent ray with the axis by c, 

d ^ — — K . it", whence there is 
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dc — K • 

The quantity dc is the loDgitudinal aberration, ami iK 
value is obtained by substituting in this expression the value 
oi' K, as given by the preceding articles. 

liet A/'be the extreme ray, ineoting the axis \u j] and tlie 
perpendicular to the axis, Fo, erected at f the geometric I’ocus, 
it) o; then is the longitudimtb aberration, and fo the lateral 
aberration, and by similar triangles 


AB .r' 

FO = r/. r ~ F/. - nearly; 
lij '' c ^ 


.r^ denoting the semi-aperture of the last lens. Now, if a and /3 
denote the reciprocals of the distances of the foci of incident 
and refracted rays for the first lens, a! and /3’ the analogous 
(piantities for the second, there is 


-~nnrrr^ • 

oCex^-'a!'’ &c. 


fi denoting tlie ratio 


kc. 


Accordingly, if we substitute 


for f/ and th<?ir values in the expression of fo, we bav(' 
lateral aberration = cikcxK 



(189.) To determine the least circle of aberration, let Ay be 
the extreme ray meeting the axis in^’; a/’ any ray at tlie other 
side ol* the axis, meeting it and mn the perpendicular let 

lall Irom their intersection upon the axis. Then, reasoning as 
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ill (G5.), It will be ev'ulent'lbat mn^ when a maximum^ will 
1)0 tlie radius of tlio least circle of aberration. 

To find its value, let a* denote the senii-apcrture of the first 
lens corresponding* to as, that corres{>()nding to as; tlien, v 
being the geoinctrie focus, there is 

i.y’ = Kc-a’-, f/*- ~ - Ko>'-, and subtracting, 

ff ^ 

Again, oiv account of siinilar triangles, wc have 


7lf=z 7/m 


AS 


ax ’ 




nf 


7 _ 




mn , - — := 
as 


ax 


7 -/A 


7nn being denoted by f. Wherefore, adiling, there is 



Finally, equating these two values of yjf', wc obtain 
^ = aKf:(.r — 

Hut being tlic variable in tliis expression, g varies as 
(a; — y)a*^ and is a niaxinunn when the latter is so ; that is, 
when a/ = {x: wherefore, substituting tliis value of a;*^ in the 
expression of c, its niaxiinuin value, or the radius of the least 
circle of aberration, is 

And comparing this with the result of the j)rcccding article, wc 
learn that in any combination of lenses whatever, the radius of 
the least circle of aberration is one-fourth of the lateral aber- 
ration of the extreme ray. 

With respect to the ])osition of the centre of this circle, wc 
have already found 

~~nT~ f/ = 


wherefore, subtracting, tliere is 

«F = 4K('®a;“; 
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wherefore tlie distance of the cenfre of the circle from llie geo- 
metric focus is tlirce-fourths of the longitudinal aberration of 
the extreme ray. 

(190.) When the lenses composing the system are In contact^ 
oiJ = /3, a" = See, ; and therefore 

_ &c. ^ . 

" ~ aW"&c. 


Accordingly, the expression of the radius ol'tlie least circle of 
aberration, in this case, becomes 

In which case also k — I- h' I- x'' + Jk.c. (183.) ; &c, 

being the coellicienls of the square of the semi-aperture li» the 
values ol*^/j3 for the several lenses composing the system. 

Tims, for example, if the rays are incident parallel upon the 
])lanc side of a piano-spherical lens, there is 

K = ^ = '"’‘1 '' 



or 






When parallel rays are incident iqum a lens o{' bcstjbnn, 


K 






i 2)(>A— 1)-'^ 



V. 

Of Images formed htj Refraction at spherical Sur/aces, 

(191.) Of images formed by refraction at a single spherical 
surface little need be said, inasmuch as such surfaces arc never 
Ibuiul in practice except in combination witli a second, whether 
plane or spherical, in the form ol* a lens. From what lias been 
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already said of images iti general, it v/ill readily appear that, 
when an object o(‘ any form is presented to a spherical re- 
I Vacting surface, the points of the image corresponding to tlie 
several points of the ohject are fi)iind by drawing from the 
latter lines to the centre of the refracting surface, and taking 
on these lines points whose distances from the centre are cal- 
culated by the formula 

in wliicli u represents tlie reciprocal of the distance of any point 
of the object from the eentre, and tlnit of the corres|>oiuling 
]>oinl of the image (1 15.). 

By an examination of this firmula it will he easily seen that, 
the imago of a spherical surface concentric v;ith the refracting 
surlace is also a spherical surface having the sa.me centre; that 
the image of’ a ))lane is tlie surface generated by the revolution 
of a conic section round its axis; and tliat the linear magni- 
tudes of the object and image, su])posiug them to be spherieal 
surfaces concentric will) tlie refractor, are as their distances from 
tlie centre. 

(ISW.) When there is a second ndVacting suriace, llu* (bcu.^ 
of the doubly refracted jiencil, or the point of the imago cor* 
responding to any jiuiut of the object, will bo determined in 
the following manner : 

V 


■ V' • ... 



'e being the centre of the first surface, and c/ that of the second, 
the lino e'ev, passing through them, will be the covrnian axis 
of the two surfaces. Let f be any focus of incident rays 
situated iuit of tills axis, and res the line draw n from it tliruugb 
the centre oi the first suriace, and meeting that surface in s ; 
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tl)at line will be llie axis of the ^pencil of rays incident from 
the point F upon the first surface: and if tlie distance sk^ be 
taken, calculated according* tt) the formula (13(>.), the ])()int r' 
will be the focus of rays refracted by the first surface, and 
therefore the focus of rays incident upon the second. Through 
this point, therefore, let the line f'cV be drawn through the 
centre of llie second surface, and in this line let th.e distance 
s'f" be taken, calculated as before; then f'' will be the focus of 
the pencil after refraction by both surfaces. • 

It is obvious that the same method may be extended tt) any 
number of refracting surfaces. 

Now, confining our altenlion to tl^e case of two stirfaces, it 
is easy to see that, when the distance between the.'e surfaces 
is inconsiderable, and the obliquity of the incident pencil, or 
the inclination of its axis to the common axis ofth.e tw t) sur- 
faces, very small, fss and f V, the distances of the <<)cus of the 
pencil after tlic first refraction from the' two surfaci's will be 
r/m?// prOiVhiic e(jua]. It follows tiien^fore that, in this case, 
the same relation will subsist between FS and F's', the distances 
of tlie foci of tin? incidout and emergent rays from the surface, 
as wlien those |H)ints are siluaU'd on the common e.xis of the 
two surfa.ces; or, in otlier words that ihz tlistanco of’ the focus 
of tlie doubly refracted pencil from the lens will be the same as 
when tiu* pencil is incident perpendicularly. 

To find the distance of the focus of refracted rays from the 
axis: on account of similar triaiiglcs, there is 

FG FC FS FiJ 1 I s' 

F'c/ F'C f's’ f V' f''o' " y. ’ f' s'’ 

multiplying these equations, and observing that fV Fs, 

ro FS FV 

F'V' ” F^S ~ F"V' • 

From this it follows that the points f, f', and v, are in the 
same rigiit line, or, that the focus of* n fVacteu' l ays lies in the 
right line joining the focus of incident rays with the vertex of 
the lens. This riglit line, therefore, may be regarded as the 
axis of the doubly refracted jiencil, and llie position of the 
focus of tlie refracted rays on it will be determined by the 
known formula for central rays (155.). 
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(193.) We are led to the conclusion of the preceding article 
also from the consideration of the ray which sufiers no devia- 
tion in |)assi ng througli a lens. 

When a ray of light passes in any manner through a lens of 
any thickness, it is evident that the iiiciilcnt and emergent 
])ortions of the ray will bo parallel, or tlic deviation nothing, 
w hen the tangents at the points of incidence and enicrgenec 
(and, therefore, also the radii drawn to these p.oints) are 
})ara]lel ; fior, in iIuls case, the ray is under t!ie same circum- 
stances as if it had passed through a medium bounded by 
parallel planes. 

Let ouR^V be the course of such a ray, of whicli the in- 
cident and emergent portions, an and ahi', are parallel; and, 
c and c' being die centres of the first and second surface re- 
spectively, let tlie radii, cii, dn^ be drawn to tlic points of 
incidence and emergence; also, let the portion of the ray 
within the lens, jir/, be 
produced to meet the axis 
in o. Then, on account 
of the parallelism of the 
radii, cii and chi', the tri- 
angles, coil, c'oii', are si- 
milar, and 


c'o ~ CO . whence cc' = co i — 1 

CR \ cu 

whenci‘, dv notii^g \hc radii of the surfaces, cii and chi', by 
7' and there 

* t 

CO =: cc' . -r . 

r — r 

From w'hicJi it ajjpears that the point o, in which the {X)rtio'n 
of the ray within the lens meets the axis, is invariable. This 
j)oint is called the cetilrc of ike Ims. 

To compute the distance of this point from the surface: 

-r— cc' 

os ^ CS — CO ^ /• , ; ; 

r'— r 
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but -- r — cc'= ss^ the thickness of the lens; wherefore, if 
the thickness be denoted by there is 

os = 'S.~i — . 
r—r 

From whicli we learn that the distance of the centre of the 
lens from the first surface is to the thickness of the lens, as tlic 
radius of tlic first surface is to the difference of the radii of tlic 
two surfaces. 

The j)recct1ing expression has been calculated for the case 
of the concavo-convex lens, in which the radii, r and are 
botli positive. It is ol)vious, however, that the formula in- 
cludes all cases, if we observe only that the quantities, 
and os, are to be considered as affected with the positive or 
negative sign, according as they lie from the surface towards 
the incident lights or,//w;? it (137.). 

In the concavo-convex lens, having its more curved surface 
turned towards the incident light, r and are both positive: 
in the rnenisens they are both negative; and the value of 

r 

os in each case is tlie same, namely, h . Wherefore, 

since is greater than r, the value of os is positive; and 
therefore the centre of the lens lies without it and at the side 
of the more curved surface. It is obvious, that if the lens be 
turned in the opposite direction, the position of the centre 
will not be altered. 

In the donhle convex lens r is negative and r' positive; 
in the double concave their signs are the opposite; and ac- 
cordingly the value of os is the same in both cases, namely. 

Wherefore, in these lenses, os is negative and 

less than b ; and, accordingly, the centre of the lens lies 
within it, bisecting its thickness when the surfaces are of equal 
curvatures. 

In tlie plano-convex and plano-concave lenses, if the curved 
surface be turned towards the incident light, the radius of the 
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second surface, 7^, Is infinite, and os = 0. The centre of tlic 
lens, tlierefore, coincides with the vertex of the spiierieal surface. 

Finally, in a lens wlio.se thickness is inconsiderable, os be^ 
comes indefinitely small, and the centre of the lens coincides 
y.p. with the surface. And, if the oblitjuity of the ray 
passing through this centre be small, the incident and emergent 
portions may lie regarded as parts of the same right line ; tlie 
portion of llie ray within the lens being, in tliis case, incon- 
siderable.* This ray, therefore, may be regarded as under- 
going no refraction whatever. 

(194.) From what has just preceded, it appears that when 
a pencil of rays, whose obfujuity to the axis is small, is 
incident upon a thin lens, there is one ray of the incident 
pencil, that, namely, which passes through the centre of the 
lens, which may he regarded as undergoing no refraction 
whatever. This ray is called the pr'biclpa I riu/ of the oblitpie 
pencil, and is to be considered as its axis. Wherefore the 
focus of the refracted pencil will he obtained by joining the 
focus of the incident rays with the centre of the lens, and 
taking on this line a point w^hose disUince iVoin the lens is 
calculated by the formula lor central rays, 

0(! rrz a, 9 . 

From which it will readily ajipear that the form of* the image 
of any object, produced liy sucli a lens and referred to its centre, 
will be the same in species as that produced liy reflexion at a 
spherical surface, and referred to its centre. 

Thus, when the object is a portion of a splicncnl surface^ 
whose centre is the centre of the lens, a, the reciprocal of the 
distance of the several points of the object from the centre, is 
constant ; c/!y tlierefbre, is likewise constant, and the form of the 
image will be also a spherical surface having the same centre, 
and whose radius is the n cipnx al of a', or of a -f- 

Again, if the object be a plane ])erpendicular to the axis of 
the lens, we may confine our attention lo the section of this 
plane formed by any plane passing through, the axis. Il‘, then, 
a denote the reciprocal of the portion of the axis intercepted 
between tl\e lens and this sectiem, and the angle contained, 
wnth the axis, by the line drawn from any point of the object 
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to the centre of the lens, ^ 

a a.cos.fi, and a! ip a.cosJ). 

From this it Ibllows, as in (70.), that the section of the image 
is a co7itc m-twHy ^vhose is the axis of the lens, and 

foens its cimtre ; and that the /rrmcipat parameter of tlie sec- 
tion is double the focal length of ihe lens, and its cxcentricity 
equal to the ratio of the focal length to the perpendicular 
distance of the object from the lens. The section iss therefore 
an ellipse, lii/pcrbola^ or parabola^ according as the distance of 
tlio object iVoni the leirs is greater, less than, or equal to, the 
princiijal focal length. When the object is iniinitcly distant, 
the ellij>se becomes a circle^ whose centre is that of' the lens, and 
radius its focal length. Wlien the object coincides witli the 
lens, the hyperbola becomes a right line coincitlent with the 
object. 

(195.) When the section of the object is perpendicular to 
the axis of the lens, and subtends a small angle at its centre, 
it may, without sensible error, be considered as a circular arc 
whose centre is the centre of the lens. And the section of the 
isvuige lK‘ing, in this case, a circular arc liaving the same 
centre, and subtending the same angle at that centre, it is 
obvious that the linear magnitudes ol‘ the object and imago 
will be as the radii ol lliese circles, or as their distance's from 
die centre of llic lens. Wherefore, if the distances ol' the 
object and image from the centre of the lens be denoted by 
) and e, and their linear magi'.iludes by vi and W, 

n»! _ f 

m b -f /■* 

When die lens is ortho concave kind, / is positive; and, 
since the incident rays are always divergent if the ;%bjeet pre- 
sented to the lens be a real object, b is always positive, and 

accordingly the value of the ratio in this case, is always 

loss than unity; or, the image of an object formed by a con- 
cave lens is always less than it ; the ratio tlecreasing from unity 
to nothing, as the object recedes from tlio lens to an inlhiiU' 
distance. 
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When the lens is of tlic tonvex kind,/ is negative^ and 

nL — / 

7n / — < 5 * 

Hence, when the object coincides with the lens, o = 0, and the 
ratio — is ct|ual to unity, or the image equal to the object. 
i\s the distance of the object increases, tlie value of the fraction 

— increases indefinitely, until, when o =-- the ratio becomes 

infinite ; that is, wlicn tlic object arrives at the principal focus 
the imago is infinitely great comj)ared with it. When the 
object is beyond the principal focus, d > J\ and the ratio 

'ill- 

— l)ccomcs negative: its value also diminishes indefinitely as 

the distance of the object increases, becoming equal to — 1, 
Vv'hen f) = 2/, and vanishing altogether wlicn h is infinite. 
Hence, when the distance of the object from the lens is double 
its focal length, the image and object are again e(iual ; and when 
the object is infinitely distant, the image is infinitely small in 
comparis(jn with it. 

Since tlic axes of the several pencils intersect at the centre 
of tlic lens, it is obvious that the image will be erect with 
respect to tlie oliject, when they lie at tlie same side of the 
lens, 2 . c. when h and are alFccled with the same sign ; it 
will be inverted when they arc at opposite sides, or o and 
affected witli opposite signs. Ilencc it is evident that the 
position of the image with respect to the object will he dc- 

vil 

termined by the sign of the fraction — , which is ocpial to 

~ , being erect when that fraction is positive^ inverted when it 

is negative. It appears, therefore, from wliat has been said 
above, that in a lens of the concave kind the image is al- 
ways erect with respect to the object ; Avliile the image 
formed by a convex lens will he erect only when the object 
is between the lens and the principal focus, and in all other 
cases inverted. 
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It is evident, alsn, that the inv^irtcd image is always rcrj^ 
the rays actually meeting there, and tlic erect imaffUKtrf/, 

(190.) In any combination of lenses the image formed by 
anyone lens of the system is to be considered as the object 
presented to tlic next, &:c-, and thus the positiuji and mag- 
nitude (jf tlie last image will be computed on the principles 
already cstablislied. 

Let a and ,3 denote the reci^-.rocals of tlic distances of the 
object and its image produced by the first, lens of the system, 

and /? the analogous quantities for tlie second lens, aJ^ and 
for the third, &c. Also, let tn denote the lineiir magnitude ol* 
the object; 7n\ tj/P^ See. those of the images formed by 
the 1st, 5;Jd, 3d, &c. and lens, respectively; tlien, from what 
has been said, it will appear that 

a 7/i" al mP^ a" 

‘'m "" 7 ’ ^ 'W' 

And multiplying these equations together, wc find 

an equation determining the ratio of the linear magnitudes of 
the object and its last image. 

The relations amongst the quantities a, jS, a', &c. whicli 

enter this expression arc given by the cejuations of (KJS.), by 
means of which they may be all determined when the first is 
given. 

AVhen the lenses composing the system arc in contact, 
/3 == /3' = ol\ jS" = o!P\ &c. ; wherefore, if the recijirocal of 

the last distance, be denoted by the expression of 

tlie ratio becomes 

a k 

m ‘ 

The relation between the quantities and a is given by the 
equation 

a^«> - a = 

in which 9 denotes the power of the system, or the sum of the 
powers of the component lenses (167.); and if wc substitute 



158 


HOMOGENEOUS LIGHT. 


the value of thus obtiynctl, in the expression of the ralie 
it will be 

7il ^ H" ‘p 

from which it ajipears that the ratio of tlie linear rnajijnitudcs 
of the object and its image, formed by aJiy coml)inati()n of 
lenses in contact, is the same as for a single lens whose power is 
equal to the })ovvcr of the system. 

(197.) Let it be required to determine the brightness of 
the image of any luminous object formed by a lens or spe- 
culum. 

Let m and denote the linear magnitudes of tlie object and 
image, <3 and lo' tlicir distances from the lens, or centre of the 
sj)eciilum, and a the linear semi-aperture. Then, if the angle 
subtended by the latter tjuanlity at the luminous object be 
very small, the surface of the lens may be considered as a 
portion of the licmisphcrc whoso centre is the luminous object 
and radius its distance from tlie lens; and the quantity of 
light incident upon it will be to that incident upon the entire 
hemisphere in the ratio of their areas, i, e, as tta® : 
Wherefore, if the quantity of light incident upon the entire 
hemisphere be denoted by q, the portion incident on the lens 

A- 

or speculum will be o. — , And, if tlie quantity of the trans- 
mitted or reflected light he to tliat of tlie incident light in 
the ratio of ; 1, the quantity ol* liglit in tiic image will be 

Accordingly, if this be denoted by a, tliere is 

.'wd' 



Hence the absolute (inantity of light in the image varies as 
tlie apparent magnitude of the lens, as seen from the object; 
and, when the distance of the object from the lens is given, 
simply as the square of the aperture. This is what the eye 
estimates when the image has no sensible magnitude, as in 
the case of the fixed stars. Ilcncc tlic importance of a large 
object-glass in sidereal observations. 
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The densities of the light in tlie <jl)ject and image are as the 
absolute quantities of light directly and inversely as their areas, 
or the squares of their linear magnitudes. Wherefore, if these 
densities be denoted by D and d', 


ir 

j) 


a 


substituting for fnid -j, their values 


ej ■ :-o' 
<•&) 


aiul 


Tlio brightness of the imago is measured by the density of 
the light in it, and therefore varies as the appan'Ut magnitude 
of the lens, as seen from the image, whatever be the distance 
of the object. Hence the density of the sun’s light in the focus 
of a lens or speculum varies as the square of the linear aperture 
directly and inversely as the square of the focal length. 

From the value of the ratio — it appears that the density 

of the light, or the degree of illumination of the image, is much 
less than that of the object, even supposing that there is no 
light hist in reflexion or refraction, or tliat p n 1. 

(19S.) In what has preceded resjiccting images it lias been 
supposed, that the pencils of rays diverging from each point of 
the object are reflected or refracted accurately to a point. This 
however does not take place in general in any of the cases that 
have been examined, except in that of reflexion by a jilanc 
surface. In all other cases the focus of the reflected or refracted 
rays, corresponding to each point in the object, will be, not a 
inatbematical point, but a phy.sical point, or small circle, over 
which tlic rays are diffused ; and as these circles overlay one 
another, there will thereby be produced a confusion in the 
image proportional to their magnitude. These circles, we 
have seen, are the least circles of aberration or diffinion ; and 
hence the importance of correcting or diminishing the aberration 
in ItJiises used in optical instruments. 

(199.) The preceding theory is exemplified in many interest- 
ing and useful applications. 

If the light be admitted into a darkened chamber through 

o ^ o 

a circular aperture made in the windovv-sh utter, and in this 
aperture a convex lens be }>laccd, it iv< evitlent, from what has 
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been said, that inverted images of external objects will be 
formed within the room at their };roper distances from the lens; 
and that if the objects be at a considerable distance from tlie lens 
compared with its f(jcal length, the distances of their images 
will be very nearly the same, and ccpial to tbc focal length of 
the lens. Hence if a sheet of paper be placeil perpendicularly 
to the axis of tlie lens, at a distance ecjual to its focal length, an 
inverted picture of the external scene will be formed tliere, 
whose brightness, acL will vary in the duplicate ratio of 

the angle which the diameter of the lens subtends at its principal 
focus. 

In order that the lens may be directcil to different external 
objects, it is adapted to a sclopiric hall. The instrument so 
called is a solid spliere of polished wood fitting in a hollow 
frame ol' the same, wliose interior surface is a ])ortion of a 
spherical surfiice of the same tliametcr as the ball which it 
contains, so that the latter may revolve within it every way. 
Through the centre of the ball a cylindrical bole is cut, at the 
extremity of which the lens is adapted pcr])endicularly to the 
axis of the liole, so tliat the latter coincides with the axis of 
the lens. It is evident that by this arrangement the axis of 
the lens may be dii'ccted to any object within view. 

For tlic purposes of drawing, it is convenient that the image 
should be thrown into a horizontal position. This is effected 
by placing a plane mirror between the lens and its principal 
focus, and Inclined to the axis of the lens at an angle of 4 ; 

a second image will thus be formed before the mirror, at the 
same distance as that which the rays tend to form behind it, 
and the plane of the former image is perpendicular to that of 
the latter (44), and therefore horizontal. 
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(200.) Such is the principle of tjie portable camera obscura; 
a box from which all extraneous light is perfectly excluded, 
being substituted for the darkened chamber. This instrument 
is represented in the adjoining figure: l is a lens fitted in a 
sliding tube, and mn a plane mirror inclined at an angle of 45^ 
to its axis l&; now, if arc be any external object at a consider- 
able distance, an inverted image of it, abc^ will be formed 
nearly in the principal focus of the lens ; but the rays which 
jiroceed to form this image, being intercepted by, the plane 
mirror, are reflected upwards, and thus a horizontal image, 
a/3y, is formed, similarly situated with rcsjK'ct to the mirror as 
ahe* This image is received upon a piece ol‘ plane glass, jdi:, 
rougliened on one side, and thus tlie rays will diverge from it 
as from a real object; and the extraneous light is excluded 
from the picture by means of a lid, df, with a curtain attached, 
which covers the head of the spectator. 

In this construction of the instrument, the spectator having 
his face turned towards the object, it is evident that the image 
will appear erect as to top and bottom; but that with respect 
to right and left it will he inverted, the rays coming from the 
riglit side of the object crossing the axis of the lens at its centre, 
and proceeding to the left of the image, and v. v. 

In the construction just described, the lower part of the 
mirror forms an angle of with the axis of the lens: if this 
position be reversed, and the upper part be inclined to the axis 
at the same angle, it is evident that the reflected image will 
be thrown doicn’icards^ and may be received upon a table placed 
at the proper distance. In this arrangement the spectator lias 
his back turned towards llie object, and views the image ilirougli 
an opening in the front of the box, or, as is most usual, is 
himself enclosed within the chamber by means of a curtain 
covering his person, as well as the table on which tin! image is 
thrown; audit is evident that, tiic spectator having his back 
to the object, the position of tlie image, with respect to right 
and left, as well as with respect to toj) and bottom, will be tlie 
same as that of the object. 

This construction, which is generally that of the larger in- 
struments of this kind, is the best adii|>ted to the purposes of 
drawing. It is frequently modified by placing the plane mirror 
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SO as to receive the rays aiidfhend them into the vertical before 
they meet with the lens, which must therefore be horizontal. 
In this arrangement the whole focal length of the lens lies in the 
vertical, and therefore the frame of the instrument is necessarily 
taller than in the other cases; in all other respects it is the 
same. 

(201.) In the magic lantern 
the object, instead of being 
at a considerable distance, is 
placed near the focus ol‘ tlie 
lens, and thus a distant and 
magnified image of it is 
formed upon a screen placed 
to receive it. 

The adjoining figure represents the lantern, in the front of 
which is a convex lens, a, fitted in the extremity of a sliding 
tube. B is a rectangular a])erturc or slit into which art* intro- 
duced die objects to be represented, wdiich are usually grotesque 
figures painted in transparent colours upon glass plates or 
elides, c is a lamp, in the centre of the box, by wdiicli the 
object is illuminated, d is a reflector behind the lamp to con- 
centrate its light upon the object, and e is a chimney above it 
with a projccling roof to intercept the light. Then, the room 
being darkened, one of the slides is introduced at b in an 
verted jxxsitioii, and the tube containing the lens is moved until 
the distance of the lens from the slide, ab, is a little greater than 
its focal Iciigtli, AF. This being done, it is evident that a 
magnified image of the object on the slide will be formed at a 
considerable distance from the lens, and may be received iqion 
a screen placed at the proper distance. This image will be 
inverted with respect to the object on the slide, and therefore 
erect with respect to the spectator. 

If the lantern and screen be fixed, the adjustment is to be 
performed by moving the sliding tube wliicb contains tlie lens, 
and will be always possible, provided the distance of the screen 
from the slide be greater than four times the focal length of 
the lens (159.). 

. w/ 

The magnifying power of this instrument, or the ratio 
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/* i\ if' 

is equal to ^ ^ the lens being convex, or to — . Hence, in 

the same instrument, the magnifying power varies inversely as 
BE, the distance of the slide from the princijial focus of the 

lens. The brightness of the image varies as (t)' , and therc- 


AV 


fore in the same instrument is inversely as the square of the 
distance of the image from the lens. 

In the common magic lantern the image is reflected by tlie 
screen to the spectator, who is therefore at the same side of it 
with the lantern itself. But in the phanlasrangorla the image 
is received upon a thin transparent screen, placed between the 
spectator and the lantern, and the magnitude of the imago is 
made to vary hy a simultaneous motion of the lantern and sliding 
tube, which are so regulated that the image may always fall 
upon the screen. If the brightness of the image increased and 
decreased with its size, it would bear all the appearance of an 
object advancing and retiring; this, however, is the reverse of 
what takes place under ordinary circumstances, and, to effect 
it, it is necessary to have some means of modifying theejuantity 
of light, so as to diminish it when the lantern is brought near 
to the screen, and x), v. When these various contrivances are 
well arranged, the appearances produced are in the liighcst 
degree entertaining and deceptive. 

(^02.) The ))rinclple of the ,solar microscope is the same as 
that of the magic lantern; the object whose image is to he re- 
presented being in this case illuminated by a beam of the sun’s 
light, which is thrown into the axis of the tube by the aid of 
reflectors. 

ABCD represents 
a conical tube, the 
less extremity of 
which, CD, iscylin- 
dricalandfurnish- 
ed with a sliding 
tube, CDEF, wliich 
fits it exactly. In 
the extremity of 
the sliding tube is 
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a convex lens, l, of small aporture, by wliicli the image of the 
object is to be formed ; and at tlic wider extremity of the conical 
tube is a broad convex lens, ab, the use of whicli is to concentrate 
the rays of the sun upon the object, and thus to illuminate it 
strongly*. This extremity of the instrument is inserted in a 
square frame, I’Q, by means of which it may be attached to a 
windo\v-shutter at an aperture corresponding to the size of the 
lens, AH, To this frame is attached also, at the other side, a 
plane mirror, ns, by which the light of the sun may be thrown 
into the instrument. This mirror is moveable round a hinge 
at R, by which means its inclination to the plane r(i, or to the 
axis of the instrument, may be altered at pleasure; and the 
liinge itself is capable of a rotatory movement round the axis 
ML, which enables the observer to vary at will the plane of 
reflexion of the mirror. 

When the instrument is used, it is attached to the aperture 
in the sliutter of a darkened room, and a beam of the sun’s 
light thrown into it, in the direction of its axis, by the adjust- 
ments of the plane mirror. The object to be. examined, which 
is generally some minute and partly trans|)arcnt natural object, 
is then introduced into the axis of the tube at o, through an 
aperture in the side; the point, o, at which the object is placed 
being near the principal focus of the illuminating lens, but not 
exactly at that [)oint, on account ol‘ the intensity of the heat 
there. The sliding tube, cdef, is then moved by means of a 
rack and screw until the distance of the lens from the object, 
Lo, is a little greater tlian the focal length of the lens. It is 
manifest, then, that a magnified image of the object upon a 
bright ground will be formed on a screen placed at a proper 
distance. 

The magnifying power in this instrument is the same as in 
the magic lantern, being equal to the focal length of tlic lens 
divided by the distance of the object from its principal focus. 
Instruments of this kind are usually made with a very high 
magnifying power. 


• A second and smaller lens is generally added, near the principal 
focus of the first, for the purpose of concentrating still further tlic 
admitted beam. 
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CHAPTER VII. 

OF LIGHT REFRACTED AT ANY CURVED SURFACES. 


I. 

(Jencral Theory of Refraction at any curved Surfaces. 

(20J3.) Let the fuigles which the incident and refractcTl rays 
make with the axis of abscissa? be denoted by w and c// ; then, 
as in the case of rcHexion (71.), the cosines of the anj^les 
whicli these rays form with the tangent to the curve at tlie 
point of incidence are, respectively, 

dx . dif 

cos. a; h sin.w . 

ds ds 

. dx . , d y 

cos.w^ . , - 4- sin.cv' . 

ds ds 

Now, these cosines are + sin.(inc.) and 4^ sin. (ref.) re- 
spciaively ; therefore, substituting these values in the equation 
sin.(lnc.) = m . sin.(ref.), we have 

co.s.w . dx 4- sin.cy . dy 4* w(cos.a;' . dx 4* sin.w^ . dy) = 0 ; 

an equation which determines w', the angle whicli the refracted 
ray makes with the axis, when cv, the angle which the incident 
ray makes with the same, is given. 

(i^04?.) Let (a, /3) be the co-ordinates of any point of the 
incident ray, (a', j3^) those of the refracted ray ; then, as these 
rays pass tli rough the point of incidence, whose co-ordinutes 
aie (.r, y)^ their equations arc 
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j} — y 'Kan.w(a — .r), 

/? — 2 / = tim.wXa/ — x). 

And, if >ve eliminate w and bcUvTen these equations and 
that of the preceding article, as has been done in the case ot 
reflected liglit, the resulting equation will express the relation 
between (a, Z?), (a', /^), and the co-ordinates of the refracting 
curve. Accordingly, when the co-ordinates (a, /3) are deter- 
mined by the condition to which the incident light is subject, 
this equation exhibits the relation between cxI and /3', the co- 
ordinates of the refracted ray, for each point of the refracting 
curve. 

To proceed with this elimination: — from the equations just 
obtained, we deduce, as before, 

a—x . i3 — y 

cos.w = , sin.w = 

p e 

, a'— .r . , 

cos.w' = — p-, sin.w' = r^, 

s' s 

in wliich we have made, for abbreviation, 

f = ^/(a - w)" + (/•] — i/)\ 

ii ^ -lo- 

And these values being substituted in equatioTi of preceding 
article, it becomes 

(a-~.rya: + (,S— ?/)d// 

^ ‘ 

an equation which gives the relation between a' and the co- 
ordinates oftlie refracted ray, when a and ,3, the co-ordinates 
of the incident ray, are known. 

When tlie incident ray is parallel to the axis, 13 ^ y =z 0>; 
wherefore ^ = a -- t, and the preceding equation is reduced to 

— x)dx + — y)dy]^ = 0. 

(205.) Tf the values of £*- and (/- be dillerentialed relatively 
to X and j/ oidy, there is 
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(a — J[)dx +• (;3 — ff/)djj =. — 

a:)(ix f (/3'-^)c(y = — (.Vi/; 

and if these values be substituted in the eciuatioii of the preceding 
article, it becomes 

(/p + = 0; 

from which we learn that the function (p + mJ) is a 

when taken from any assumed j)oint in the incident to any 

assumed j^oint in tlie refracted ray. 

When the incident ray is parallel to the axis, = — dx^ 
and this equation becomes 

dx^ 

(206.) To determine the curve which will refract rays pro- 
ceeding from a point accnratdy to a point, wc have but to con- 
sider {ixl3)j (a^3'), as given points in the equation (204), and 
integrate on tl]at supiJosition. 

For the sake of si in jilifi cation let the focus of the refracted 
rays be taken as the origin of the co-ordinates, or let — 0, 
fj' 0, in the difterential equation ; and, integrating, 

v^(a — r)‘^ + (/3 ^ jy)' -b m = a, 

a being the arbitrary constant. This e(| nation is that of a 
curve of the fourth dimension, wdiicli has been called, from its 
inventor, the Cartesian ovaL It is evidently ecjiiivalent to 

f -h md -= a ; 

a result which expresses the fundamental projicrty of the curve, 
and by means of wliich it may be easily constructed by points. 

The preceding ecpiation may be conveniently transformed 
to one in polar co-ordinates. For this purpose, let x — r cos.a;, 
y = rsin.w, and substituting, Ave find , 

(a — rcos.w)® + — ?’sin.a;)‘ = (a — mry\ 

m 

As the axis of abscissa' is perfectly arbitrary, we may take 
for it the line joining the two foci ; in which case /3 = 0. Now, 
if id denote the co-ordinate of the intersection of the curve 
with this axis, or the value of x corresjionding to f/ = 0, 

a — jr' + mx^ a. 
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When the constant « = (),; L e. when a — a:' = — or 
the distance of the focus of Incident rays from the surface is to 
that of reflected rays from tlie same in tlie ratio of vi : 1, the 
refracting curve becomes the circle; for, in tliis case, the 
etjualion is 

(a -- ivy i- If = m f y-). 

And if we transfer the origin to tlie point, whose abscissa 
= - — this C(]iiation becomes 


m-cL^ 

the equation of a circle referred to the centre, whoso radius 
7ncc 

7/1 — r 


(207.) When the incident rays are parallel, wc must return 
to the differential equation (20 b), in which, making a! = 0, 
(3' = 0, and integrating, as before, there is 

;r -f + f := const. 

Now, .r' being the value of a’, when y = 0; const. = {nt -f l)a^. 
AVherefore, making this substitution, and transforming tlio 
eepaation to polar co-ordinates, we have 

(///4-l)a;' 

/' — . 

/W + COS.W 

The equation of a conic section, whose cxcenU'iciiy = — . 

It is therefore an ellipse when 7/2 >1, or the refracting medium 
denser than the surrounding medium ; a hyperbola^ when 
7W < 1, or 'die refracting medium 7 'arcr, 

IVom tlje ])recediiig it will readily appear that, by the com- 

\)\n\xUvm sj)fieroid(tl \n\v\\ *\v 

always }:)os.sil)le to construct a lens which shall he perfcclly 

for paraUal rayi?. l^^or it appears from what has 
been said, that when parallel rays are incident from the rarer 
into tlie denser medium, if the surface bounding the latter be 
that genoratt'd by the rf'vohilion of an t /l///sc\ U'ljose excen- 
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tricity = about its major axi??, the rays will be refracted 

accurately to the farther focus. If then the second surface, 
bounding the medium, be a portion of a spherical surface, 
whose centre is that focus and radius any line less than the 
distance of that focus from the first surface, tlie rays will be 
incident upon it perpendicularly^, and therefore undergo no 
refraction there ; and tlie mcnisem^ thus formed, will be per- 
fectly aplanatic for parallel rays. 

Again, when parallel rays pass from the denser into the 
rarer medium, if the bounding surface be a litjpcrboloid gene- 
rated by the revolution of a hyperbola whose excentricity is 

— , about its major axis, the rays will be refracted accurately 

to the fiirtlier focus. If, therefore, a plano-convex lens be 
constructed, whose second surface is the hyperboloid just men- 
tioned, and first surface a plane perpendicular to its axis, it 
will be perfectly aplanatic for parallel rays, the rays under- 
going no refraction at its first surface. 

(208.) As an application of this theory, let us take the case 
in which rays diverging from a point arc incident on a plane 
refracting surface. 

The perpendicular from the radiant point on the plane being 
taken as the axis of abscissa*, there is 13 = 0; and, if we take 
the point in whicli this perpendicular meets the plane as the 
origin, the equation of the plane will be simply 

x = 0, whence also dx = 0. 

And these substitutions being made in the equation of the 
refracted ray (20i,), it is reduced to 

— y)- f'y = 0; • 

or, if we transfer to t\\e other s\dc t\\e sc\ware 

hovh sides, and substitute for and ibeif values, wlucb are, 
in this case, -f if and a'* + (/3' — y) respectively, we 
have 

(/3' - + (wi* — =a!if, 

the complete eejuation of the refracted ray. 
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To get tlie intersection |)f the refracted ray with tlie axis, 
let /3 = 0 in this equation, and there is 

a! = t- (jnr — 

For rays indefinitely near the axis in their incidence, y = 0 ; 
and 

a! =: ma, 

agreeing with the results already obtained (112.) and (113.). 

(209.) Let us now consider the case in which the refracting 
surface is a sphcj'C, 

Taking the line joining the centre with the radiant point as 
the axis of abscissa*, /3 = 0; and if the centre be taken as the 
origin, tlie equation of the circle is 

4- = r®, whence p = = . 

' ax y 

Making these substitutions in equation (204.), it becomes 

^'a// + = 0. 

From which, by squaring and substituting for and their 
values, we obtain the relation between the co-ordinates of the 
refracted ray. 

To find the point in which tliis ray meets the axis, let = 0, 
and the equation becomes 

+ mpcxi = 0 , 

a result already obtained (134.). If we scjiiare and substitute 
for ^ and their values, this becomes 

a^[(a' — or)’ 4- ■=: mV’ [(a — + y-] ; 

an equation which agrees wdth that from which we have already 
deduced the whole theory of aberrations, foci, &c, (]4f).). 

For rays indefinitely near the axis, we must make^ = 0, 
and therefore ar = r, in this equation, which is thus reduced to 

mcx!{cc •— r) = ci{(x! — 7 ‘) ; 

whence we obtain 

m 1 m— 1 


r 
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JI. 

Of Caustics produced by Rcfractim at any curved Surfaces, 



r 

i 


■■■ ■ • V 

c 

(210.) Let QR, be two incident rays indefinitely near, 
i?r/, i\!qy the refracted rays meeting in y, which is therefore a 
point of tlie caustic ; RC, lit, two nornuils to the curve at these 
indefinite!}' near points, meeting in c, whicli is therefore the 
centre of the osculating circle. Then, if we denote (ic and yc, 
the distances of the foci of incident and refracted rays from 
that centre, by d and d ; uR and Ry, the distances of the same 
foci from the point of incidence, by 2 R^d rc, the radius of 
the osculating circle, by r, and the angles of incidence and 
refraction by ^ and (f ; we have in the triangles aRC, yRC, 

n-J = r- f 2 ' -P . cos.fl, 
d' = r- 4- 2/y.cos.O'; 

and differentiating, as before, considering d, rf, and r as 
constant, 

(f + r . cos.(?)£Z^ — rp . sin.ff . dO = 0, 

(p' — r . cos,0')<'/p^ + . sin.ff . r/tf = 0. 

Now the angles 0 and 0' are connected by the relation 

sin.fi = m. sin.fi' ; whence cos.fi . dO = m . cos.fi' . dih 
Again, the differentials dp and are related ; for 

do . dp' 

sin.0 = ^^, 
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ds being the differential qF the arc of tlic refracting curve ; 
and substituting these values in the equation sin.O = w.sin. 0 ', 
there Is 

+ m . df-' = 0. 


Accordingly, if we divide the former of the differential equa- 
tions obtained above by the latter, and substitute in the result 

for and "^ 77 . their values — 7 / 1 , and m . derived from 

r/f' diy ’ cos.O 

the equations just obtained, we find 

^fr.cos .0 ^ sin ,0 cos.O' 
r.eos.O' sin. 0 ' cos. 0 * 


From this equation we obtain the value for, if we ex- 

j)and it by taking away the denominators, we have 

. sin. 0 . cos.‘ 0 ' + . sin. 0 ' . cos.-O] = ^ . sln .(0 — 0 ^) ; 

from which, dividing by 7 *f^', we obtain 

sin. 0 ' . cos.'O sin. 0 . cos;" 0 ^ _ sin .(0 — 0 -) 

^ + ? r- • 

(211.) When the incident rays are parallel, = 0, and 
this equation gives for the value of f', 

sin. 0 . cos." 0 ' 


f /' . 


sin .(0 — 0 ') ’ 



l^his value is readily constructed. From the centre of the 
osculating circle c, let the perpendicular cm be drawn to the 



CAUSTICS rnODXrCED by refraction. 


173 


refracted ray, from m the perpendicular mn on the radius of 
curvature, and from n the line nq, parallel to the incident ray 
(IK ; then y, the point of intersection of this line with the re- 
fracted ray, is the point of the caustic; 

for iin = urn . cos.O' = r . cos.*!)', 


* sin.R^zg sin.suw r.cos.*t)'.sin.f) 

and nq = im . = nn . ^ 

^ sin.R//w sin.sR<7 sin. (0 — 0') 

(212.) If wc expand the second member of equation (210.), 

divide by sin.6', and put for - !”*>,, its value nu we find 
^ ' sin.9' 


cos.-fi cos. ‘9' 711 . COS.0'— COS.9 


a form, perhaps, more convenient than the former. 

When the refracting surface is pUme^ ?* is infinite; the 
second member of this equation therefore vanishes, and it is 
reduced to 

. cos.^9 + . cos,*0' = 0. 

Again, let the refracting curve be the logaritlmic spiraiy 
and the radiant point its pole. 

As the angle contained by the radius-vector with the tangent 
or normal, in this curve, is constant, it (‘ollows that 9, and 
therefore also O', is constant. Again, the radius of curvature 
in this curve is 


r 


cosJ^ 


And if we substitute this value in the equation preceding, we 
find , 


X 


cos. 9 / 

1 _ 1 

008.0' 

cos.6'\ 

711 

cos. 9'^ 


Prom which it appears that -y is constant, since 9 and 0' are 

so. Wherefore in the triangle formed by the lines joining the 
point of incidence in the refracting curve and the foci of in- 
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cldent and refracted rays, the ratio of two of the sides, f and 
is given, as is also the contained angle, O — if; hence the triangle 
is given in species, and, consequently, the angle contained by 
the refracted ray with the line joining the foci of incident and 
refracted rays is determined. But this is tlie angle contained 
by the radius-vector of the caustic with its tangent; the 
caustic curve, therefore, is also a logarithmic spiral, having 
the radiant point as its pole. 

(21«3.)' We shall now derive the theory of dlncanstics from 
the consideration of the equation of tlic rcfractcil ray. 

When the incident rays arc parallel^ making dy = j)dx in 
the equation of the refracted ray (204.), it is 

g' + »»[(«' — x) + p(/3' — y)] = 0, 
which is equivalent to 



Now, differentiating this equation relatively to a: and as 
in the case of reflexion, there i.s 

% + - (I + />'■)] = (>• 


And multiplying by ?7z, and putting 1 for vi y-, 


771-^ - y)q — - 1 . 


And if we eliminate x and between this equation and that 
of the refracted raj’ above given, combined with the equation 
of the refracting curve, the resulting equation, containing 
a! and only, will be the equation of the caustic. 

In the case of 7 xjlcxt 07 i^ 711 = — 1, and these equations 
become 


e' = («' - + pO' - y), (.S' - y)q = p'\ 

as we have already obtained (89.). 

If the refractive power be infijiitCy orm infinite, it is evident 
that the refracted ray must coincide with the normal, and 
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therefore the caustic witli the evohite. In fact, the equations 
become in this case ^ 


— .r + — y) = 0, (/S' - y)q=l ^ f - ; 




1 +p'' 




the well known expressions of the to-ordinates of the evohite. 


(21 h) As an application of tlic preceding equations, let it 
be re(|inrcd to find the caustic where parallel rays are incident 
upon a spherical refracting surface. 

The C(juation of the refracting curve, in tliis case, is 

= r-, 

wlience we obtain 


X 



T T ■ 


and these values being substituted in the equations of the pre- 
ceding article, lliey lieconie 

-f m{dy — p'x) — 0, 

-i- y\ 

The equation resulting from the elimination of .r and ^ from 
these equations, combined with that ol’ the circle itself, will 
he that of tile caustic reijuired, 

(215.) When tlie incident rays diverge from a point, if that 
|)oint be taken as the origin of the co-ordinates by making 
a == 0, /3 == 0 ; the equation of the refracted ray is 

wtf[(a - x) + p{l3 - V/)] - s'(x + py) = Q, 

omitting the traits over a^, /3', as no longer required. And if wo 
diiferentlate this equation relatively to x and j/, the co-ordinates 
of the refracting curve ; and observe that 

(k' do 

(a - X) -f p (/3 - y/) = - f'- -; 7 -. + P!f = k • 


we obtain 
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dx (lx 
do 




+ fs-£; + f’P + ^’’+2^i = ®- 

or collecting analogous terms, 

[wf(/3-.y) - q = {mi + f') (1 +p-) + (f + • % 

Now the equation of the refracted ra}^ may be putimcier the 
form 




from which we have 

, , a+/>f3 , ^ _ 

»»f + f' = "'f p + ’"p' = '"‘p • + (' - 

Again, in virtue of the same equation, there is 
dx m dx^ 


. -L/H. — ^ - _ i (f+yy/) ’ 

dx dx m \dx/ m x'+j/- 

And if we make these substitutions In tlie dillerentinl eciualion, 
multiply the result by m{x -f py) (.c- + j/’), and observe that 

(1 + /)-) (.r- + ^-) - (x + pyY - {px—^Y; 

we shall have finally 

m-(x" + j/®) (,8x — ay) q 
- m^{px—y)- (a + /j/3) + (,»•— 1) (x 1- pii)\ 

In tile case of reflexion, »ra«— 1=0, and this equation be- 
comes 

(x® 4- y/*) (/3x - ay) q = {a. + y)/3) ( px - y)\ 

as we have already obtained (97.) 

(216.) The caustic curve being tlie locus of tlie intersections 
of the successive refracted rays, each ray, it is evident, must 
be a tangent to the curve at the point in wliich it meets it. 
But the tangent of the angle which the tangent to the caustic 
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makes with the axis of abscissae wlierefore et/ being the 

angle which the refracted ray makes witli the same, we have, 
as in the case of reflexion, ~ ™ = tan.w^, or, 

d/3'«cos.w' — = 0. 


Again, if we diflerentiate the equations 

(3 - yf + (a - A')- = f~y (p' -- yY + (a - = ; 

and sul)stitute in the result, for a — /3 — ?/, or! — .r, —y^ 

values, 2 eos.o;, 2 sin.«^, 2 ^ cos.co', /sin.cy^ there is, 

— ill/ . sin. a; — iljo . cos.w = 

(J/3' — fly') siri.w' -f {doi^ — dx) cos.w^ = (id. 

Now if we multiply the latter of these eciuations by ?//, and 
then add, and observe that 

dx . cos.w -h di/ . sin.oi + m {tlx . cos.w' f dif , sin.w') = 0, 


we shall have 


rf,3^sin.u>' + c?a^cos.J = 


^ I 

+ a^'. 
m 


Finally, if we square and add together this e(] nation and that 
obtained above, we have 

dz beino* the diflerential of the arc of the caustic curve; hence 

o 

dz = + di< 

m 

ff 

-f const. 

. m 

The caustic curve, therefore, is always rect'ijiahlc^ if the re- 
fracting curve be an algehraic curve. 

(SI 7 .) As an exemplification of this tlieory, let us seek the 
caustic produced by refraction at a plane surlhce. 
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The equation of the refracted ray", in tills ease, we have 
already found, is 

(|3' — y ) [ 7 / 2 . -a "4- 

in wliich a denotes the distance of the radiant point from the 
plane. If we divide this equation by rfy and differentiate, re- 
latively to y onlvj we find, 

vi-o-'p -4 = 0 . 

Now, if we multiply tlic former of these equations by and 
substitute for 'nf'O? {&’-]]) its value, —if [^ 7 / 2 * h 1 

derived from the latter, it becomes 

vi^aC'oi — iifoC- 4 " (ill' — 1 ) jj '\ 

Finally, if we raise both sides of this e([uation to the power 3 , 
vsubstitute for y its value in / 3 ', derived from the differential 

4 . 

equation, and divide the residt by (///a)^, it becomes 

aji 4. ( s/1 — m ' , := (w?.a) ^ ; 

which is the ecj nation of the cvolute of a conic t^cctlon^ having 
its centre at the origin, and focus at the radiant point. The 
conic section is an ellipse or hyperbola^ according as in is less 
or greater than unity. 
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CHAPTER VIIL 

OF REFLEXION AND REFRACTION COMBINED. 

(218.) It has been already observed that, \vhen a beam of 
light is incident upon the surface of any transparent medium, 
a portion of the incident light is, in all eases, reflected at the 
bounding surface, and never enters the medium. Ii‘, again, 
the portion which enters the medium meet with a second 
l)oiinding surface, j)art of it will be reflected tlierc; and thus, 
meeting the first surface a second time, it will again be sub- 
divided into two portions, one of which will re-emerge into the 
original medium, and the other suffer a second reflexion. 

As this comhiiuition of reflexion with refraction is the cause 
of some remarkable jiheiiomena, and occurs also, more di- 
stinctly, in tlie artificial combinations em|)loyed for optical 
purposes, it becomes necessary to examine its laws. 

(219.) When a ray of light is incident n]?on a medium 
hounded by two parallel plane surfaces, let it be recjuired to 
determine the direction of the emergent ray, alter being twice 
transmitted througli the first surface, and once reflected at the 
vSecond. 

Let QRsii'a' be the course of 
tlie ray, entering the first sur- 
face of the medium at ii, re- 
flected by the second at s, and 

again transmitted through the 

first at if; and let st be the 

l)er{)endicular to the surface at 

the point of reflexion. Then, 

since the angles at S are equal, the angles set, sr't, which the 
portions of tlie rav within the medium make with the first 
surface, are ccpial ; consetpiently, the angles which the incident 
and emergent rays QR and uhf form with that surface are also 
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equal; and thcreibre these rays produced must meet the per- 
pendicular ST in the same point v, and contain with it equal 
angles. Hence the direction of the emergent ray is the same as if 
it had undergone only a single reflexion, at a plane drawn paral- 
lel to the two surfaces at a distance from the first equal to tv. 

To determine the distance of this imaginary plane, we have 

cotan.Tvii tan.Tsn 

TV — sr. = ST . . 

cotan.TSR tan.TVR 

Now tlic angles tvk, tsu, are the angles of incidence and re- 
fraction into tlie medium ; wherefore, denoting them by 5 and 9^ 
respectively, and the interval ])et\vceu the two surfaces by ij, 
the distance of the imaginary plane from the first surface is 

, Um,if 


Ilcnce it is obvious that the distance of this plane varies 

with the incidence of the ray. When the ray is incident perpen- 

Ian. 9 , sin.!) 

— -- IS - or a : 

(in h> "1 ' ' 


dicularly, the ultimate value of the ratio 
and the distance of the refiecting plane is 


tan. (3' 




It is evident that the ray can never undergo a total re- 
flexion at the second surface ; for the angle of incidence on 
the second surface is equal to the angle of refraction at the first, 
and therefore less than the limiting angle of total reflexion. 

(*220.) Let it be recpiircd to determine the course of a ray of 
light which, entering the first surface of a prism, is reflected at 
the second, and again transmitted througli the first. 

Let aiisnlo! be the 
course of* such a ray, 
rnn and mhi^ the per- 
pendiculars to the first 
surface at the points 
of transmission, and so 
the perpendicular to 
tile second at the point 
of reflexion. Then if 
the angles aiwi, sr?/, 


(X 
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be denoted by (p and i/', the angles siiW, by (p^ and i//', 

tlierc is 

sin.^ = sin.^' = |u,.sin. 

iXgain, if the angle of incidence on the second surface, a so, be 
denoted by S, and tlie angle of the prism by f, 

^ = 0 4 e, 

and sul)tracting 

which equation, combiru'd with the two already obtaineil, will 
determine the direction of the emergent ray when that of the 
incident ray is known. 

From tliese equations it appears that the inclination of the 
emergent ray to the surface is the same as in the case ol‘ trans- 
mission through a prism whose refracting angle is 2f, double 
the refracting angle of the given prism. 

The total deviation of the ray is ecjual to the sum of the 
angles which the incident and emergent rays contain with the 
first surface of the jnism ; that is, denoting the deviation by 

^ = Tf - 4 

If the values of and be added together, there is 

xjj 2i). 

Hence, if one of the angles \p or ;//' be less than the other 
will be greater; and, consequently, if 9 be ctpial to or greater 
than the angle of total reflexion, the ray cannot be transmitted 
at the corresponding point. It follows, therefore, as in the 
last case, that a ray (d* light cannot be twice transmitted through 
the first surface, and suffer tfftal reflexion at the second. The 
case is different if the ray emerge through a third^side of the 
prism ; as will appear from what follows. 

. (221.) Let it be required to determine the direction of a 
ray of light which, entering llic side of a prism, is reflected at 
the base and emerges tlirough the remaining side. 

Let Qiisii'o' be the course of such a ray; ^////, 7«W, the per- 
pendiculars to the surfaces at the points of incidence and 
emergence; and so the perpendicular to the base at the point 
of reflexion. Then, if the angles Qiiw, vsu??, be denoted by 
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p and the angles q^rW, srW, by and as before^ 
there is 


sin.p = /X . siii.v/., sin.p' 

Again, if the angle Rso = r'so be 
denoted by 0, and tlie angles con- 
tained by the two sides of the prism 
with the base by a and a! respec- 
tively, we have 

\p Q eXf -f- fj r= 

and subtracting 



\p = a! a ; 

which equation, combined witli the two already obtained, will 
determine the direction of the emergent ray when that of tlie 
incident ray is known. 

It appears from tliesc ecjuations that the inclination of the 
emergent ray to the surface will he the same as if the ray had 
been transmitted through a prism \vhose refracting angle is 
a! — cx, tile difference of the angles at the base of the given 
yn'ism. 

If the pris\n be isosceles, or a' = a, there will be xjy' = p, 
and therefore p' p. Hence, when a ray is transmitted 
through the sides of an isosceles prism, and suflers an inter- 
mediate reflexion at its base, the ray will emeige inclined to 
the surface at the same angle as at its incidence. 

The sum of the deviations of the ray at incidence and 
emergence is p + — (xf/ -P i//-) ; and the deviation at the 

point of reflexion is cr — 29, Wherefore, adding, and ob- 
serving that i// + = a -}^ a', the total deviation is 

^> 1 = p 4- p/ 4- tT — (a -p a') ur; p 4- p^ + 

£ denoting the vertical angle of the prism. 

(222.) From the equations 

\j/ — ac 0, =z a! — Of 

it is obvious that it will be always possible to take the angle 0 
of such value, that the ray shall be transmitted at the two 
sides, and suffer total refle^i^n at the base. For, that this 
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should take place, it is only necessary that 0 should be equal 
to or greater than the angle oP total reflexion, and and 4 '^ 
each less than the same. 

In order that the ray should be Incident and emergent per- 
p{?ndicularly, it is necessary that i/^and 4 ^’ should be each equal 
to nothing, or that 

a 9 

And if, moreover, the ray undergoes a total reflexion at the 
base, 9 must be equal to or greater than 0 ^, Ilencc; if the ray 
be incident perpendicularly on tlicside of an isosceles prism, of 
wliich the liasc angles arc equal to or greater than the angle 
of total reflexion, it will suffer total reflexion at the base, and 
emerge perpciulicularly ; and accordingly the course of the 
ray will ho the same as if it had been reflected by a plane 
surlace, whose position is that of the base of the prism. 

When the ray just suffers total reflexion. 

Hence, if either of the angles at the base of the prism, a or <7/, 
be equal (o 0^, the anp;le of total reflexion, -ip or \p' will be nothing, 
and the ray which just suffers total reflexion, incident or 
emergent perpendicularly. When « or a' is greater than 0^, 
' 4 ' or •<//', and therefore or will be j)()sitivo, and the incident 
or emergent ray inclined from the perpendicular towards the 
vertex ; and, on the contrary, when a or a' is less than 0^, the 
incident or emergent ray, whicli just suffers total reflexion at 
the base, will be inclined towards the base. The value of the 
angle of incidence or emergence in this case is readily de- 
termined : for then is 

sin.p := iL . sin.i/' = . sin. (a — Oy). 

Wherefore, expanding the second term, and substituting fer 

sin.6l,, cos.fl., their values — , and / 1 

sin.p = — T . sin.a — cos.a. 

The sine of the angle of emergence will be a similar function 
of a'. 
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(223.) Let it be required to detennine the course of a ray 
of light which enters a sphere and emerges after any number 
of internal reflexions. 

It is evident that the ray will continue in the same plane 
throughout, namely, the plane containing the incident ray and 
the centre of the sphere. I'or the refracted ray, both at in- 
cidence and emergence, is in tlic ))lane containing the incident 
ray and the radius at the point of incidence; and each re- 
flected ray ,is in the plane containing the incident ray and radius 
drawn to ])oint of incidence. Hence wc may confine our at- 
tention to the great circle containing the incident ray. 

I^'t iiSTv be this circle, and ausTVx the course of the ray 
which is incident and emergent at a and v, and reflected at 
s, T, &c. Then it is evident that the angles contained by 
each chord with the radii 
drawn to its extremities, 

CRs and esu, cst and cts, 

CTv and ev r, are respect- 
ively ctjual ; as are also the 
angles csr and cst, cts 
and CTV, &c. contained by 
each radius with the ad- 
jacent chords, these being 
the angles of incidence and reflexion. Hence all the angles 
contained by the direction of the ray within the sjihere with 
radius are equal ; wherefore the angles cas and cvt at in- 
cidence and emergence are equal, and accordingly the ray 
emerges under an angle equal to that of incidence. 

It is obvious that the portions of the ray witliin tlie sphere, 
RS, ST, TV, &c., and therefore the arches which they subtend, 
are all equal ; the triangles CRs, cst, ctv, &c. being equal in 
every resptet. 

It ap{)ears also from what has been said that tlic ray can 
never undergo total reflexion within the sphere, the angle of 
incidence at each point of reflexion being equal to the angle of 
refraction into the splicre, and therefore less than the limiting 
an^le of total reflexion. 

If 0 and 6 ^ denote the angles of incidence and refraction 
into the sphere, the angle of deviation at the point of incidence 
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jg 0 — 0 '; and, as the deviation is the same at emergence, the 
sum of the deviations at incidence* and emergence is 2(0 — 0’). 
^^>“.'11115 the deviation at each point of reflexion is equal to r~-20', 
each angle of reflexion being equal to the angle of refraction 
into tlie sphere- Wherefore, if the number of reflexions hlcli 
the ray undergoes within the sphere he denoted by ?/, the sum 
of the deviations at the points oL reflexion will be m — 
Therefore, adding this to the sum of the deviations at incidence 
and emergence, the total deviation is 

5 = wtt + 29 - + 1)S'. 

(221.) To find when the deviation of the ray is a maxinuun 
or minimum, let its differential be taken equal to nothing, and 
there is 

dfl =. {n + \)dt 

But we have also 

= tj . . sin.^', cos.fl , tV) — /x . cos5^ • ; 

and, substituting in the latter the value of dt) just obtained, 

{n + l)cos.(? = f^,cosJ'; 

which equation, combined with the former, will determine 
the angle of incidence when the deviation is a maximum or 
minimum. To effect the cliniinalion reipiired, wc have only 
to square these equations and add tlicm together, and we find 

(?i -f l)’cos.^9 + sin. '9 = /x*; 
or, j"(7i -1- 1)- — 1 Jeos.'S = wv- ■— 1 ; 

(225.) A pencil of rays being incident nearly pcrptlidicularly 
upon a medium bounded by parallel plane surfaces, let it be 
required to determine the focus of the emergent pencil after 
reflexion at the second surface and a double transmission 
through the first. 

Let d denote the distance of the focus of the incident pencil 
from the first surface ; d', d", and d'", the distances of the foci 
of the pencil after refraction by the first surface, reflexion at 
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the second, and a second refraclion by the first; and let 6 
denote the interval betwee^n the surfaces. Then for tlie re- 
fraction at the first surface, we have the relations. 

Again, the distances of the foci of the incident and reflected 
rays fn)m the second surface arc d' -{ o and f/' + c respectively; 
and since their sum is equal to nothing, tlie equation of llic 
reflexion ;it the second surface is 

-h + 25 0. 

If tl\en we substitute in this for d' and t/'' their values obtained 
from the two preceding, and divide the result by w-, there is 

25 

d + iP -I 0 , 

an equation expressing the relation between the distances of 
the foci of incident and emergent rayvS. 

From this equation it appears tliat tlie rffecl proilnced is the 
same as if the incident pencil l)ad siificrcd reflexion only at a 

plane, whose distance from the first surthcc is a con- 

elusion whicli might liavc been deduced immediately from 

( 219 .). 

As the greater part of the light, under ordinary circum- 
stances, will be transmitted at the second surface, the effect 
proiluced by this reflexion at tiie second siirlhce combined 
with two transmissions through the first will not be distinctly 
observed, unless the reflexion of the second surface be strength- 
ened by coating it with mercurial amalgam, as in the common 
looking-glass, 

(226.) ‘The whole light, however, which is thus thrown 
back to the first surfiicc, will not emerge tlicre. A portion of 
it will he reflected there, again reflected at the second surface, 
and, finally, emergent at the first, having undergone three 
reflexions. Part, again, will he thrown back and emerge after 
five refleadons, &c. And thus there will he an indefinite series 
of foci of pencils emergent after one, three, five, 8cc. re- 
flexions; tlic condensation of the light in these foci, and there- 
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fore In the images tlicy form, decreasing rapidly. These phe- 
nomena may be easily observed lly looking oblicpiely at the 
image of a candle formed by a glass mirror. 

The positions of these foci arc easily ascertained. Thus, 
when the pencil undergoes two reflexions at the second surface, 
and one at the first, let d denote, as before, the distance of the 
focus of incident rays from the first surface ; rf', rf', #■', and 
d'\ the distances of the successive foci of the pencil after 1 lie 
several modifications which it uiidergoos, these distances being 
measured from the first surface towards the incident light: 
then it will be easily seen that these distances are connected 
by the following c(|uations : 

r? = .ari 

d! + (V V 2o 0 

-f 0 

(V^ + ^ 0 

ir: ,uly. 

To eliminate rf, clK cV\ and from these equations, we 
liavc only to change the signs of the second and fourth, and 
then add them together; and dividing the result by //,, we 
obtain 

d -1- d -f — = 0; 

[jb 

from wbicli it appears lliat the effect is the same as if tlie rays 
had undergone a single reflexion at tlic vsurfaee whose distance 

from the first is — . 

In like manner, when the pencil emerges after tliree re- 
flexions at the second surface, and two at the first, we should 
lind that the position of the focus of the emergc4it pencil 
is the same as if the incident pencil had been simply reflected 

at the surface whose distance from the first is - - . 

It appears then that there will be a series of foci of emergent 
tays, suftering two transmissions and one reflexion, two trans- 
tnissions and three reflexions, two transmissions and five re- 
flexions, &c., whose virtual reflecting planes arc, in succession, 
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distant irom one another and from the first surface of the 


inediinn by the interval - 


U 

a 


Ilenco it follows that these foci. 


together with tlie focus of rays reflected at the first surface 
only, arc ranged along the same right lino at t^iual intervals, 

their distances from each other being eijual to 


/j. 


In pla^e glass = | nearly; wherefore the interval between 
the successive foci formed by a plate-glass speculum is four- 
thirds of the thickness of the plate. 

(i.v27.) A small jjcncil of rays being incident perpendicularly 
upon the side of an isosceles prism, and emergent at the other 
side after reflexion at the base, it is required to find the focus 
of tile emergent pencil. 

Let 1 ) be the focus, and 
Ds the axis of tlie pencil in- 
cident upon the first surface 
of the prism bag; then if 
we take on that line d's = 
fjb . DS, will be the focus 

of the pencil after refrac- 
tion by the first side, and 
therefore the focus of the 
pencil incident upon the base 
at o. If, then, we let fall 
from tliis point the perpen- 
dicular n'p upon the base, 
and produce it equally to 
the pencil will diverge from the focus n^', after reflexion by 
the base, and be incident perpendicularly upon the remaining 
side at (12^21.). Accordingly, the focus of tlie emergent 
pencil is obtained by taking, in the line i/os', a point i)'-' such 
that . D'"sh 

Now, on account of the equality of the lines i/o and i)"o, 



= d'o 4- os^ = d's 4 os -f os^ ; 
or, jw, . d'V = jx . ds 4- os 4 os^ 

But, in an isosceles triangle, the sum of the perpendiculars let 
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fall from any point of the base upon the sides is constant, and 
equal to the perpendicular let fall IVom either extremity of the 
base upon the opposite side. If then tins perpendicular be 
denoted by vve have os f os' ^ p. Wherelbre, if i)S and 
i/V, the distances of the foci of incident and emergent rays 
from the first and second surfaces respectively, be denoted by 
f) and b\ we have finally 

5' = 5 + i'' . 

Hence the difference between the distances of the foci of in- 
cident and emergent rays from the two sides of the prism is 
equal to the thickness of the medium traversed by the pencil 
divided by its index of refraction. The analogy between this 
result and that of (ji25.) will beat once observed. 

When the dimensions of the prism are small in comparison 

with the distance of the radiant, “ may bo neglected in com- 
parison with 0 , and the distance oi' the l*ocus of the emergent 
pencil from the second surfiicc is (jimm proxkna equal to the 
distance of’ tlie radiant point I’rom the first. 

The deviation of tlie axis of the pencil is equal to tlie ver- 
tical angle of the prism, 

(9^28.) Trom the preceding it is evident that if the pencils 
diverging from the several points of an object be received per- 
pendicularly u|)on the side of a right-angled isosceles prism, 
they will emerge perpendicularly through tlie otlier side after 
undergoing a total reflexion at the base ; and the object, whose 
direction is horizontal with respect to the spectator, will be 
seen by looking directly downwards. In this manner the 
image of an object may be made to coincide with a paper placed 
on a table underneath the prism, and may be traced there with 
a pencil. 

Such is tlie principle of the camera luchla invented by Dr. 
Wollaston, an instrument of great use in assisting the drafts- 
man. In the prism just described, however, the image will be 
seen in an inverted position by a spectator having his face 
towards the object. To obviate this objection, Dr. Wollaston 
substituted a quadrilateral prism, such as that represented in 
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the adjoining figure, for the triangular one already mentioned. 
In this prism the angle at A is right ; the opposite angle i) is a 
right angle and a half, or 135^; and 
the angles at b and c are each three- 
fourths of a right angle, or 67"^. SO'. 

It is evident, then, that the rays which 
are incident perpendicularly upon the 
side AC, and reflected successively at ci) 
and DB, will emerge perfiendicularly at 
the remaining side ab ; and that the 
image will be erect, the rays proceed- 
ing f rom the npjier part of the object going to the upper part 
of the image, and r. v. 

'IMic prism liere described is mounted in a brass frame, and 
attached by its axis to the end of a brass stem, the lower 
extremity of wlilcli may be clamped to a table by means of a 
screw. The upper surface of the j)rism, ab, is l urnished with 
an eye-stop having a small aperture, which is to be adjusted so 
that the aperture shall be as nearly as possible divided equally 
by the edge of the prism at b : by this means only a small por- 
tion of the surface ab, near the edge, is employed, all the rest 
being covered. This being done, and the side of the prism, 
AC, placed in a vertical jdane and turned towards the object, 
the observer looks downwards through the a])erture in llic eye- 
stop, and sees, at the same time, the image of the object llirough 
the uncovered ])orti<)ii of the jirism, and the paper on winch it 
is thrown tlirough the remaining part of the aperture. 

Since the dimensions of the prism arc very small in com- 
parison with the distance of the object, it appears from the 
preceding article that the distances of the object and its image 
are very nearly equal. Hence, if the distance of the object from 
the prisni be diflerent from that of the latter from the table, 
the image of the object w-ill not be tlirown on the paper, and 
the simultaneous vision of the image and ])a])cr will be im- 
perfect. To remedy this, the prism is furnished with a convex 
and a concave lens, the focal length of each being equal to the 
greatest distance of the prism from the table. Wlien tlic 
former of these lenses is used, it is turned up horizontally 
under the prism, and, tlie paper being in its principal focus, 




REFLEXION AND REFRACTION COMBINED. 


191 


its image is thrown to an infinite distance, and therefore made 
to coincide with the image of a remote object formed by the 
prism. When tlie concave lens is used, it is placed verti- 
cally in front of the first surface of the prism; and the rays 
proceeding from a distant object, after refraction by the lens, 
will diverge from an image whose distance is equal to the focal 
length of the lens : this image will therefore coincide with the 
paper after refraction by the prism. The convex lens is to 
be used by long-siglitcd jiersons, or those whose eyes require 
parallel rays ; the concave by short-sighted persons, or those 
whose eyes are adapted to diverging rays. 

Such is the /uljustinont (‘or distatit objects: for near objects 
tlic adjustment of the distances is conj})!eted by varying the 
distance of tlie prism from the paper; and to effect this, the 
stem of the instrument is furnis!)ed with a sliding tube by 
means of which it can be lengthened or shortened at pleasure. 

(2i2D.) Let it be required to dclerminc tl)o focus of a pencil 
of rays wliich is transmitted through the first surface of a lens, 
and emerges at the aatne after suffering I'eflexion at the second 
surface. 

Let and a', denote tlio reciprocals of the distances of 

the foci from tlie surface, and p and / the curvatures of the two 
surfaces. Then, in eonsequence of the transmission tlirougli 
tlie first SLiriiicc, we have the equations 

— ;) — a— /i(/3' — ^) = a' — f. 

Again, if tlie thickness of the lens be neglected as inconsidera- 
ble, there is, in virtue of the reflexion at the second surface, 

/3 4- 0’ 2/. 

To eliminate /3 and (3' from these equations we have only to 
multiply the latter by and substitute in it, for /xj3, their 
values derived froni the former; by which means wc obtain 

an equation expressing tlie relation between the distances of 
tlie foci of the incident and emergent pencils, and from which 
it appears that the effect Is llie same as tliat produced by re- 
flexion only at a surface whose curvature is /a/ — (f^ 1)?. 



192 


HOMOGENEOUS LIGHT, 


Hence this virtual reflecting siirflice will be concave or 
Convex, according as J is greater or less than When 

/X — 1 » . 

j ~~ p a -f a' =: 0 ; and the effect is the same as that 

IL 

of reHcxion at a plane surface. 

If denote the value of a', when a = 0, or the in* 
eident rays parallel, there is 

9 = - (,<* — i)£f] ; 

an equation whicli may be put under tlie form 
^ - 1 )(. -- J). 

From which we learn that the power of this reflecting lens is 
equal to the excess of the power of the second reflecting surface 
above double the power of the lens, wlien used simply to trans- 
mit the pencil ; a result which is quite in conformity with our 
preconceived notions, inasmuch as the pencil undergoes a re- 
flexion at the second surface and two transmissions throuirli 
the lens with an opposite effect. 

When the first surface of the lens is plane^ or ^ = 0, 

and the effect is the same as that ])roduced by a single re- 
flecting surface whose curvature is 

When = 0, or the second surface plane, 

<p =— 2(,u,— 1)?; 

and the curvature of the virtual reflecting surface is — "(.Wr— -I)?. 

AVhen the curvatures of the two surfaces are equal and in 
the same direction, = p, and 

<P = 2 ^; 

and the effect therefore is that of a simple reflexion at either 
surface, the lens producing in this case no effect whatever. 
When the curvatures are equal and opposite, / = ~ and 

and the curvature of the equivalent reflecting surface is 
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CFIAPTER I. 


OK TTTK ANALYSIS OK SOLAR LIGHT. 

We liave hitlierto treated of simple or lioviogcncotis 
light, and considered the niodUications which it undergoes in 
reflexion and refraction. ’ The light of the sun, however, is not of 
tliis nature, but is found to be compound; each ray of solar light 
consisting of an infinite number of rays oi’ simple light, difler- 
ing from each other in colour and rc/rang}lj}litf/, U'his im- 
portant discovery we owe to Newton. We sliall here briefly 
describe a few of the pi'incipal experiments by wliich it is 
established. 

If a cyUndrical beam of solar light, SO, be admitted into a 
darkened room through a small circular a[)erture, o, and re- 
ceived on a screen at a tlistance from the hole, a circular image 
of the sun, s', will be there depicted, whose diameter will 
correspond to that of* the liole. If now the beam be received 
on a triangular glass prism, rac, placed near the hole, and 
having its axis perpendicular to the direction of the incident 
beam, the image of the sun will he thrown upwards by the 
refraction of the prism into the position iiv, and will he no 
longer white and circular, but coloured and oblong ; the sides 
which arc pcrpoiidicidar to the axis of the jnism being recti- 
linear and parallel, and the extremities, at u and v, semicircular. 
The breadth of this image, or spectt'inUy as it is usually called, 
IS equal to the diameter of the unrcfracted image of the sun, 

but its length is much greater. 


o • 
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Now iF the solar beani consisted ot‘ rays possessing all tlic 
same degree of refrangibility, llie relracted image sliould be 
circular, and of the same dimensions as the imrefracte<l image 
of the sun, from Avhieh it would diifer oiily in position. For- 
the rays composing the beam, being parallel at their incidence 
on tlie prism, would, on this supposition, be ecjually rt fracted 
by it, and tIu‘reforc continue parallel, and preserve the same 
mutual distances after refraction. This not being the case, 
then, we conclude that the rays composing the incident l)eam 
are of different degrees of refrangibility ; the more refrangible 
rays going to form the upper part of the spectrum, v, and the 
less refrangible the lower, it. 

In this account of the experiment we have assumetl that the 
rays composing the solar beam are parallel. Tliis, however, is 
not strictly the case ; the rays proceeding from the upper and 
lower limbs of the sun being inclined to one another at an 
angle equal to the sun‘’s apparent diameter, which is about half 
a degree. It will be easily seen, however, that this difference 
in the incidence of the rays which fall upon the prism is wholly 
insufficient to account for the phenomenon wc have just de- 
scribed : 'for, if the prism be placed in its position of minimum 
deviation^' with resjiect to the incident beam, a difference of 
incidence, such as that just mentioned, will produce no ajjprc- 

* This position is easily attained ; for we have only to turn the 
prism slowly round its axis, and stop it when the spectrum, between 
its descent and subsequent ascent, appears stationary. This will 
be the position of minimum deviation ( 125 .). 
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ciablc difference in the deviations of the emergent rays; consc- 
(|uently the rays will emerge from the prism inclined to one 
anotlier at the same angle as at their incidence, if there he no 
difference in their degrees of refrangibility ; and thereforii the 
lengths of the refracted and unrefracted images will be the 
same, if i*eceived upon a screen at the same distance from the 
hole. 

From the iViregoing experiment it further appears that 
those rays, which diiler in refrangihility, likewise differ in 
colour; tlic spectrum being red at its lowest or least rclVacted 
extremity u, violet at its most refracted extremity v, and 
yellow, green, and blue, in the intermediate spaces, these 
colours passing into tJiie another by imperceptible gradations. 
Sir Isaac Newton, with the assistance of a ]jerson who had a 
more accurate eye than himself, distinguished the spectrum 
or coloured image of the sun into seven principal colours, and 
determined tlic spaces occupied by each. These colours, ar- 
ranged in the order of their refrangihility, are red, oran^r^ 
yelUne^ green^ hli(e^ indlgOy violet; of which the yellow and 
orange are the most luminous, the red and green next in order, 
and the indigo and violet weakest. 

Any one of these rays may be separated from the rest by 
transmitting it through a small aperture In a screen which 
intercepts the remainder of the liglit. The ray thus separated 
may be examined apart from the rest, and will be found to 
undergo no dilatation or change of colour by any suhserjuent 
refractions or relloxioiis. We are thereliu'e wari’anted in con- 
cluding that the solar light is compound, and consists of an 
infinite numbea* of simple rays, which are permanent in their 
own nature, but differ from one another both in their colour 
and refrangi bill ty . 

To the preceding conclusion, however, it may be 
objected that mch ray of the incident beam is, by the action of 
tl>e glass, dilated or split into many diverging rays without any 
difference in refrangihility; or, supposing a diHerence of re- 
Iractioii to exist, still that inequality may he fortiiHoiis, and not 
the result of any real diversity in tlie rays themselves. The 
lormer of these hypotheses is tliat of Crrimaldi, who was the 
hrst to observe the dilatation of the solar image by tlie prism. 

o 2 
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To overthrow these objections the following experiment is 
adduced by Newton. The lig^ht emerging Irom the first {)rism, 
BAC, is received on a second, de, whose axis is perj)en- 
dicular to that of the first, and therefore the planes of their 
refractions perpendicular to one another. It*, now, the length 
of the solar image arose from a dilatation of each ray, or from 
any casual inecjuality in their refractions, it is evident that the 
oblong image, rv, produced i)y the first refraction, should, by 



a second refraction made laterally, be increased in breadth, as 
it was before in length by the same causes, and should therefore 
appear square or rectangular. lJut the result is found to be 
ot^ierwise: the image, rr, is not at all increased in breadth 
by the refraction of the second prism, but only becomes oblicpie 
to its former position, rv, the upper or violet extremity, v, 
being translated farther from its former position than the lower or 
red extremity, ?*. Accordingly, the light which is most refracted 
by the first prism is again most refracted by the second; and 
that which is least refracted by the first is, in like manner, least 
refracted by the second. And since the sides of the ohlicjne 
image, rv^ are found to be rectilinear, as well as those of the 
first, RV, itr follows that every ray which is more or less refracted 
l)y the first prism, is, exactly in the same proportion, more or 
less Refracted by the second. 

Further, if the image produced by the second prism be again 
laterally refracted by a third, and so on to any number of re- 
fractions, it is always found that the rays which are more or less 
refracted by the first prism are in the same proportion more or 
less refracted by all tlie rest, and this without any dilatation of 
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the image in breadth, lliesc rays arc therefore justly con- 
sidered to possess oacli a peetdiar degree of refrangibility. 

The following experiment, liowevcr, may be con- 
sidered as removing all doubt on this subject. Close behind 
the prism kac is placed a board, ra, perforated with a 
small aperture, o, ihrougli which the refracted light is j)er- 
milted to pass: this light is then received on a second board, 
placed at a considerable distance from the first, and simi- 
larly jierforated; so that a small portion of the light of tlie 



sjiectrum is suffered to pass through the aperture, o', in the 
second board, the rest being intercepted. Close beliiiul this 
aperture a second prism, def, is fixed, by whicli the trans- 
mitted light is a second time refracted. The first jirism being 
then turned slowly round its axis, the light of the spectrum 
will move up aud down on the board p'u', and the diff'erently- 
coloured rays he successively transmitted through the ajierture, 
o', and fall upon the prism behind it. 14' then the [daces of the 
different ly-colou led rays, s', on the opfiosite wall, mx, be noted, 
the red will he found to be lowest, the violet liighest, and the 
intermediate colours in order as they are in the spectrum. 
Here, on account of tlic unchanged position of the apertures in 
the boards, all tlic rays are necessarily incident upon^thc second 
prism, DEF, at tlie same angle; and yet, in that common inci- 
dence, some of them are more refracted and others less, and 
tfiat in the same proportion us they are more or less refracted 
by the first prism. A ray of solar light consists, therefore, of 
an indefinite number of simple rays, eacli having its owui 
degree of refrangibility. 

Each of these simple rays, we have seen, has its peculiar 
colour, and these colours arc permanent and unalterable in all 



198 


IIETKIIOOKNKOUS MGllT. 


the various modifications wlilch tile niy undergoes. For in 
the last-mentioned experimeiM it is found that, if the light 
he pro])ei ly simplified, no perceptible change of colour is jiio- 
duced by llie refraction of tlie second prism; and the same will 
be found true, if there be any number ol successive refrac- 
tions. Again, these colours undergo no cliange by rellexion; 
for it is found by ex|)eriment, that if any coloured body be 
placed in simplified homogeneous light, it will always appear of 
the colour of the light in which it is placed, whether that be 
the same with the colour of the body or not. Thus ultra- 
marine and vermilion hotli apj)oar red in a red light, blue in a 
blue light, &c. AVc sliall return to this subject hereafter: at 
})reseut it is noticed merely to sliow tliat simple homogeneous 
light sulfers no change of colour l)y refiexion, wdiatever be the 
colour of th.e body by which it is rejected. 

From the foregoing we conclude, then, that the peculiar 
colour and refranglhility belongingto eacii kind of homogeneous 
light are permanent and original aHeclions not generated by 
the changes which that light undergoes in refractions or re- 
flexions; and therefore that these properties are inherent in 
the rays previous to their separation by experiments. 

(2;3 If.) In the experiments hitlierto descrihed, tlie analysis of 
solar light, or its' resolution into its simple coni])oncnts, is far 
from being eom])lete, inasmuch as there is a conslderalile mix- 
ture of the different species of simple light in the coloured 
image of the sun prodi^ced by the prism. This will be evident, 
if we consider that, as the several species homogmeous light 
suffer no dilatation by the prism, each will depict on the screen 
a circular image of the sun equal iu niJignitude to the vmre- 
fracted image of tlic sun at the same distance. Hence the 
spectrum consists of innumerable circles of homogeneous light, 
whose centres are disposed along the same right line (the 
intersection, namely, of the plane of refraction with tlie screen), 
ancbwliose common dimneter is that of tlie iinrefracted image. 
AVherefore the nunihcr of such circles mixed together in the 
.s|)cetrum is to the number mixed together in the unrefracted 
image of the sun, as the interval l)etween the centres of two 
contingent circles, or the breadth of the spectrum, to the interval 
between the centres of the extreme circles, which is the lengtli 
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of the rectilinear sides. Now the inlxtures being as the number 
of circles mixed together, we have- 

irv :=■ VI . -y 5 

in wliicli W denotes the mixture of the different species of light 
in th(‘ sj^ectvum, ?«, that in the unrcfracted image, b the breadth 
of tl»e spectrum, and I tlie length of its rectilinear side. The 

mixture, therefore, in the spectrum varies as j; if, therefore, h 

can he diminished, / remaining the same, the mixture will be 
diminished in jiroporlion. 

Tliere are various ways of diminishing the breadth of the 
spectrum, or the diameter of the sun's unrefracted image, 
amongst which that of Newton seems as convenient in jiracticc 
as can he reejuired. In the beam of solar light, admitted into 
a darkened chamber through a small circular aperture, a lens 
of considerable focal length is placed at the distance of double 
Its focal length from the aperture; at the same distance 
beyond the lens will be formed a distinct image of the hole, 
ecjual to it, which may be received u])on a screen placed for 
that purpose. A prism being then placed immediately behind 
the lens, this Image Avill be dilated in lengtli, its breadth re- 
maining unaltered ; and thus a spectrum will be formed wliose 
breadth is the diameter of the hole; whereas, >vithout this 
contrivance, the breadth would be ecjual to that diameter 
togetlier with a line wlilcii, at the distamte of the screen from 
the hole, suhtcntls an angle ecpial to the aj)parent diameter of 
the sun. Thus, by diminishing the diameter of the hole, the 
breadth of the spectrum, and therefore the mixture, may be 
reduced at pleasure. 

If the diameler of the aperture be very small, the ^spectrum 
is reduced to a narrow line, which renders it unfit for examina- 
tioii. To remedy this inconvenience, Newton employed, instead 
of a circular aperture, a narroAv rectangular one, whose length 
>s parallel to tlie axis of the prism, and may he as large as we 
please, while its breadtii is very small. In this manner \ve 
obtain a spectrum as broad as we wish, aiui whose light is, iiot- 
^vithst^nding, as simple as before. 
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(235.) Ililving in tliis in;inner resolved the light of the sun 
into its simple and homogtn?eou.s components, the next step is 
to determine the degree of refrangibility belonging to each 
s|)eeies. 

It has been already mentioned (126.) that llie index of re- 
fraction of anv sul)vStancc is given by the formula 

sin.;(t- + 0) 

— = — : — ; 

sin. *£ 

in which e denotes the refracting angle of the prism into which 
the substance is formed, and 0 the niiniminn deviation of the 
ray, or the value which it lias when the refractions are equal 
on both sides. This angle was obtained by Newton by mea- 
suring with a quadrant the altitude of the sun and tlie nii- 
niiniiin Inclinatiou of the emergent ray to the horizon ; and, 
if this could be done ibr eacli species of light of which the 
spectriun is composed, nothing more would be required. But 
this method, it is obvious, wmdd not be susceptible of much 
accuracy in practice; and it will be found more convenient to 
determine the index of relVaction of some determinate ray —the 
extreme red, for instance — by the preceding method, and, for 
the rest, to seek the relation between the corresponding small 
variations of and 0, the hitter of which may bo ascertained 
by observation. 

Accordingly, if y, and 0 denote tlie index of refraction and 
minimum deviation of the extreme red ray, i- and 0 oQ 
those of any other species, the relation between o/jl and dO will 
be obtained by differentiating the ];reccding equation, since 
the small corresponding varialions of the quantities and 0 
may be regarded as pro]:)orti()nal to the differentials of those 
quantities. Differentiating, therefore, with respect to the 
character^ o, and dividing the result by the equation itself, 
we find 

hy. = d- 

in which the quantity cS is to be obtained by measuring the 
distance between the centre of the lower semicircular ex- 
tremity of the spectrum and the ray whose index of refraction 
is sought : that aterval divided by tlie distance from the 
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point of emergence is the angle 60, which being substituted in 
tlu* preceding equation, 6a is detcrriincd, and therefore a |- 
known. 

(236.) The mctliod employed by Newton consisted in de- 
termining the index of refraction of the extreme red and 
violet rays directly by means of the formula of the preceding 
article ; and tlien, since 6/x varies as 60, nearly, as appears from 
the formula just found, the index of refraction of the other 
rays may be obtained by a simple proportion. 

Thus, if O' and 0 ' denote the minimum deviations of the 
extreme red and violet rays, and ,a' and ///' their refractive in- 
dices, wc have 

, sin.;(s-f0) „ sin..;(E f O') 

— ^ fjj ^ ^ 

sm.*e ‘ sm.*f 

Now the diflerence of the angles 0^ and 0", whicli is the total 
dispersion, is obtained by dividing the interval between the 
centres of’ the extreme circles, or the diflbrenee between the 
lengtli and breadth of the spectrum, by its distance from the 
prism. And llie sum of these angles, wdiich is double the 
deviation of the mean ray, Is obtained by measuring the alti- 
tude of the sun and the inclination of the mean ray to the 
horizon at emergence. The sum anil diflerenee of the angles (h 
and o'' being thus obtained, the angles tliemselves are deter- 
mined ; and, their values being substituted in the preceding 
Ibrniuhe, t!ie refractive indices of the extreme rays are know n. 

In this manner, wlien the refracting prism was of crown- 
glass, Nenvton ibutid for the indices of refraction of the extreme 
red and violet rays 

— 7 7 __ 7 s . 

r* '5 'o9 5 6 ’ 

from which it follows that, for this medium, t/J' — /i', or the 
whole variation of / a, is equal to 5*,,, or to ,02. 

I0 determine the refractive indices of the several interme- 
diate rays, it became necessary to examine the angles through 
which they were dispersed, and therefore the spaces wdiich they 
occupied respectively in the coloured image of the sun. For 
this purpose Newton delineated on paper the spectrum An/m, 
^ind distinguished it by the cross linos Aa, nft, ce, &c. drawn 
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at the confines of the several colours; so that the space An /;« 
is tliat occupied by the red liglit, m ch that by the orani>v, 
c:t)^/c the yellow, Dved the green, i-.i-Jr the blue, I'Gi'i/'tht* 
indigo, and the violet, lie then found that, if thi? 

whole length of the rectilinear side ah be taken as unit, the 
distances to the confines of the several colours Aii, ac, ad, vS:c. 
will be denoted by the numbers V, A, 4, 1; the re- 

fracting j)rism being of crown-glass, as before. TS'ow the 
intervals An, nc, ci), Sic. occupied by the several colours in tlie 
spectrum, or the differences of the deviations which they sub- 
tend, are to one another as the corresponding variations of /^. 
the index of refraction. If, therefore, the whole variation uF 
/X, or jAy, be divided as the line ah is in the ))olnts n, c, D, 
the relractivc indices of the rays at the confines of tlu‘ several 
colours Avlll be determined as follows : 

77 77 »- 77 \ 77' 77 1 . 77-^. 77.A 78 

50’ '50’ 5()’ 50’ 50’ 50’ 50’ 50’ 

77f 

The refractive index is or 1,55; and it appear^ 

from the preceding that this belongs to the rays at tiie confines 
of the green and blue. 

Newton observed that the rectilinear sides of tlie spectrum, An 
and were divided by the lines drawn at the confines of the 
several colours, after the manner of a musical chord. For, il 
JIA bo produced e(iiially to o, the distances no, c;o, Eo, ko, 
DO, CO, j?o, AO, will be to one another as the numbers 
L v> -h h T’ ->%’ i’ so represent the length of the 
chords which sound the notes of the octave. This curious 
agreement, however, which Newton seems to have looked upon 
as the result of some jdiysical relation, cannot be regarded in 
any other light than as mi accidental and near coincidence. 
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(237.) On a minute examination of the solar spectrum, when 
every care has been taken in makinr; tlic experiment, it is found 
that it is not, as Newton siH)posed, a continuous line of light, 
whose intensity is greatest about the confines of the yellow^ and 
orange, and diminishes regularly from thence to the two extremi- 
ties ; but that on the contrary tliere arc, at certain points, abrupt 
deficiencies of light, total or partial, indicated by the existence 
of numerous dark streaks or hands crossing the spectrum in 
the direction of its breadth; and that, in the intermediate 
spaces, the intensity of the light docs not increase or decrease 
continually, but varies irregularly, or according to some very 
complex law. 

Some of these bajuls are wholly black, others dark, of various 
degrees of illumination : they differ also from one another in 
hieadth, and are irregularly disposed throughout tlic length of 
the s])ectrunL Thc}^ are not, however, the result of any ac- 
cidental cause; for, when solar light is used, and the refracting 
substance of the same material, it is found that they preserve 
always the same relative breadth and intensity, the same re- 
lative position both with res[)cct to one anotlier and to the 
colours of the spectrum. When the refracting substance is 
varied, indeed, their relative positions rcith respect to one an- 
oilier arc altered, l)ut their positions as referred to the colours 
of the spectrum, as also their relative breadth and intensity, 
leniain unchanged. These singular phenomena indicate that, 
in solar light, numerous rays of certain ilegrees of refrangi- 
bility arc wanting, or at least that, if they do exist, tliey arc 
not of a nature calculated to excite the sensation of vision. 

If other kinds of light, as that of the fixed stars, flames, &c. 
are examined in the same way, similar bands are discovered, 
but diifering in each species of light in their position, &c. ; so 
tliat each species of flame and the light of eacli iixetf star has 
its own syttem of bands, which remains unalterable under all 
rircumstances, and which therefore is a distinct physical cha- 
racteristic of the species of light to which it belongs. 

Tiiese singular phenomena were first noticed by Wollaston, 
who published an account of his observations in the Thi- 
losophical '^^rransactions of the year 1802. They have since 
much more iully examined by the celebrated Frauuholer, 
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to whom the practical branches of optics and astronomy are so 
much indebted. Their exhihition requires the utmost nicety 
of f)l)servation, and a degree of purity in the refracting ma- 
terial wliich renders our ordinary glass prisms wholly ina<le- 
quate to the purpose. 

These hands, or Jlxed are of tlie utmost imporU 

ance in optical investigations, since, as they preserve an 
invariable position with resi>ect to the colours of the spectrum, 
they furnish us as it were with landmarks by which the 
coloured image may be charted out and its proportions ascer- 
tained ; and the accuracy «f their delineation renders their 
observation susceptible of the utmost nicety. 

In Newton’s method of determining the refractive index of 
the diflereiit species of homogeneous light, already described, 
the regular gradation of tints in the coloured spaces of the 
spectrum makes it altogether impossible to fix with precision 
tile position of any particular ray in the coloured image, and 
therolbre to determine, with any accuracy, its index of re- 
fraction. The position of the fixed lines, however, may be 
observed with an accuracy eijual to that of astronomical 
measiiremcnts, and thus the index of refraction of the rays, to 
which they correspond, determined with the utmost exactness. 
Trauiihoter fixed U|K)n seven of the most remarkable of these 
lines, and determined the refractive indices of the rays cor- 
responding to each for various media; by winch the refractive 
powers of these media for these species of homogeneous light, 
as also their dispensive powers, are, with the utmost accuracy, 
determined. 

(f288.) As the white light of the sun is, by the foregoing 
experiments, resolved into its simple homogeneous elements, so 
these latter may be again compounded, and thus reproduce a 
white li^lit agreeing in all its properties with the light directly 
received from the sun. 

To effect this, Newton received the spectrum or colouVed 
image of the sun upon a broad lens jilaccd at the distance of 
double its focal length from the prism : by this means the 
coloured rays wdiich diverge from the prism are by the lens 
made to converge to a focus, at the same distance behind the 
prism, and there by their mixture produce a perfect whiteness. 
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as will l)C evident by receiving them on a white paper at that 
distance. If this paper or screen, upon which the light is re- 
ceived, be removed to a greater distance from tlie lens, the 
colours reappear in the contrary order, showing plainly that 
the whiteness at the focus is the result merely of the mixture 
ol* the variously-coloured rays, which converge to that point, 
and crossing there again diverge. The divergence of this 
beam may be corrected by means of another prism, wdiose re- 
fracting angle is equal to that of the l*ormer, placed at the 
focus w'here the rays are mixed. ]5y this means the coloured 
rays, which after crossing at the focus would then diverge, are 
reduced to parallelism, and the emergent beam compounded of 
them is perfectly white. This comiioimded beam may be 
subjected to experiment, just as the direct ligin of the sun, 
and is found to be possessed of all tlic same properties; and 
if by a new refraction it be again resolved, and any of its com- 
ponent elements then stopped at the lens, the same colour will 
disappear from the refracted image; from which it is abund- 
antly evident, that these several refractions produce no other 
effect than tliat of mixing or separating llie rays of simple 
homogeneous light, without impressing any new modification 
on any, or changing in any respect their colorific qualities. 

The coloured lights reflected from natural bodies may he 
in like manner compounded, and, if mixed together in the 
same jiroportion in which they enter solar light, will compose 
a whiteness w'hich w'ill he more or less perfect in pro{)oiTion to 
the vividness of the colours employed. 

Thus, if, by lines drawn from tlie centre, the area of a circle 
he divided in the proportion of the coloure<l spaces of the 
spectrum, and these sectors he painted with the prismatic 
colours, it is found that by a rapid rotation of this circle round 
an axis jiassing throiigli the centre, the eye will be« affected 
with the sensation of whiteness. Now, as the effect of any im- 
])re6sion on the retina continues for some sliort time after tlie 
impression has been made, a rapid rotation will jwoduce the 
same effect, as to vision, as if the several colours had been 
mixed together in the same object, and thus impressed si- 
multaneously ; and this effect, it is seen, is the sensation of 
whiteness. 
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It is to be observed, however, tliat all coloured bodies reflect 
the liglit of tlieir own colours less copiously than white bodies 
do, as will be shown hereafter"; and consequently, the com- 
bination of sucli reflected liglits being less intense than that pro- 
duced by the combination of the prismatic colours reflected by 
a white })a]Kn', the whiteness produced w'ill be of a grayish 
hue, differing, not in equality, but degree, from the most in- 
tense whiteness. 
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CHAPTER II. 

OF LIGHT DISPERSED «Y REFRACTION AT PLANE SURFACES, 


I. 

Dispersion by a shif^le Plane Surface^ or by Prisms. 

{2'oi),) We have now seen that, tlioiigh in the same re- 
fracting siihstaiiee the index of refraction is invariable for 
any one species of homogciK.'ons light, yet that, lor each of 
the different species of such light of which the solar light 
is coni])osed, it is different, and varies within certaiii funits 
de|)endent on tlie nature of the refracting substance ; the 
less of these limiting values belonging to the extreme red 
ray of the spectrum, and the greater to the extreme violet. 
Accordingly, the fundamental ecpiation of homogeneous re- 
fracted light, namely, 

sin.O = a . sin.lf, 

!uay be extended to heterogeneous light by considering the 
index /x itself as a variable quantity, whose dilfcri nt values 
belong to the different species of simple light of which the 
compound ray is composed 

(240.) In order to see, then, the variation in the^position 
of the refracted ray arising from the diversity of the liglit of 


III rellexioii;, coiisiilovod as a case of refract ioiu /x = b and 
is therefore the same for all kinds of liglit. There is, accordingly, 
no decomposition of solar light produced by reflexion, and therefore 
no separation into colours. 
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which the incident ray is compounded, we liave only to con- 
sider the (jiuintities fx- and in the |)receding equation, as 
receiving any corresponding variations and vO ' ; tlie resulting 
value of cO' will he the quantity sought. Now these correspond- 
ing variations, being small, may he regarded without sensible 
error as proportional to the dilfercntials of the quantities and 
f/. Dilferentiating that equation, therefore, relatively to these 
(juantities, and substituting (V and SO' for f/f^ and r/0', we 
find 

ra . sin.0' + aCOS.O' . cO' = 0, 
oO — — - tan.O. 

fJL 

When the course of the ray is from the denser into the rarer 
medium, 6 is variable and O' constant, and we find in like 
manner 

oO — tan.O. 

Hence, if 5, a be known for each species of ray, 10 or dO^ is 
found; and if its value be added to the angle of refraction of 
some one ray — as, for example, that of mean refrangibllity — 
the angle of refraction, and therefore the direction of every 
other ray, is ol)talned. 

When is the whole variation of Ur between its extreme 
limits, tlie corresponding value of is the measure of tlie r/i.v- 
pcr.sion which a ray of solar light undergoes in consequence of 
its separation by refraction at a plane surface. The (|uan titles 
u. and which enter its value, depend on llie nature of the 
refracting medium, and are therefore constant for a given 
substance ; the dispersion produced by refraction at the surface 
of a givttu medium, therefore, varies as the tangent of the angle 
of refraction. 

(24?L) In all known media, it has been observed, the ab- 
solute index of refraction is different for each of the different 
species of light of which solar light is composed, and therefore 
the quantity (5/x is always of some finite magnitude. Hence, 
when the refraction takes ]>lace at the common surface of any 
medium and a vacuum^ the dispersion can never vanish, 
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unless when 0 = 0, or the ray Incitlont perpendicularly on 
the surface; and accordingly the when it suffers refraction 
at all, must also undergo a separation into its homogeneous 
elements. 

When, however, the light is incident from one refracting 
medium into another of different density, these n\edia may be 
so constituted that a ray of solar light may be refracted at 
tlieir common surface without dispersion. For, if and yJ 
denote the aljsoliite indices of refraction ot‘ the two media, 
the relative mdejc of refraction at their contmon surface will 

yj 

be — (118.); and, that this should l)c constant for each of 

y, 

tlie dlflercnt species of light of which the compound ray con- 
sists, we must have 

S (“) = or. ; 

. V 

I, e. . 

6y, p 

VV^iercforc, if the constitution of the two media be such tliat 
the increments of the refractive indices, for each of the dif- 
ferent s[)ecies of homogeneous light, are proportional to those 
indices themselves, the relative refractive index will be in- 
variable, and the ray therefore will undergo refraction at the 
common surface of the two media without any separation into 
colours. 

We now proceed to consider the dispersion of a 
ray of solar light, produced by refraction through a ]^rism. 

To solve the problem in all its generality, we shall su])pose 
the ray dispersed before its incidence upon the prism, and 
seek the relation between the dispersions of tlie iiicjdent and 
emergent rays. Let ^ and \p, then, denote llie angles which 
the portions of the ray in the rarer and denser medium re- 
spectively make with the perpendicular to the first surface at 
the point of incidence, and the corresponding angles for 
the second surface, and £ the angle of the prism : the relations 
among these quantities are determined by the equations 

sin.</> — y^,fiin.\p, = y^,sin.\p', -f a. 


V 
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Wherefore, differentiating these equations regarding all the 
quantities, g excepted, as variable, and substituting for the dif- 
ferentials of //V, 0, SkC. the zc'/iok- variations of these quan- 
tities between tlieir extreme limits, which shall denote by 
A, a, &c. wc have 

cos.tp . A0 = Ay- . sin. i// -f [l . cos.xp . Axjj 

COS.0'. A*// = Aa . sin.i/^' 4- . cos.\p'. Ai/'' 

A-^ f A'dy' = 0. 

To eliminate A-^ and Ai//', wc have only to multiply the first of 
these equations by cos.;!/', and the second by cos.*»^, and add 
them together, and in virtue of the third we have 

cos.\pKcos.<j),A(p + cos.ii;.cos.</»'.A</>' = Ay-(sin. 4- cos.if/.sin.i!/') ; 

or, since the coefficient of Ay, in tlie second member of this 
equation = — sin. g, 

cos.\f/' . cos.^> . A(/j I cos*\l . eos.f/)' . Af' = A//. . sin.e ; 

an equation which furnishes the relation between A(/> and Ac//, 
the dispersions of the incident and emergent rays. 

(21v3.) When the ray is undispersed in its incidence on the 
prism, — 0; anti the dis])crsion of the emergent ray is 

, A'j . . sin.s 

A(f/ -- 

COS.U' , COS.fp 

From whicli it appears that the dispersion varies inversely as 
the product of the cosines of the angles of refraction at the two 
surfaces of tlie prism. 

Wlien the ray is incident perpendicularly on the first surface 

... 1 , A, a. sin, t _ 

of the })rifim, i// = 0, and Af = — I3ut since -sy =; 0, 

Cos, <p 

vj/' := £, and therefore sin. <?' = //'sin.s; and substituting in the 
preceding expression the value of sin. c, here obtained, there* is 

Ay- 

A<// =■- tan.^', 

as is otherwise evident from (240.), inasmuch as the ray suf- 
fers dispersion at the second surface only. 
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When the refractions are equal at both sides of tlie prism, 
=z ip' = --- ; therefore, substituting cos. for cos. ip lu the 

^siti . ^ 

value of A 0 ' = A/ 4 But in this case there is 


cos. (p‘ 

sin.^' == .sin.^s; wherefore, dividing, 


SA//, 

=: tan.r/>\ 


(^44.) From the general expression of Ac// it is obvious that 
tlie dispersion, wliich a ray of solar light undergoes in passing 
through a prism, can never vanish, inasmuch as Afj. is always 
of finite magnitude, and the factors of the denominator are 
not capable of indefinite increase. It admits, however, of a 
minimum value, to which it attains when tlie denominator 
cos.i// . cos.(jZ)' is a maximum. Accordingly the condition of a 
minimum dispersion is obtained by difterentiating the latter 
quantity, and inaking the result equal to nothing, and we 
find 

tan.;// . dip + tan.^/ . dc// = 0 . 

If in this equation we substitute for d\p its value — d\p^y it 
becomes 

tau.</>' . d(j>' ~ Uxn ./^ . d\p' ; 

and it only remains to eliminate dt// and dip' by means of the 
equation sin.^' = fx. . sin.-*//' : accordingly, if this e(|uation be 
differentiated, and the result divided by the equation itself, 
there is 

cotaii.^/ . dip' = cotan.'if^ . dip ' ; 

and, dividing the equation last found by this, 

tan.y = tan.^i/ . tan.ip', * 

TJie dispersion, therefore, is a minimum, when tlic tangent of 
the angle of emergence is a mean proportional between the 
tangents of the angles of refraction within the prism. 

By this equation combined with the two following, 

sin.^^ = . sin.i/'', ;// -|- = g, 

the position of minimum dispersion is completely determined. 

V 2 
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To eliminate among these equations, let us square the equation 
sin.^^ = a.sin.^', and substil«'iite in the result the value of the 
sine expressed in terms of the tangent, and it is 

tan.-y {^' . tan.'v// 

1 4- tan.y 1 + tan."y ’ 


and substituting in this for tan.y its value tan.xj^ . tan.y, given 
by the equation of condition, we find 

tan.-X^l -f tan.-J/') 

. tan.y = -r: ; 

^ 1 -i-tan.\^.tan.i//' 


or (/X- — l)tan.y = 


tan.y — tan.y' 


1+tan.y .tan.y'’ 
subiracting tan.y from both sides. Wc have, therefore, finally, 
(^2 — l)tan.y' =: tan.(y — y'). 


Since y + y' = s, the second member of tl\is equation is 
equivalent to tan.(s — Sy') ; and, if this be developed in terms 
of tan.y', we shall obtain finally a cubic equation for the de- 
termination of the latter quantity 

(245.) ileturning to the general expression of the dispersion 
(243.), it will be easy to sec in what manner it varies with the 
incidence. 

In the first place, when the incident ray just grazes the 
surface, proceeding from the hack towards the edge, y = 90®, 
and therefore y is greatest. Also y' = y — s is greatest, and 


* According to Newton, the position of ininiiniini dispfersion is 
the same as tliat of minimnin deviation — tliat, namely, in whicli the 
refractions arc equal at incidence and emergence. From the pre- 
ceding detbnninatioii, however, it is evident that this cannot be tlic 
case 3 since, if y = y, we must have y' = 0, results whicli arc 
inconsistent if tlie angle of the prism he of finite magnitude. 
Newton's error, if such it may he called (for the result is in strict 
conformity 'with liis assumed data), arose from considering the ray 
to proceed out of the prism in both directions, find therefore the 
homogeneous rays to be parallel, not at their incidence on the prism 
externally, hut within the prism itself. This, however, must be 
regarded only as a simplification of the real problem. 
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therefore likewise 0 '. In this position, accordingly, cos.vp.Cos,^/ 
is a minimum, but finite; and therefore the dispersion is finite 
and a maximum. 

As the angle which the incident ray makes with the side of 
the prism, towards the base, increases from nothing, ^ and ^ 
are diminished, and conse<|uently also ip' and 0 ': accordingly, 
the denominator of the value of increases, and the di- 
spersion diminishes, until the denominator attains its maximum 
value, in which case the dispersion is the least possible. This 
position has been already discussed in the preceding article. 

When the angle which the incident ray makes with the side 
of the prism towards the base still further increases, the di- 
spersion increases indefinitely, since tp- increases, and therefore 
cos. decreases, without limit. Finally, when the emergent 
ray just grazes the surface, which is the limiting position at 
wliicli a ray can be transmitted, cos.f/ = 0, and the dispersion 
becomes infinite. Since, therefore, the tiis|)ersion may be in- 
definitely increased by adjusting the position ol‘ the prism with 
respect to the incident ra}^, it follows that the dispersion pro- 
duced l)y any prism, wliose refracting angle is ever so great, 
may be counleriicted by the dispersion of another prism, even 
of the samcr material, whose refracting angle is ever so small. 

(240.) I.et it be required to determine the dispersion of a 
ray produced by transmission through two prisms placed in 
any manner with rcs})cct to each other. 

I..ct £■ be the refracting angle of the second prism, and fjt.' the 
index of refraction of the substance of which it is composed ; 
also, let (//' and and be the angles corresponding to 

</> and (j) and in the first prism : these angles are connected 
by the equations 

sin.f/i = jw,. sin.i//, sin.^' = |t/.. sin.;//', , 
sin.^" = ifJ . sin.i//", sin.^/'' = . sin.i/^"', 

i// 4. =:r f, 4 = e\ 

Also, if the inclination of the adjacent sides of the two prisms 
be denoted by /, the angles f// and are connected by the 
equation 

(jiJ 4 = /. 
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Again, it appears from (242.) that the dispersions of the ray 
at its ingress into and egress from each prism are connected by 
the ecj nations 

. COS.0 . + cos.\f . cos.(p^ . A(/>' ^ . sin.c, 

cos.v//'''.cos.//)". A(//' +cos.vf/''.cos.<^>''^ = Ay/ . sin.e' ; 

and, since -} <p'^ = we have also 

A0' -f“ A0" = 0. 

To eliminate among these equations, we have only to obtain 
the values of A(p' and A^" liom the two former, and substitute 
them in the latter, and the equation thence resulting will contain 
only Ao and Ae''', and therefore determine the relation between 
the dispersions of the incident and emergent rays. 

Wlien the ray is undispersed at its first incidence, Af = 0, 
and the resulting value of is the dispersion produced by 
transmission through the two prisms. 

(247.) From what has been said it will be readily seen in 
what manner we are to proceed in order to obtain the equations 
whicli determine the dispersion produced by any combination of 
prisms. 

When the ray passes nearly perpendicularly through any 
number of prisms whose refracting angles are very small, the 
expression of the dispersion becomes very simple. For, in this 
case, the partial deviation produced by each prism is equal to 
the refracting angle multiplied by the index of refraction dimi- 
nished by unity. Wherefore, if s, s', s", &c. denote the re- 
fracting angles of the prisms, y., {jJ, y/', &c. the refractive in- 
dices of the substances of which they are composed, and ^ the 
total deviation of the ray, there is 

(5 3: - l)s + 1)/ + - ly + 8cc. 

and, differentiating with respect to B, y., [jJ^ &c. 
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II. 

Acliromativ Combhiatiom of Prlwis, — Mcasnrnucnt ofdl- 
spcrMve lyxcers, 

(248.) It has been already sliown (214.) that a ray of solar 
light cannot pass through a single prism without dispersion. 
If, however, a second prism be combined with the first, it is 
always possible to adjust their refracting angles in sucli a 
manner that the dispersion produced by the first shall be 
counteracted by the second, and consequently that the ray 
shall emerge colon rless- 

This Newton conceived to be impracticable, unless when the 
ray emerged in a direction parallel to that which it had at inci- 
dence, or the total deviation was nothing. lie was led to this 
conclusion by observing tliat when a glass prism was enclosed 
in a prism of water with a variable refracting angle, their re- 
fi acting angles being turned in opposite directions, the emergent 
ray was always coloured when it emerged inclined to its original 
direction, while, on the contrary, it was colourless whenever, by 
a proper ad justment of the angle of the water prism, it emerged 
parallel. From tliis lie concluded that the dispersion of all 
substances was proportional to the refraction or deviation of 
the mean ray ; and, tlierefore, that the dispersion could never 
be destroyed as long as any refraction took place. This made 
him despair of tlie improvement of refracting telescopes, and 
led liim to turn his attention to the apjilication of concave 
mirrors, as a substitute for the convex object-glasses ol’ such 
instruments. Thus to his error on this subject we owe the 
invention of tlie telescope which goes by his name. 

^ Dollond, an eminent London optician, repeated tlie experi- 
ments of Newton with the two prisms, and to his great surprise 
found the results exactly die opposite to those stated by New- 
ton; the ray being coloured when it emerged parallel to its 
original direction, while on the other hand it was found inclined 
to its original direction when, by a proper adjnstnicnt ol‘ the 
angle of the water prism, it was made to emerge free from 
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colour*. Thus it appeared that the dispersions produced by 
two prisms were equal whilq their refractions were unequal ; 
and therefore that Newton’s conclusion, that the dispersions 
were in all cases proportional to the mean refractions, was not 
consonant to experience. 

(249-) But, furtlier, it appears from an examination of the 
values of the index of refraction of different media for the dif- 
ferent species of simple light, that not only are the whole spaces, 
over which any ray of solar light is dispersed, not proportional 
to the refraction of the mean ray, but also that the proportion 
of the spaces occupied by the several colours is different for 
different media. From this, which is termed the irnitionalitif 
of the coloured spaces of the spectrum, it follows that, though 
the total dispersions produced by two prisms of different ma- 
terials may bo equal and opposite, and thus the extreme red 
and violet rays united in the emergent beam, yet there will be 
still a dispersion of the intermediate rays, the middle or green 
rays being more refracted, in proportion to the extremes, by 
one })rism than by the other. Thus the ray, instead of emerging 
colourless from the two prisms, will form a second but smaller 
spectrum, one extremity of which is of a greenish tint, and the 
other of a colour compounded of the extreme red and violet 
rays, that is, of a |)urj)le hue. U’his is called the , second ary 
spec f rum. 

Again, as secondary spectra arise when the extreme red and 
violet rays are united in the emergent beam by means of* two 
prisms of different materials, so if* three media be employed for 
the purpose of uniting three rays— as for instance the red. 


Newton’s mistake was detected, and the differoiicc of the di- 
spersive powers of different media first observed by Mr. Hall, a 
gentleman of Woret'Ktershire, who applied his discovery to the con- 
struction of an achromatic telescope. This important discovery, 
liowever, was afterwards sulfercd to fall into oblivion, until it was 
again discovered and applied by Dolloiid. It is supposed that 
New^ton’s mistake arose from the accidental circumstance that the 
dispersive power, or the ratio of the disj)ersion to the mean refraction, 
of the species of glass which he employed was nearly the same as 
tliat of water. 
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trrcen, and violet — there will in like manner arise a tertiarij 
fipectrum, from the want of union of the other rays in the 
emergent beam ; and so on indefinitely. Hut though in theory 
it is perhaps impossible to attain perfect achromatism by any 
combination of media, however numerous, yet it is evident that 
the successive spectra which arise will be much smaller and 
fainter, each than the preceding, so as after a few combinations 
to become wholly insensible; so much so, that in practice it is 
seldom deemed necessary to combine more than the two ex- 
treme rays. 

It should be observed, however, that when two media are 
employed for the purpose of correcting the primary dispersiot), 
the extreme red and violet rays, being faint, are not those 
which should be selected for union in the emergent beam ; but 
\vc should rather combine those rays whose brightness and dif- 
ference of colour together is greatest. Thus the near union 
of the otlier rays is better consulted, or the secondary spectrum 
less, than if we united the extreme rays. 

(goO.) When a ray of solar light is incident upon a com- 
bination of two prisms, it is required to determine the condition 
which they must fulfil, in order that the extreme red and violet 
rays should be united in the emergent beam, or the dispersion 
*>f the first order destroyed. 

The extreme rays being united both in the incident and 
emergent beam, AJ ()^ rr 0, in tlic e(|uations of (246.) : 
these e( I nations, therefore, are reduced to 

cos. ■*// . cos. <p^ Aps' = Apt . sin. 

cos. cos. e''. Ap'^ = A,w,^ . sin. s', 

Ap' -f- Ap" iz 0 ; 

and, eliminating Aep' and Ap" from the two former l)y means 
of the third, we find 

A|x . sin. 2 . cos. p" . cos. • sin. s' . cos. p'. cos. ^ = 0. 

It appears from (246.) that the anglers p' and p, p" and 
are connected by the equations 

sin. p' = /x.sin.(s — ^), sin. p" = ; 
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SO that, [j. and {J being given, tJierc are four quantities in the 
equation of condition really independent, namely:, g and 
tp and Hence, if the angle of the lirst |)rism be given, as 
well as its position with respect to the incident ray, s and 
arc given, and f and <p-' remain arbitrary. Accortlingly, if one 
of these quantities be assumed as tixed, the equation of condi- 
tion may be satisfied by the other; from whicli it follows that 
tlie combination may be rendered achromatic in two ways — 
either by. varying the angle of the second prism, its position 
being given, or by varying its position when its angle is given. 

These results are true, whatever be the values of and /x', 
A, a and AyJ ; it appears thereibre tliat, even in the case in 
which the two prisms are of the same material, the emergent 
beam may be achromatized in either way. 

If the prisms are both placed in the position of minimum 
deviation, the eipiation whicli furnishes the condition of achro- 
matism assumes a very simple form. For, since in this case the 
relmctions are equal at both sides, there is 

and, these values being substituted in tlic equation obtained 
above, it becomes 

Ay . . sin. g . cos. 9 " -f A//.' , sin. * s' . cos. = 0 ; 

which, if w'c substitute for sin. * s, sin. ^ their values derlvctl 
from the equations 

sin. = [j . . sin. 4 g, sin. <!>•' = ju,'. sin. 4 s', 
is reduced to 

yjAy . . tan. p' -f . tan. <p" = (), 

in which*(p' and p" are determined by the two preceding equa- 
tions. 

(251.) There would be no difficulty in extending these m- 
vestigatioiis so as to determine the condition of achromatism of 
a ray of solar light which is transmitted through any combina- 
tion of prisms. Hut the results are complicated and of little 
practical importance. 

There is one case, however, in which the condition of achro- 
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niatism assumes a very simple form: it is lluit in which a 
ray passes nearly perpendicularly through any combination of 
prisms whose refracting angles are small. For, equating to 
nothing the value of the dispersion in this case ( 247 *), we have 

-f AfjJJ -f A/As-^ + &c. = 0. 

( 252 .) The dispersive power ofll prism is measured by the 
difference of the deviations of the extreme red and violet rays 
divided by the total deviation. Now, when tlic refracting 
angle of the prism is small, and the ray incident upon it nearly 
perpendicularly, this fraction is independent both of the angle 
of the prism and of the incidence of tlie ray upon it, and is a 
function of the intlex of refraction only. This function, there- 
fore, depending solely upon the nature of the medium of w hicli 
the prism is formed, becomes the natural measure of the di- 
spersive power of that substance. To determine its value we 
have (121.) 

0 (//, — 1)5, and Ac — Aa • s ; 

in which s denotes the refracting angle of a thin prism, and 0 
the deviation of a ray which passes through it nearly perpen- 
dicularly. Dividing, then, the latter of these equations by tlie 
former, there is 

A^ A/jo 

Tlic dispersive power of any substance, therefore, is measured 
by the quantity — in wliich Aa denotes the wliole varia- 
tion of the index of retraction between its extreme limits. 

Its magnitude may be ascertained by forming the substance, 
whose dispersive power is required, into a prism, a Ad ascer- 
taining by direct measurement the dispersion which a ray of 
sol&r light undergoes in passing through it. This is to be ob- 
tained by receiving the spectrum perpendicularly upon a screen 
at a sufScient distance, and dividing the length of its rectilinear 
sides, or the difference between the length and breadth of the 
spectrum, by its distance from the prism. The magnitude of 
the dispersion being thus found, and the relation between it 
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and the increment of the refractive index known (243.), the 
latter is then determined, and therefore the dispersive power. 

Thus, if the prism be placed in the position of ininimurn de- 
viation, from (243.) we find 

fj. ^ tan. ’ * ’ /A — I ^ jWr — 1 * tan. <p^ ’ 

in which is found by the mctliod just described, and tan. 

determined by tlie oiiuation 

sin. =: |r/.. sin. ^-g, 

s being tlie angle of the prism. The dispersive power of any 
substance, however, is more conveniently ascertained in practice 
by comparing it witli that of some other substance in which it 
is known. 

(253.) In order to compare together the dispersive powers 
of Uvo substances, lliey are to be formed into prisms, and the 
combination rendered acltromattc either by varying the angle 
of the second prism, or by changing its position with respect 
to the first. This being done, the c(juation which expresses 

the condition of achromatism will give the ratio and there- 
fore, if the refractive indices of the two substances be already 
known, the ratio of their dispersive powers. 

The method usually adopted in practice is to adjust the 
angle of the second ])rism. In this method, therefore, a prism 
of some known substance (such as glass or water) is required, 
wdiose refracting angle is capable of being varied at pleasure. 
The two prisms being then fixed in any position (that which 
gives most simplicity to the result is that in which the refrac- 
tions arc equal at both sides), the angle of the variable [)risni 
is increased or diminished until the ray emerges colourless. 
This is determined by looking through the prisms at any dark 
object upon a white ground (as for example one of the bars of 
a window-frame), and observing when the coloured fringes, by 
which such an object is usually surrounded, disappear. This 
being done, and the angle of the variable prism then measured, 
the ratio of the dispersive powers of the two prisms is deter- 
mined by the equation of achroinalism. Thus, when the two 
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prisms are placed in the position of least deviation, that ecjna- 
tion ( 250 .) gives 

tj. tan. 

A[jJ ~ ' tan. <p^ ’ 

and therefore the ratio of the dispersive powers is 

A/x /jJ — 1 ^ ^ -—I 

A,uJ * ju. — 1 ju.' * /X — 1 * tan. 9' ’ 


in which the angles <p^ and 9" arc determined by the equations 


sin. 3: a , sin. 77^, sin. rr uJ . sin. -77 . 

2 2 


AVhen the angles of the prisms are small, the ratio of the 
angles and 9'', s and s', may be substituted for that of their 
sines or tangents; wherefore, from the preceding equations, 
there is 

<p /X . s 

-- = * 

9' /z.'i- 


and, this value being substituted for 
of the ratio, it becomes 


tan. p'' 
tan. 9' 


in the above value 


A,<x /x' — 1 (ix' — 1 ) s' 

A/x' * . 1 (a — 1) c ’ 


That is, the dispersive powers of the two prisms must be in- 
versely as the total deviations, as may readily be shown inde- 
pendently. 

Eor the practice of this method, it is evident from what has 
been said, it becomes necessary that we should be provided 
with a prism of some known substance, whose relractftig angle 
is capable of being varied at pleasure. The most obvious 
me^tbod of constructing such a prism is to enclose water or any 
other fluid in a vessel composed of two plates of glass with 
parallel surfaces united by a hinge round which they turn; 
the sides of the vessel being closed by mctaHlc cheeks, which 
fit in such a manner as to prevent the escape of the fluid. 
Clairaut employed for this purpose a piano-cylindrical lens, 
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tlie different parts of whose cylindrical surface contained of 
course every possible angle with the plane surface from 0 to 
90®. Ihjscovlch improved considerably upon this contrivauee 
by joining together two such piano-cylindrical lenses, one of 
W'hich was plano-convex and the other plano-concave, and of 
equal curvatures. The convex surface then fitting in the 
concave, and revolving round the common axis of the two 
cylinders, it is obvious that the plane surfaces will be inclined 
at every, possible angle. 

(254.) Each of these methods, however, of varying the angle 
of the standard prism is found liable to some inijiortant objection 
in practice; and to avoid such objections Dr. Ilrewsler proposed 
a very ingenious contrivance, in which, by altering the plane 
of refraction of the standard prism, the same effect is produced 
as if its angle had been variable. The change in the plane of 
refraction by which the achromatic adjustment is effected then 
determines the ratio of the dispersive powers of the two prisms. 
In this manner Dr, Brewster has calculated the dispersive 
powers of a great number of substances*. 

From what has been said above, however, it is plain that it 
is not necessary to resort to this expedient ; since it has been 
shown that by simply changing the indination of the second 
prism to the first, its plane of refraction as well as its angle 
remaining unaltered, it is possible to correct the dispersion 
produced by the first. This being done, the equation which 
expresses the condition of achromatism gives the ratio of the 
quantities Am, and A^m,', and therefore tlie ratio of the dispersive 
powers. 

In this equation, If one of the angles, as be known, the 
rest are determined by the equations (216.). The value of 
is determined by the position of the first prism, which is per- 
fectly aii)itrary, and the position which seems to give the most 
simplicity to the result is that in which the first surface of this 
prism is perpendicular to the incident ray : in this case 0, 
and *4/' iz £, and the equation of achromatism (250.) gives 

AjMr sin, cos. <p^ 

Ajx' sin. e ’ cos. cos. ’ 


See Appendix. 
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in which the angles <j>', and 4^^', are given by the equations 

sin. iz: (j, . sin. ?, sir. ‘P’^ = yJ. sin. 

(pf + f = ,, 4" 4- 4'"' = s'. 

Accordingly, the angles s and e' being given, the adjustment is 
to be performed by the variation of the angle /, or the inclina- 
tion of the adjacent surfaces of the two prisms; and the adjust- 
ment being perf'ormed, and tlic angle i then ascertained by 
direct observation, the angles ^ , and 'I'", are obtained by 
calculation from the equations just given. 

It is obvious that the angle / may be ascertained by the very 
process of making tlie achromatic adjustment. For, if the two 
prisms be attached to a frame, the first invariably, and the 
second by means of an axis round which it revolves, it is evi- 
dent that an index, attached to the extremity of the axis of 
the revolving prism, will revolve through an angle ecjual to 
that vvhicli tlie side of this prism contains with its first position ; 
and therefore will mark off* on a graduated arch attached to 
the frame an angle equal to the angle formed by the adjacent 
surfaces of the two prisms, provided that it points to the i::cr'o 
of the scale when these surfaces are parallel. 
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CHAPTER III. 

OF LIGHT DISPERSED BY REFRACTION AT SPHERICAL SURFACES. 


1 . 

Dispersion hy a Single Lens, or hy any Comhinatum of Lenses, 

( 255 .) We have seen ( 156 .) that the power of a lens is ex- 
pressed by the formula 

f = l)Ce -0> 

in which o and denote the curvatures of the two surfaces. 
Now it is evident that this ({uantity, bein^ a function of /z,, the 
index of refraction, will be different for each of the different 
species of homogeneous light ; being greatest for the violet or 
most refrangible rays, least for the red or least refrangible, and 
of intermediate values for the rest, in the order of tlicir re- 
frangibility. Accordingly, when a pejicil of parallel rays of 
solar light is incident upon a lens, the various simple rays 
which compose it will, after refraction, converge to or diverge 
from different foci ; the focus of the violet rays being nearest 
to the lens, that of the red farthest from it, and those of the 
intermediate rays occupying intermediate positions. 

This Vlifference of the vcrgencies of the different species of 
simple light is easily exhibited. Let a sheet of white paper 
be placed so as to receive perpendicularly the cone of light 
converging to the focus of a convex lens. When the paper is 
brought nearer to the lens than the focus of the rays of mean 
refrangibility, the circle formed by the intersection of this cone 
with the paper will be fringed with red ; and, if placed beyond 
that focus, with blue: for the red rays, having the least con- 
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vcrgency^ will be outermost within the focus, nnd innermost 
beyond it; while, on the contrary, the violet rays will be inner- 
most within the focus, and outermost beyond it. 

(^J56.) In order to see the law of this variation, let and 0 
denote the refractive index and power of the lens for the rays 
of least refrangibility, f and <p -f* those for any other 
specdcs of rays; then, if the latter quantities be substituted 
in the preceding equation, and that etpiation subtracted from 
the result, we have 

= d/i. (p — ; 

and, dividing this l)y the c(|uation itself*, 


f)'/. 


When fjfji. is equal to Aa, the whole variation ol* the refractive 
index between its extreme limits, becomes Ar/>, the corre- 
sponding variation of sS nnd therefore 

Aa 

A</> — “ (ji ; 

that is, the whole variation of the power of a lens, arising from 
the heterogeneity of the light, is equal to that power itself mul- 
tiplied by tlic dispersive power of the substance of which it is 
formed. 

When the incident rays diverge from a point, the relation 
between the vcrgeiicies of the incident and refracted j)cnciJs is 
expressed by the equation 


And if, for any other rays of tlie incident pencil, a' and be- 
come a! + dx' and -{- <5<p respectively, substituting jind sub- 
tracting, \vc have 

^ dal = d<p. 

That is, the variation of the vergency of any refracted pencil is 
altogether independent of the vergency of the incident pencil, 
and e^ual to the variation of the power of the lens. 

(S57.) From what has been said above, it appears that tbe 
different species of simple light, which are united in the inci- 
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ilent pencil, will, after refraction, diverge from or converge to 
(lilferent point s in the axis of the lens. The space, over which 
these I'oei of the dilfercntl y coloured rays are diffused, is called 
the c/rroviatk aherratum. Alter what has been said its mag- 
nitude is easily asceiTaincd; for, ify’ denote the principal focal 
length of the lens, 


1 1 - 

<!> = y, and A? = -yT/- ; 

since the variations of and being small, may without sensible 
ernn' be regarded as proportional to the differentials of these 
(puintities. And substituting in the eciuation of tlie preceding 
article 




that is, the chromatic aberration from tlie principal focus is 
e([ual lo tlie focal length multiplied by the dispersive power. 

In like manner, if t/ be the distance of the focus of any re- 
fracted pencil from the lens, gJ = , and Aa' = — -r; whcrc- 

(I a' 

fore, since Acst' = Atj)^ there is 

Ad = y- Ay. 

That is, the aberration from the conjugate focus is to that from 
the priiici[)al focus in the duplicate ratio of the focal distances 
themselves. If in tliis result we put for its value found 
above, we have 


Aa f/2 


(25S.y We have now seen that when a pencil of solar rays 
is rtjfracted by a lens, the different sim[)le lights of wliieh it is 
composed will lie separated by the refraction, and diverge frQin, 
or converge to, each a different focus. Hence, even supposing 
that no aberration is produced by llic form of the refracting 
surfaces, the refracted light is nowhere brought to a point; 
and, accordingly, it is naturally suggested to us to inquire the 
muguitude and position of the least possible space into which 
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A.--...., 


■,<j 
" U 


the refracted rays are collected. This space is called llu* IcaJii 
circle of chromatic abcrraiion. 

Let ^ ij/*, be the 
extreme red rays of 
a pencil refracted by 
the lens ab; a/*', li/, 
the extreme violet in- 
tcrsecti n g tl i c form er 
in a and 6; then it 
is plain that tlie connecting line ab is the diameter of the least 
circle into whicli all the rays are collected, or the diameter of 
the least circle of chromatic aberration. 

Now, in the similar triangles a/b and «/?;, Af’n and 
there is 

= 9/' • 



of = cf. — , 
'' AM 


Ai; 


of of ^ 


ab 


AB 


(</ + cf’). 


Now o/+ of =//•' 


ah 


if— </'; therefore there is 
<;/■ - 1;/' 


AB.- 


A 

lint cf — ivf\ the difference of the focal lengtlis of the extreme 
rays, is tlie aberration ^d\ and c/’+ cf is ecfual to double llie 
i‘ocal length ot‘ the mean rays, or to ^Id, ^Vherefore, denoting 
tlic radius of the least circle oi' aberration by and the semi- 
aperture by A, 

Ad A/a d 

d 


Sp = A * 


1--C f 

>• 

When the incident rays are parallel, d = /’; and tlierefore 

^-1 

That is, the diameter of the least circle of chromatic aberration 
for parallel rays is equal to the semi-aperture of the lens mul- 
li|jlied by the disj)ersivc power. For a given sul)stance, there- 
i'ore, it varies simply as the aperture. 
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Ill crown-glass ~ »033; and therefore the diameter 

of this circle in the principal' focus of a lens of this substance 
= ,033. A, or about the ^’o^h part of the aperture. 

To find the position of the centre of the least circle of chro- 
matic aberration, let the equations found at the connncncenient 
of this article be divided, one by the other, and we have 

cf o f ^cf -- C O 

- c/' ’ 

from which we obtain 


9.cf. vf 

CO = . 

< 1 / + 

That is, the distance of the centre of this circle from the lens 
is a harmonic mean between the focal distances of the extreme 


Now, if Jbe the focal distance of mean rays, cf = d -h ^Ari, 
and substituting these values in the ex- 
pression of CO, wc have 

, (\dy 

" CO = d - . 

4a 

Hence the distance of the centre of the least circle of chromatic 


aberration from the focus of mean rays is eijual to 

(259.) The angular dispersion is equal to the diameter of the 
circle oi* aberration divided by its distance from the lens, or the 
conjugate focal distance. It is tlierefore equal to 

2^ A/jj A 

T=y“T7» 


and is therefore independent of the position of the radiant 
jioint. ‘ 

From this it is easy to discover the ratio of the focal lengths 
of two lenses which will counteract each other’s dispersions. 
For, that tlic dispersion of the compound lens should be de- 
stroyed, the angular dispersions of the component lenses must 
be equal and opposite. Now these dispersions arc as the 
dispersive powers of the substances of which the lenses arc 
composed divided by their focal lengths, the apertures of the 
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lenses being the same. It follows, therefore, tliat the focal 
lengtlis of the two lenses must be to one anotlier as tlicir 
dispersive powers. We shall presently consider this subject 
in a more general point of view. 

(260.) Something is usually said by optical writers on the 
variation of the density of the light in the circle of chromatic 
aberration. To understand this^we are to consider that the 
several pencils of homogeneous light which are incident upon 
the lens, being brouglit each to a diflferent focus by I'elhiction, 
may be considered as forming so many cones of rays having a 
common base and axis, namely, the surface and axis of the 
lens ; and wliose vertices arc arranged along their common axis 
in the interval between the foci of the extreme rays. These 
cones of light, therefore, if received upon a screen at the place 
of the least circle of aberration, will depict there so many con- 
centric circles, whose radii diminish irom tlic radius of the 
circle of aberration to nothing, and tlien increase to their former 
limit ; and therefore the circle of aberration may be conceived 
to be composed of an indefinite number of such circles suc- 
cessively superimposed. 

Now, if ,r and x -f dx denote the radii of two such conti- 
guous circles, the change of density in proceeding from one 
periphery to the next will be evidently the density in the last 
or superimposed circle, lint, if the quantity of light in these 
several circles be supposed equal, the density in each circle will 
be inversely as its area, or the square of its radius. Wherefore, 
if D and n + Jn be the densities in the circles whose radii are 
X and X + Jn varies inversely as x\ or 

mdx 
di) — — , 

X- 

m denoting an unknown constant; and integrating l^his equa- 
tion, D = — — -f- const. Now the density is nothing at the 

* X 

peri[)hory, or » = 0 when x — r\ hence tlic constant is equal 
to + and the corrected integral is 
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The density tlierefore varies as — i* e, as the distance from 

the jieriphery divided by tlie distance from tlie centre. Hence 
the lin-ht in this circle diminishes rapidly from the centre to the 
circiiniferencc, where it becomes extremely faint and at last 
vanishes ; and, li)r this reason, the confusion arising from chro- 
matic aberration is not so great as would appear from the con- 
sideration of its magnitude. 

It is necessary to observe, however, that the preceding con- 
clusions arc built upon the assumption tliat tlie simple rays of 
each different degree of refrangibility exist all in the same 
(juantity in solar light. This as.sumption the observations of 
the spectrum show to be without foundation in fact; and there- 
fore the results tliat have been obtained above are only to be 
regarded as loose approximations. 

(261.) We now proceed to consider the dispersion produced 
by any combination of lenses. 

To commence with the sim|)lest case, that, namely, in which 
the lenses coiTij)osing tlie system are in contact: let 
i^c. denote the powers of the component lenses, and that of 
the system, for tlie rays of least refrangibility ; p' + (p" -h b<f^ 

(pfii ^ jmd (p ^ corresponding quantities for 

the rays of any other species. Then, from (167.) it ajipears 
that 


p -jzpf f -p q. &c. 

fJ + 5^3 = (?' + + (■?'' + (V") + (9'" + + &C. 

and subtracting, 

= bp^ H“ (fp^^ -f* bp’^^ -f- 6cc, 


And, if wc substitute for &e. tlieir values as obtained 

(256.), the variation of the power of the system is 


bp = 


bfjJ 


lyJ '- ,*'"-1 


&lxJ’ 


.f + 




-f &c. 


Such is the variation of the power in proceeding from the 
lowest or least refrangible rays to those of any other sjiecics- 
To obtain the whole variation of this quantity between its ex- 
treme limiis, we have only to substitute for rW, &c, the 
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wliole variations Ay/, Ay/, &c. Tims the coefficients of <//, (ji^\ 
&c. in the preceding expression become the dispersive powers 
of the substances of which the several lenses are conniosed ; 
and if these be denoted by -Tr'', ^'''5 &c. we have 

Arj) =: 7 rV/>' -f- -f &c. 

When the rays diverge from anoint, we hav^e (1G7.), as in 
tlie case of a single lens, 

cd — a •=. (ft ^ 

in which a and cd denote the vcrgencies of the incident and re- 
fracted pencils respectively. And from this we find, as in a 
single lens, 

cod = 00 , and Aa^ = A 0 . 

( 2 G 2 .) AVe shall now investigate the inccjuality arising from 
the heterogeneity of light in refraction through any mimher of 
lenses, disposed in any manner along the same axis. 

The relations between the vcrgencies of the incident and 
refracted pencils are given by the equations 

^ = a + p' = a' + "f See. 

1 _i 1 ^ _ L * K 

(d /3“ + D ^ a" T' 

in which 0, 0 ', <p^'y &c. denote the powers of the several lenses; 
a, tt', &c. the vcrgencies of the pencils incident on each ; 
1% those of the rc'fracted pencils; and 0, ft', f/’, kc. 

the reciprocals of the intervals between the lenses (IGS,). Now, 
the corresponding variations of these cjuantities arising irom 
the heterogeneity of light, being small, may be regarded as pro- 
portional to their differentials. Therefore, diflereuliating the 
preceding equations, and substituting these variations for the 
differentials, we have 

^/3 := == Sa' + ^ 0 ', ^ oa" -I- cf, &C. 

= d,3, c\t" = c^/3', &c. 

a- cd''^ 

To eliminate among these equations, let the second equation 
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jS' . /3' /?*' 

of the first series be multiplied by the third by ^ 

&c. and let them be added together ; then, in virtue of the re- 
lations furnished by llie second series of equations, the quan- 
tities ^p, ^a', rp', &e. disappear from the result, and we 
obtain 








Cy 4* C'P 




+ .v(g)%-*<c. 


in which it only remains to substitute for &c. their 

values (25G.), 

For the whole variation of the vcrgcncy of the rel’racted 
pencil, we have 

i.p = A<p =r 71 * 0 ^ ==: 

and therefore. 




When the lenses arc in contact, the fractions - , 

n' * 


13 13' |3" 


•!l ' 


&c. become each equal to unit, and the equation is reduced to 
that of the })receding article. 


II. 

Achromatic Combinations of Lenses, 

(i3C3.) After what has been said in the concluding part of 
the preceding section, the reader will find no difficulty in de- 
termining the condition which must be fulfilled by any com- 
bination of lenses, in order that a pencil of rays passing 
through them may be undispersed at its emergence, or the 
combination achromatic. 

Thus, when a pencil of rays is refracted by any combination 
of lenses in contact, in order that the extreme red and violet 
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rays should be united in the emergent pencil, the wliole varia- 
tion oftlie vergency of the refracted pencil arising from tlic 
heterogeneity of light must be nothing; tliat is, wo must 
have (261.) 

Acf} :-i A^/> = 0. 

Whence, substituting for Ap its value obtained in the same 
article, the condition of aclu'oniatisni is 

Try + Tty + + &c. =.= 0. 

This result, being independent of the vergency of the in- 
cident pencil, shows that if a compound lens, consisting of any 
number of simple lenses in contact, be achromatic for any one 
distance of the radiant, it will be so for every distance. 

If any of the lenses thus combined be of the same mate- 
rial, their dispersive powers are the same ; and that part of 
the first member of the j)receding eciuation which relates to 
them becomes >:(•;) denoting the sum of their powers. 

Accordingly, their cflcct as to achromatism is the same as that 
of the single cHjuivalent lens, whose power is ^{<?). 

(26 L) To apply the j)roccding theory to the case of two 
lenses in contact, the equation of achromatism becomes 

+ t/V" - 0. 

Wherefore, since ir' and tt" are essentially positive, it follows 
that (pf and must be of opposite signs, or tiiat one of the 
lenses must be convex and the other concave; and that their 
powers of refraction must be inversely, or their focal lengths 
directly, as the dispersive powers of the substances of which 
they are composed. 

The preceding equation, combined with that which expresses 
the relation between the power of the compound and those of 
tlie^component lenses, will determine the latter when the former 
is given. These equations being independent of the abso- 
ulte magnitude of tt' or Tr", and involving their ratio only, it 
will be found convenient to introduce that ratio into the pre- 
ceding result. Wherefore, dividing l)y ir'', and denoting the 

ratio ^ by we liavc 
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p = 0 , 9^ {- / 0 , 

wlicncc there is 




“ 1-; 


El^ . 


by wliicli the powers of tlic component lenses are determined 
when tlie ratio of their dispersive powers and the power of tlie 
compound are known. 

Thus in the common double achromatic lens, in wliich the 
component lenses are of crown-glass and flint-glass, tt' = 
and tt'' = ,05, nearly; therefore == 4^5 consequently, 

5 0.1 .n ^ 1 ^ . 

0 — TfY9 0 — •i7'f» 


which arc nearly 30 and 20, respectively. From the signs 
it appears that the power of the crowm-glass lens is of the 
same sign with the power of the compound, and that of the 
flint-glass of the opposite sign. Hence, if the compound lens is 
convex, as it necessarily is when used as the object-glass of a 
telescope, the crown-glass lens must be convex, and the flint- 
glass concave. 

(265.) For the triple achromatic lens we have the equations 


Tr'cjJ + Tty + tt’V" = 0, 

0 ' + 0 " -f 0-' = 0. 

In this case, if the power of the compound lens be supposed 
given, there are three arbitrary quantities, namely, the powers 
of the component lenses, and but two equations. We are at 
liberty, therefore, to assume the value of one of these quantities 
arbitrarily ; and the other two will be then determined by the 
equations just given. 

In the usual construction of the tri[)le achromatic lens, 
the middle lens is of flint-glass, and is a double concave of 
equal curvatures ; the extreme lenses are both of crown-glass, 
and are equi-convex lenses of equal powers. In this case, 
therefore, tt'" = tt', and 0 "' = 0 '. Wherefore, making tt' 
the preceding equations become 

I- 0'^ = 0, 20' -p 0'^ = 0. 
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Whence it is obvious that the two convex lenses are ecpiivalent 
to a single lens of the same material and ol‘ tlouble the power. 

The triple achromatic lens, liowever, is susceptible of ad- 
vantages (as far as achromatism alone is concerned) of whicli 
tlie double lens is not capable. This will be seen hcrealtcr, 
when we shall enter more I’ully into the conditions of achro- 
inatisjn. 

(2(56.) In order that the foci of tlie extreme red and violet 
rays should be united in the pencil relracted I'y anyrcoinbina- 
tlon of lenses, disposed in any manner along the saine axis, 
or the combination itself achromatic, we must have Ao := 0 
; or, putting for its value, 



in wliich the quantities /3, a\ /3', a\ &c, are determined by the 
ccpuilions already given 

. . P p' /3'' 

When the lenses arc in contact, the fractions -r, , 

n! a a!'' 

&c, arc each equal to unit; and the ecpiation is reduced to that 
of (^203.). 

In the case of two lenses, this equation becomes 

irf + wy ^ 0, 


in which the quantities /3 and a! arc determined by the 
ecpiatioiis 

‘11. 

"a! “7 + 7 ’ ^ = * + ^ 

Now, from these equations wo have 

i. „ 1 . A = 1 + 

a! ^ 0 ^ O' 


Wherefore, substituting this in the preceding equation, dividing 

the result by Try, and denoting the ratio ^ by as before, 

tlie condition of achromailsni of two lenses separated by any 
interval is 
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Since this result contains a, the vergency of the incident 
pencil, it follows that the combination which is achromatic for 
any one dislance of the object, ceases to be so when that 
distance is varied ; so that if two lenses sc|)aratcd by any in- 
terval be achromatic for parallel rays, they will not be so for 
near objects. 

AVhen the incident rays are parallel, x = 0 and if we sub- 
stitute for 0 , (///and 0^ their values ^5 y,, and / and /' 

being the focal lengths of the two lenses, and 0 the interval 
between them, the preceding equation becomes 




This equation may be satisfied either by means of the focal 
length of one of the lenses, or the interval between them. To 
satisfy it in the latter way, vve must solve the equation for 
and vve find 




Now tliis value will he always real, provided andy' he of 
opposite signs, or one of the lenses convex and the other con- 
cave. From this, therefore, we derive the important conclusion 
that any two lenses of this kind, whatever be their refractive 
and dispersive j)owers, may be rendered achromatic, simply by 
separating them to the distance determined by the preceding 
formula... 

When the quantity under the radical sign is equal to unity, 

/ 

or = — p; the value of 0 becomes nothing, and the lenses 

must be placed in contact, agreeably to that which has been 
already shown (264.). When the quantity under the radical 


sign is less than unity, or ; in order that the value 



ACITUOMATIC COM«INx\TIO\S 01 LKNSKS. 


of d should be positive, / must be negative, or the first of 
the two lenses convex. And, on the otlier hand, / must 
be positive, or the first of the lwo lenses concave; when 

■Z. < — j)^ or the quantity under the radical sign greater than 

if 

unity. 

The preceding equation suggests also a very simple method 
of detennining the ratio of the dispersive powers of two media 
formed into lenses, of whicli one is convex and the oriier con- 
cave. For we have only to separate tlie lenses until tlui com- 
bination becomes achromatic. This is cleterniined in ordinary 
cases by tl\e practical optician, by applying the compound lens 
to form an image of a well defined white circle upon a black 
ground; if, on examining this imago with an eye-glass of 
high power, the edges are observed to be free from colour, the 
lens is achromatic. Tfiis adjustment being made, and the in- 
terval between tlui louses tlien measured, the ratio of the 
dispersive powers will be 



(207.) In forming an achromatic combination of two media, 
the condition which has been assumed (204.) is to unite the 
loci of the extreme rays in the emergent pencil. Now, if the 
media whicli are employed for this purpose act projmrtionally 
upon the rays of all colours, i. e, if tlic spaces occujiicd by the 
differently coloured rays in tlie spectrum are proportional to the 
whole syiaces of dispersion, it is evident that, in uniting the 
loci of the extreme rays, the foci of all the intermediate rays 
Tire also united, and the combination is therefore perfectly 
achromatic. • 

It appears, however, from what has been stated (249.) that 
this condition docs not hold, and that, in general, one of the 
two media acts more upon the rays of intermediate refrangi- 
hility, in proportion to the extremes, than the other; so that, 
though the foci of the extreme rays should be united in the 
emergent pencil, the focus of the intermediate or green rays 
will not coincide with that of the other two, and tlum a di- 





Jl KTEUOGKN KOUS L 1 G 3 IT. 


spcrsion will arise exactly analogous to the secondary spectrum 
already mentioned. 

These sccondanj dispersions^ arising IVoni the irnitlonnliUj 
of the coloured spaces of the spectrum, though considerably 
less than the first or primary dispersions, arc yet too consider- 
able to be overlooked either by the theoretical or })ractical op- 
tician. 1>. Blair was the first to draw the attention of scientific 
men to their consideration, as also to show in what manner they 
might hi) corrected It naturally occurred to him that as the 
primary disjjcrslons were corrected by combining two media in 
which those dispersions were different for the same refraction ; 
so also the secx>iulary dispersions might be corrected by means 
of two such binary combinations, in wliich the secondary di- 
spersions were iinccpial for the same refraction. The theory 
of sueli corrections, it will readily appear, is the same as that 
of the former; so that, when two binary achromatic combina- 
tions are cm|)loycd to correct the secondary dispersions, one of 
these combinations must he convex and the other coticave, and 
their focal lengths must he to one another in the ratio of their 
secondary dispersive powers. 

The limited variety of solid transparent substances which 
C()uld be used for this purpose led him to employ com- 
binations of fluids, whose refractive and dispersive powers were 
known or could be easily ascertained. It is ol)vioiis that 
such a combination may be simplified, by taking one medium 
common to the two binary combinations, arnl the surfaces, 
which hound it externally, plane; for thus tlie two com- 
binations may be placed together, and the bounding surfaces 
dispensed with ; and in this manner a triple achromatic lens 
may ho constructed, in which the disjiersions both of the first 
and second order are corrected. 

In the same manner as a secondary dispersion has been found 
to arise v/hen the primary dispersion is destroyed by the com- 
bination of two media ; so also, when three media are employed 


* Ilis researches connected with this subject are of exceeding in- 
ti'rest. Tin? account of tlioin Avill he found in tiie Transactions of 
the Society of Edinburgh for the year 17f)l« 
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to correct the dispersions of the first and second order, it is 
evident that a tertian/ dispersion will arise from the want of 
union of the other rays of the spectrum ; and, if this be cor- 
rected by the addition of another lens, dispersions of succeeding 
orders w ill in like manner arise indefinitely. These dispersions 
decrease rajndly, so that in practice it is unnecessary to attend 
to any beyond the second. But as^the theory of their cor- 
rection is given by the same analysis, we shall, in wliat follows, 
inquire generally tlie conditions to be fulfilled by apy com- 
bination of lenses, in order that it may be perfeeUy achromatic. 

(^68.) It has been proposed by Mr. llerschel to take water, 
at the temperature of its maximum of deiusity, as a standard of 
comparison in optical as well as in other physical inquiries, 
and to determine any ray of hornogenoous light by its index <jf 
refraction from a vacuum into water. This being knowm, it is 
evident that the colour, and all other physical properties of the 
ray dependent upon its degree of rcfrangihilit}^, are tictermined. 

Accordingly, if a’ denote the refractive index of any ray for 
water, and /x that of the same ray for any other medium, w must 
1)0 a function of .r, whose form will depend upon the nature of 
the relracting medium. We liave therefore 

= 1’ (a*) j 

and, iff^ + d^ji, and .V -j- be any otlier corresponding values 
of jw, and .r, 

a -f = F(.t’ 4- OA’). 

lUit the second member of this equation may be expanded into 
a series of the form 

F(a.’) -f AOct' + B{dx)- + c(t)a0‘^ + &c. 

in which, a, b, c, &c. are functions of .r, derived from*tlie pii- 
initive function and independent of the increment ox, 

Wliercfore, if we substitute this scries for the Ksecond member 
of the preceding equation, and subtract the primitive equation 
|x = there is 

Now, if in this result x zz , its least value, o r and o/^ become, 
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respectively, the differences between any corresponding values 
of X and w and their least values; and the coefficients, a, b, o, 
&C. are constant quantities, • Accordingly 3//., the difference be- 
tween any value of ,a and its least value, is rejiresented by a 
series of tlie ascending powers of 6,v, the corresponding dif- 
ference of the relViK'.tive index of the ray by water, with 
constant coefficients. 

If h, r, &c. be another scries of constant coefficients con- 
nected \yith the former by the relations 

{,v^ - 1 ) A = - l)a, 

(a- ~ l)^c = (a,^i)r, 

See. Sec. 


in wliich and denote the least values of .v and a, re- 
spectively ; the preceding equation assumes the form 




(2()9.) In order to determine the coefilcienls a, hj e, S:e., for 
each different medium, it is necessary that wo should know as 


iiuiny corresponding values of the quantities - and —— i 

as there are coefficients required. The accurate observations 
of Fraunliofcr on the refractive indices of the rays corresponding 
to the //.mZ Uiics in the spectrum furnisli us with the data ne- 
cessary for this inquiry. The following table is an abridg- 
ment of that given by him in his Esmy on the determmation 
of the r if r active and dispersive j)07CC7\^'y 8zc, and contains the 
values of the refractive indices, fur different media, of the de- 
ficient lays of solar light, which correspond to seven of the 
principal fixed lines which he has selected as standards of com- 
parison, and designated by the letters i3, c, n, e, f, g, h. # Of 
these B and c are in the red jiortion of the spectrum, the former 
being near the extremity ; d is in the orange, e in the green, 
F in the blue, o in the indigo, and ii in the violet. 

As the refractive indices of the substances here considered 
all lie within the limits 1 and 2, to avoid the repetition of tlie 
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integer unit, we sliall subjoin the values of (/. — 1, instead of 
those (>1 /A itself. 


Medium, 

Specific 

Gravilij. 



— 

1 



H 

c 

1. j K 

j F 

a 

tl 



Water . . 


.aan:) 

.:m7 

:c1:io ■ .:{:J50 

1 

‘ ..3;i;70 

.;i413 

.3442 

Solution of \ 
potash . i 

l.llG 

.mojk; 

.4005 

.4020 1 .4050 

i 

1 

i .1001 

.4120 

• 

.4104 

Oil of turpentine 

o.aar> 

.4705 

.4715 

.4744 ! .4703 

i 

.4017 

.4002 

.4939 

(Irown glass (1) 

2.o‘Fi 

.52 4.1 

..')255 

.5200 1.5314 

j 

.5343 

.539.0 

.5447 

Crown glass (2) 

1 

253.) 

.525» 

.5200 

.5200 1 .5330 

I 

.5300 

.5410 

.5400 

Crown glass (.‘i) 

2.7 id; 

.5510 

.5550 

.5501 ‘.5031 

.5007 

.5735 

.5795 

Flint glass (1) i 

;j.512 

.(iO-JO 

.0030 

.0005 |.0U5 

.0200 

.0300 

.0404 

Flint glass (2) 

XV/X) 

A)2lUi 

.0255 

.0300 '.0373 

, .0435 

.0554 

.0001 

Flint glass (:i) 

:i.724 

.0200 

.0204 

.0337 .0405 

.0400 

.0500 

.0097 

Flint glass (4 ; 

;5.72;i 

.0277 

.0207 

.0350 i .0420 

.0403 

.0003 

.0711 


Now, in the general value of — given above, we may, 

~ . 1 . 

without introducing any error appreciable in practice, neglect 
all the terms of the series beyond the second as inconsiderable, 

the powers of the (pinntity y decreasing ra|>idly. We shall 

accordingly apply the preceding table to determine the co- 
efficients a and h in the expressit)n 


h- i 




+ b 




For this determination it is necessary to obtain two cor- 
resj)onding values of the quantities ir - T 

preceding table; and, as the differences d[^ and ox should be 
taken from rays as wide asunder in tlic spectrum as possible, 
wo will take the values of these differences which result from 
comparing the refractive index of the ray b, with those of the 
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rays e and h, respectively ; the refractive index of the ray b 
corresponding to the least values of fj^ and x, which we have 
denoted by and In this manner we find the two values 

of to be .014808 and .040193, respectively ; and, if the 


corresponding values of be denoted by m and there is 


h 

M = .014808 a + .000219 
.040193a + .001615ft. 


From these equations the values of a and ft, for each of the 
substances in the foregoing table, are found ; and in this manner 
the following table is constructed : 


Refracting Medium, 

a 

h 

AVater 

+ l.OOOO 

+ 0.0000 

Solution of potash 

o.iKooa 

1.1320 

Oil of turpentine . . 

1.0C15 

4.5804 

Crown glass (1) . . 

0.8737 

2.4020 

Crown glass (2) . . 

0.8842 

2.3101 

Crown glass (3) . . 

0.0013 

3.4000 

Flint glass (1) . . 

1.2001 

7.0305 

Flint glass (2) . . 

1.3703 

8.4400 

Flint glass (3) . . 

1..3758 i 

8.0000 

Flint glass (4) . . 

1.42.38 

7.5770 


(270.) To apply the preceding to the investigation of the 
conditions of achromatism of any combination of lenses in con- 
tact, let 0^, 0 '', 0 "', &c. denote the powers of the component 
lenses, and 0 that of the system ; then, in order that the com- 
bination should be perfectly achromatic, the variation of 0, in 
proceeding from the least refrangible rays to those ofaiijj other 
species, must be nothing; that is (261.) we must have 
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^Ijj 


dijJ 






zri / + -jja^ = 0, 


whatever be tlie increments duJ, &c. Wherefore, If 

. <5/^^ SfjJ^ 

we substitute for m values expressed 


«5a; 


in series of the [lowers of j-, namely. 


7:zT = " + * (;r_-r) + (:r=-i) + 

ofjJ^ ,, o.r / bx V , / ^07 V I o 


the result must be nothing, whatever be the magnitude of the 

variable Y . licnee the coefficients of each of the [lowers 

of this variable must be separately equal to nothing : that is, 
the following equations must be satisfied : 

a(j)^ + -f &c. = 0, 

ftV + by V 6'V" + := 0, 

cy + cv + c'V H &c. == 0, 

&c. Sic. 


On the first of these equations depends the destruction of the 
dispersion of the 1st order ; on the second, that of the 2d order, 
and so fiirtli. 

'riie number of these equations being Indefinite, it becomes 
impossible to satisfy them all, or, in other words, to obtain 
perfect achromatum^ by the combination of any finite 'number 
of lenses of given materials. This, however, is of little im- 
portance in practice, inasmuch as the dispersions whose destruc- 
tion depends upon their fulfilment form a rapidly decreasing 
series ; so that it becomes unnecessary in practice to attend to 
any but the first two equations, which furnish the conditions of 
the destruction of the dispersions of the first and second order. 

(271.) It is easy to see that the number of these equations 
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which can be satisfied at once is one less than the number of 
lenses employed. Thus, with two lenses we can only satisfy 
the first, which thus become^ 

<j)^ a! 

+ aV = ’ 

by which the ratio of tlie powers of the lenses is determined, 
and therefore the power of each, if that of the compound be 
known. This result is identical with that obtained in Art, 
(264.), ill which we sought only the correction of the dispersion 
of the first order. 

With tliree lenses, however, we may satisfy the first two 
equations, which thus become 

h -f a'V'" 

4- //y + ft'V" = 0. 

From those equations the ratios of the powers of the lenses are 
determined as follows; 


f "if ■“ ~ 

which, combined with the equation 

+ / + /' = h 

determine completely the powers of the component lenses when 
the dispersions of the first and second order arc destroyed. 

(272.) If any of the fractions , -- , or - 7 ,,-, happens to 

Cl' U Cl 

U V i'' 

be equal to the corresponding fraction , ^,,y , or the 

numerator or denominator of one of the preceding expressions 
will vanish; and, consequently, the power of one of tlie lenses 
must be nothing. It is easy to see, in fact, that in this case 
the other two lenses satisfy the two conditions of achromatism. 

(J . . 

Thus, if it is evident that the equations 


4 - uy ^ 0 , 
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become identical, and therefore that the lenses which satisfy the 
first will also satisfy the second; so that the dispersions, both 
of the first and second order, are in this case corrected by two 
lenses only. 

The same observation may be extended to the dispersions of 
succeeding orders; and it will readily appear that if two sub- 
stances be so constituted that 

d li c} 

d' ~ 6 " - ~ 

the lenses composed of them, whose j)owers are such as to satisfy 
the first of the conditions of achromatism, 

a!<jJ -h = 0, 

= 0 , 

+ cV = 0, 

&c. &c, 

will satisfy all the succeeding. U'he condition involved in the 
preceding relations is evidently that o{' proportionate dkpersion ; 
and it vvill be easily imderstood, a priori, that if all the rays of 
which the solar light is composed are dispersed proportionally 
by two media whose total dispersions are dilfereiit; by com- 
bining them so as to unite the extreme rays, tlie intermediate 
rays wid be likewise united. 

It is, then, a practical problem of the utmost importance, 
to obtain a medium which, with a different total dispersive 
power, shall disperse the different rays in the same proportion 
with some known medium, crown glass for instance. With 
fluid media this may be easily accomplished : for the law, ac- 
cording to which a niediuni acts upon the different rays, de- 
pends evidently on its chemical composition ; and, in a fluid 
medium, this may be altered indefinitely until at length we 
olftain one of the required character. 

In the course of tlic experiments into which T)r. Blair en- 
tered on this subject, it was found that the addition of a metal 
to any fluid, while it increases the whole refractive and dispersive 
powers, lias also the ettect of increasing the dispersion of the 
more relrangible rays in a higher proportion than that of the 
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less refrangible. Muriatic acid, on the other hand, was found 
to have the opposite effect, namely, of diminishing the propor- 
tion which the dispersion of the more refrangible rays bears to 
that of the less. He concluded, therefore, that by combining 
muriatic acid with metallic solutions in due yu’oportions a com- 
pound might be obtained, in which the law of dispersion should 
be exactly the same as that of crown glass, though their total 
dispersions were different. His anticipations were fully veri- 
fied ; and by enclosing the fluid thus obtained hetvveen two 
lenses of crown glass, lie was enabled to form a compound lens 
of considerable aperture in which no trace of chromatic dis- 
persion conid ho discovered. 

It is much to be desired that investigations of this nature 
were extended to solid nieilia. Could a perfectly transparent 
glass ])e made, of considerable size and uniform density, possess- 
ing the property of the fluid which Dr. Blair describes, there 
would be nothing to limit the perfection to which the telescope 
might be brought. 
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CHAPTER IV. 

OF THE COLOURS OF NATURAL BODIES. 


I. 

Of tlie unequal lleflexion of Light by natui'al Bodies ; and qf 
the Colours thence arising. 

(273.) We have hitherto spoken of the reflexions and re- 
fractions which light undergoes when it encounters an even 
surfiice of any form, sucli as the surfaces of liquids when at 
rest, and the artilicial surfaces given to glasses or metals by 
grinding and polishing. In such cases we have seen the rays 
of light are reflected or refracted regularly in certain directions, 
SO as to meet the eye only when placed in those directions. 
Such, however, is not the case with the surfaces of most na- 
tural bodies : these, on account of their inequalities, present 
every inclination of surfiice to the incident light, and, conse- 
quently, reflect or refract it in every possible direction. 

To explain this more fully; if a beam of light be incident 
upon a plane mirror, it is evident from what has been said, 
that it will be reflected in a certain direction, making an equal 
angle with the surface of the mirror as the incident beam. 
Now, suppose this mirror subdivided into any number of 
portions, ten for instance, each of which is inclined to the 
incident beam at a different angle, then it is equally evident that 
the light, instead of being reflected in one particular direction, 
will be reflected in ten different directions ; and if each of these 
portions be again subdivided, and the inclination of its parts 
varied, the directions in which the incident rays are reflected 
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will be mi]lti])licd accordingly; so that if the magnitude of the 
partial surfaces he diniinished indefinitely, and their number 
and position inde finitely increased, the light will be reflected 
in every possible direction. Now this is, in general, the case 
with the inartificial snrlaces of natural bodies, any portion of 
which, however small, may he regarded as a polylnedroii of an 
indefinite number of sitles ; aiid accordingly the light incident 
upon every such portion will be reflected by it in every pos- 
sible direction. The reflected light, therefore, radiates from 
every portion of sucli a l)ody, as the direct light I’roin a self- 
luminous body, in all directions; and is visible to the eye any 
liow placed. 

I'his then forms the ground of the distinction between real 
bodies, whether they he self-luminous or shine by reflected 
liglit, and optical images Ibrmed by the convergence or di- 
vergence of reflected or refracted rays. The light emanating 
from the former in all directions, they are visible to the eye 
any how placed with respect to them; while that of the latter 
proceeding only in certain lines, thej^ are only visible to the 
eye when placed in those directions, 

(274.) There is no body in nature whicli reflects the tchole 
of the light inciilent on it; apart of this light, in all cases, 
enters the body, and is either IransmiUed, or meeting with the 
parts of its substance is stifled or absorbed. Me rcury, wliich 
is among tlie most refh'ctive of all known substances, reflects 
three-fourths of the incident liglit, the nanaiiiing fourth being 
absorbed witliin its substance. Tlie brightness of natural 
bodies depends upon the proportion which the light reflected 
by them hears to llic incident light. 

But further, not only do bodies differ from one another in 
the whole quantities of solar light whicli they reflect; but also, 
in one and the same Ixjdy, the proportion of the reflected to 
the incident light is, in general, different for each species of 
simple light of which the solar light is composed, some bodies 
reflecting one species of rays more than the rest. Hence it is 
that natural bodies appear coloured ; the colours which they 
exhibit being those of the predominant rays in the light re- 
flected by them ; and, accordingly, the colours of natural 
bodies arise from nothing else than their aptitude to reflect 
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this or that species of homogeneous liglil; more copiously than 
others. Thus minium reflects the least rerrangil)le, or red 
rays, more copiously than the rest, and thence derives its 
colour; violets, on the contrary, reflect the most refrangible, 
or violet rays, more than the rest; and so of other bodies. 

Tluit such is a just explanation of the phenomena of the 
colours of natural bodies a})pears fully irom the experiments 
of NoNvton, to which we have ah\?ady alluded. AH bodies, 
whatever he their colour when exposed to solar light, exhibit 
the colour of the homogeneous light in whicli they are placed ; 
appearing brighter, however^ and more luminous in the liglit 
of their own colour, than in any other. Thus, cinnabar ap- 
pears red when placed in a homogeneous red light, green in 
a green light, and blue in a blue; its brightness, however, 
being greatest in the red light, less in the green, and least of all 
in the hhie, UHramarine, on the contrary, a|)))ears hriglitest 
when placed in a homogeneous blue ligl»t; that brightness di- 
minishes when it is brought into the green light, and is least 
of all when exposed to the red; the colour which it exhibits 
being in every case that of the light in whi(‘h it is placed. And 
so of all other coloured bodies, wbicb are always found to be 
most biminous in the light of their own colour. 

Again, if two such bodies, as the cinnabar ami ultramarine, 
he compared together in different lights, it will he found, that 
when placed in a homogeneous red light, tlu^y both a|)pear red, 
the cinnabar, however, being of a brilliant red, the ultramarine 
of* a very obscure one; but w'lien transferred to the blue ex- 
tremity of the spectrum, the order of their brightness is re- 
versed, llie cinnabar exhibiting an obscure blue, and the ultra- 
marine a brilliant one From all which it is evident that the 
cinnabar reflects the red rays more copiously than those of any 
other colour, aud the ultramarine the blue; and so of other 
bodies. 

Ibit furllier, this fact that eacli species of natural bodies rc- 

* It is to be observed, that white bodies reflect the light of any 
particular colour more? coj)iously even than the hodie.s of that colour, 
all coloured bodies absorbing a considerable portion of the incident 
light. 
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fleets the differently coloured rays in different proportions, 
affords not only an easy explanation of the phenomena of the 
colours of such bodies, but ‘is, moreover, the only ground on 
which they can be accounted for. For, since it appears from 
the experiments just mentioned, that the colours of the dif- 
ferent sjK'cies of homogeneous light are not in any rcs|)ect 
altered by reflexion at the surfaces of natural bodies, it follows 
that such bodies cannot appear coloured otherwise than by re- 
flecting the rays of that particular colour which they exhibit 
in daylight, or such rays as compound it by their mixture. 

(275.) Let s denote the whole number of rays of whatever 
kind which enter the composition of a solar beam ; a, k, c:, d, 
E, F, G, the number of red, orange, yellow, green, blue, 
indigo, and violet rays, respectively, in the same beam ; so that 

A-fB*fC + D + E + F + G = S. 

Then, if a denote the proportion of red rays which arc re- 
flected to those tliat are incident, Aa will be the number of red 
rays in the reflected beam. In like manner the number of 
orange, yellow, green, blue, indigo, and violet rays in the re- 
flected beam will be b/3, cy, i)h, Et, F(^, c;??, respectively; 
^9 7? denoting the proportions of the reflected to 

the incident rays for each colour. Accordingly, the whole 
number of rays in the reflected beam, or its intensity, will be 
represented by the formula 

Aa + b/3 -1- Cy f DC -P ES “h 

and the colour of the reflected beam will depend upon the re- 
lative magnitude of the coefficients a, /3, y, &c. which coefficients 
depend upon the nature of the reflecting substance. 

Thus, in those bodies which appear of a white, grey, or any 
neutral colour, such as those which the clouds exhibit, the co- 
efficients a, j3, y, &c. are all equal ; such bodies reflecting all 
the different species of light in the same proportion. So that 
the preceding formula becomes 

a(A -P B -f c, &c.) = as; 

and the intensity of the shade depends upon the magnitude of 
tlic coefficient a. All such shades differ from one another in 
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degree only, not in kind; the darkest grey differing from the 
most brilliant white only in the quantity of light. This was 
fully evinced by Newton, by comparing such bodies together 
under different degrees of illumination. 

For bodies, which exhibit a homogeneous light of any colour, 
all tlie coeitlcients vanish except that of the particular colour. 
Thus, for bodies of a homf)geneous red, all the coefficients 
vanish, except a, and tlie colour reflected by the body is repre- 
sent(xl by Aa ; for those of a homogeneous blue, it is Ve ; and so 
for others. Such bodies, however, are not to be met with in 
nature; amongst those which approach nearest to them may 
be reckoned blood, gamboge, and ultramarine. Bodies of the 
most vivid prismatic colours, such as minium and vermilion, 
generally reflect a considerable portion of each of the different 
kinds of liglit, with a predominant portion of the light of their 
own colour. 

AVhen a, 8, and y are large with respect to the otlicr co- 
efficients; z. (7, when the red, orange, and yellow predominate 
in the reflected light, we have the various shades of scarlet, 
orange, and the darker browns. In the composition of’the latter 
colours, scarcely any other species of light enters but the three 
just mentioned, and of these the coefficients are generally small. 
Accordingly, when a painter wishes to form the darker shades 
of brown, he mixes black with red or yellow, or both, his 
object lieing to absorb the light of other colours. When tlie 
coefficients of the other colours increase, the resulting shades 
are such as would arise from a dilution of those mentioned 
with white, and we obtain the lighter yellowish tints, together 
with all the lighter browns. 

When 7 , and b are larger with respect to the rest ; i, e, 
when the yellow, green, and blue predominate, we obtain all 
the various shades of green and olive. And it is remarkable 
that the heterogeneous green formed by the mixture of blue 
and yellow is of the most jierfect kind, not at all distinguishable 
from the prismatic green without the aid of the prism. 

When the larger coefficients are those of the red and blue, 
the combination f’urni.sljes all the beautiful shades of crimson, 
purple, lilac, pink, &c. 
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II. 


Of the unequal Transmisalon of Light hy natural Bodies^ 
and of* the Colours thence arising. 

(27(3.) It has been already mentioned that a considerable 
part of the li^ht incident upon l)odies in all cases enters tlieir 
substance, and is either transmitted, or meeting with the solid 
parts of the substance is absorbed and lost. When a body 
transmits freely the xoholr of the light which enters its substance, 
it is said to be perfectly transparent ; and, on the other hand, 
it is denominated opaque when none of the light which enters 
it is transmitted, but the whole stifled or absorbed. 

There is, however, no body in nature either perfectly 
transparent, or perfectly opacpie. The most transparent of 
nil bodies, such as air, water, glass, &c. stop a portion of the 
liglit which enters tlicir substance; and this portion increases 
with the extent of the medium through wliich it passes, so that 
when the latter is sufliciently great, the portion of light trans- 
mitted becomes too inconsiderable to allect the sioht. To this 
want of perfect transparency in the air it is owing that the 
brightness of all objects decreases with tlic distance, so that 
they cease altogether to be visible when that distance is con- 
siderable. Objects under water become invisible at smaller 
and not ver}^ considerable distances; and to the same cause is, 
probably, to be ascribed the fact noticed l)y Captain Kater, 
and which he has accounted for on a diflerent supposition ; 
namely, that objects are seen more distinctly through the 
Galilean telescope than in the common astronomical of the 
same power ; the thickness of the eye-glass at its central parts 
being much smaller in the former case than in the latter. 

On the other hand, there is no body, however seemingly 
opaque, which will not transmit some portion of light if re- 
duced sulficicntly in thickness. One of the densest of all known 
substances, gold, if beaten thin, will transmit a portion of the 
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incident ayipearing of a greenish hue when placed between 

the eye and the light. 

Ihit further: the same sidistance does not transmit all the 
different species ol‘ light with the same facility. 'I'hus, if a 
red liquid, contained in a vessel of a conical form, be placed 
between the eye and the light, at the lower ])art where it is 
thinnest it will appear of a pale yellow colour; higher up, 
where the thickness is somewhat greater, this yellow becomes 
a full yellow or gold colour; then it is changed, into an 
orange; next into a bright red ; and lastly into a dark but full 
red, which becomes darker as the thickness is greater, until at 
length it vanishes altogether, and the liquid becomes to all 
sense opaque. This is easily explained : the liquid transmits 
the red rays most easily, the yellow lUfXt in order, and so 
on in the inverse order of their refrangibility. Accordingly, 
when the thickness of tlie medium is small, none of the rays 
are intercepted, t‘\cept the extreme \iolet and part of the 
indigo; and the rest, which are transmitted, compound a 
colour not differing much from white light, but having a shade 
of yellow. As the thickness is increased, the indigo and blue 
rays are intercepted, and the yellow of the transmitted beam 
becomes more full and rich. When the green and yellow are 
successively interce[)U’d by the increasing tiilckness, the colour 
is gradually cliangcd into a bright orange, then to a brilliant 
red, and last of all to a deep prismatic red, which is the last to 
suffer extinction. 

(277.) The solar light being separated in tbe manner we 
have described, part being reflected, part transmitted, and the 
remainder stifled or lost, it would seem to follow that the colours 
which bodies exhibit by reflexion and transmission should be, 
in general, different ; and, if no ])ortion of the incident light 
were absorbed by the medium, the colours of the reflected and 
transmitted lights would necessarily he complemental, /. e, such 
as together compound whiteness. Now this is observed to be 
nearly the case in very many instances. Thus, Dr. Halley ob- 
served, in the course of some experiments made at a considera- 
ble depth below the surface of the sea in a diving-bell, that the 
back of his hand, which was illuminated by the direct light of 
the sun transmitted through a small glass window in the top of 



254? 


HETEROGENEOUS LIGHT. 


the bell, exhibited a brilliant rose colour; while the lower 
part of his hand, which was ilhiniinatcd by the light reflected 
from the lower parts of the \tater, appeared green. Sea-water, 
therefore, transmits the red or least refrangible rays most easily, 
and reflects the most refrangible. Again : gold ajjpears yellow 
by reflected light, while it cxhi!)its a bluish colour inclined 
to green by transmitted light, when beaten suflicicntly thin. 
Thus, also, the infusion of lignunj nephrlticum is of a red 
or yellow, colour by transmitted light, while by reflected light 
it is blue. 

There are many bodies, however, that exhibit the same 
colour both by reflexion and transmission. This Newton ac- 
counted for by supposing the light of that colour to be reflected 
by tlio remoter vsurfaee of the body, or by the air beyond it. 
In such circumstances, it is evident, the reflected liglit shall 
have suffered transmission through double the thickness of the 
incdiuin, and must therefore be of the colour most readily 
transmitted. It is probable that there is in general a reflexion 
from both surfaces, and that tlie colour of the reflected light is 
that whieli results from the mixture. In this manner, it is 
evident, the colour of the reflected light may have every variety 
of shade, from the colour of the transmitted light Itself to the 
colour most o))posed to it. This account of the })henomenon is 
confirmed by the fact that the reflected colour depends, in 
almost all cases, on the thickness of the substance, becoming 
fuller and richer as that thickness is increased up to a certain 
limit ; as may easily be observed in j)recious stones, and other 
transparent coloured substances. 

(278.) We have already seen (21.), that when homogeneous 
light is propagated in parallel rays in a medium of imperfect 
trans{)arency, the portion transmitted through any thickness of 
the medium, 0, will be Aa^; in which a denotes the whole 
quantity of the light at its entrance into the medium, and a the 
ratio which the transmitted part bears to the whole after pas3?ing 
through a unit of thickness. It now appears that the dif- 
ferent species of homogeneous light arc not transmitted with 
the same facility in any known medium ; and therefore that 
the quantity a in the preceding expression, which may be 
termed the index of transmkmony is different for each different 
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species of simple light. Accordingly, all the phenomena of 
colours, exhibited by transmitted liglit in natural bodies, will 
be explained by assigning a different index of transmission to 
each of the different species ol‘ homogeneous light of which 
solar light is composed. 

Let A, a', a'', &c., therefore, denote the number of rays of 
each species in the incident light ; and a, a', a", &c. their in- 
dices of transmission ; the intensity of the transmitted light, or 
the number of rays transmitted through any ihicknpss of the 
medium, fl, will be 

A of + A'a'^ + aV'^ + &C. = 
the intensity of the incident light being 

A a' -h a" t- &C. = i(A). 

The colour of the transmitted light w^ill depend upon the re- 
lations which the coefficients of, &c. in this expression bear 
to one another; and, as tliese are continually varying with 
every variation in d, it follows that this colour is continually 
changing with every change in the thickness of the medium. 

If in any medium the indices of transmission were the same 
for eacli of the different species of simple light of which solar 
light is composed, the transmitted light would be colourless. 
For in this case the preceding expression becomes a^:s(A), and 
the colour of the transmitted light will be white, varying only 
in intensity as the thickness of the medium is varied. No 
known media, however, possess this properly. 

If the thickness of the medium be indefinitely small, how- 
ever, the transmitted light vvill be colourless, and that whatever 
be the nature of the medium. For, if 0, = 1, what- 

ever be the value of a; and the intensity of the transmitted 
light is represented by -(a), which is tliat of the incident 
light. It is for this reason that the foam of all coloured ]i({uids 
is colourless. 

(^79.) The tiUimate colour of the transmitted beam will be 
evidently that of the light whose index of transmission is 
greatest; the power of that quantity, Jy being the last to 
become ituh^finitcly small as the thickness is increased. 
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When the value of a (lecrc«'iscs regidarlif from one point in 
the sipcctrum, the transmitted hcam will exhibit all varieties of 
tint intermediate between alvsolute wliiteness and the homo- 
geneous light ot that colour to which the maximum value ot a 
corresponds. Thus, in media of this kind whose ultimate lint 
is rcd^ the value of a decreases r(*gularly from the red to the 
violet extremity of the spectrum; consecjuently the violet rays 
are the first alisorbed, next the indigo and blue, and so on in 
order ; so that the colour of the transmitted light varies through 
all the shades of pale yellow, i'ull yellow, orange, bright red, 
and deep red, as the thickness is increased ; and the last ray 
transmitted is the prismatic red. Of this kind are all red, 
orange, brown, and yellow glasses, port-wine, infusion of saf- 
fron, &c. In media of this kind, whose ultimate tint is bluc^ 
the value of' the transmissive index decreases regularly from 
the most refracted to the least refracted extremity of the spec- 
trum. Such are the blue solutions of copper. In green im'diu 
of this nature, the value of a decreases regularly from the 
central rays of the spectrum to the two extremes, so that 
both red and violet rays are easily absorbed, the yellow and 
blue less so, Such are green glasses, green solutions of’ 

copper, &e. 

(280.) When tlie value of a has heo maxima^ the light 
transmitted tliroiigh a sufficient thickness of the medium will 
be found, wlien examined with a prism, to consist principally 
of the two sj)ecies of rays to which these maxima correspond. 
Such media, therefore, may be termed dichromatic^ and the 
colour of the transmitted lieam will be one compounded prin- 
cipally of the two colours above-mentioned, in proportions 
varying with the thickness, until finally it becomes that of the 
ray to which the greatest value of a belongs. 

The changes of colour exhibited by such media are often very 
remarkable. To understand them it may be observed that, if 
the maxima values of' a be at all considerable with respecr to 
the rest, all the other terms in the value of ii(Aa^) may be neg- 
lected in comparison of the two which involve tliesc quantities, 
for any moderate thickness of the medium ; and accordingly 
If a and a' denote these maxima (the former being the greater), 
and A and a' the number of rays of the two species in the in- 
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trovnittod beam, the intensity of ilie transmitted light will be 
lepresented by the fonijula 

A of 4* A^a^, 

Now, if a' be much greater than a, the second term will be, 
at first, much greater than the first, and therefore its colour the 
predominating one in tlie colour of the transmitted liglit; but 
<x! being less titan «, will become indefinitely smaller than 
as the thickness increases. The proportion of the first 
term to the second, therefore, increases inilelinitely, and the 
colour of tile riiys to which it belongs becomes the ultimate 
lint of the transmitted light. 

There arc many green media of this nature, having two 
maxima values of a, of which the lesser belongs to the green 
rays, and the greater to the red. Such media, therefore, pass 
from a green through an intermediate livid hue to a red. All 
mixtures of red and green liquids possess this pro|)erty : it 
belongs also to sea water, as is evident fVom what has been 
already mentioned (^ 277 ,). All purple media are necessarily 
dichromatic, their colour being compounded principally of the 
extreme red and violet rays; and the ultimate tint of such 
media is either red or violet. 

There are other media, for which the index of transmis- 
sion has a greater number of maxima values, and in which, 
therefore, the variation of colour lollows a law tjf greater com- 
plexity. lilue media are often of thi.'» kind ; ami the common 
smalt-blne glass, of frequent use in the arts, is a remarkable 
instance of it. If the light transmitted through a piece of this 
glass of about of an inch in thickness he examined by a 
prism, it will be found to have four maxima ot* transmission, 
the first and greatest of which corresponds to the extreme red 
ray, the next to the red of mean reirangihilily, the third to the 
niean yellow, and the last to the extreme violet. When the 
tlp^skness of the glass is small, the compound colour of the 
transmitted beani is a pure blue: as that ihicknos is iucreas(‘d, 
however, none but the extreme red and violet rays are snl- 
fered to pass, and the blue colour is changed into a purple. 
As the thickness is still further increased, the violet rays are 
gradually extinguished, the purple assumes more and more 
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of a reddish hue, until finally it becomes a deep red corre- 
sponding to the extreme red of the spectrum. 

(281.) If several media he comhiiied together, the light 
transmitted through all is that which is left alter the action ol 
each ; and it will be readily seen that it is the same in what- 
ever order these media are disp4)sed. When two media aw 
combined, therefore, wliosc transmitted lights contain no com- 
mon homogeneous ray, no ray whatever, can be transmitted 
through both. Thus, if one medium transmits the homo- 
geneous red rays, and another the green or blue only, all the 
rest being extinguished, no ray whatever can pass through 
both, and the compound is perfectly opa([ue ; although each 
of the substances, taken separately, was transparent. This 
phenomenon was observed by Hooke before any thing was 
known of the true nature of colours. 

lly combining two or more media, we arc enabled also to 
insulate a homogeneous ray in a slate of purity scarcely at- 
tainable by any other moans. Thus, if a full red glass be em- 
ployed along with the smalt-blue glass already mentioned, the 
combination isim])enneal)le toevery ray except the extreme red 
ray of the spectrum. In this manner we are enabled to identify 
this ray under different circumstances, and to compare it with 
itself when acted on by different media; and are thus fur- 
nished with a defirfile standiU'd of the utmost value in optical 
researches. 

(282.) A\Mien a beam ol* solar light, after dispersion by a 
prism, is transmitted through a eolouretl medium of sufficient 
thickness having several maxima of transmission, the phe- 
nomena which present themseive.s are very remarkalile. The 
regular gradation oi’ colour, which the solar image would other- 
wise apparently exhibit, is altogether destroyed, and the spec- 
trum appears to consist of several detached portions of coloured 
light separated from one anotlier by ilark bands, or intervals, 
precisely analogous to Fraunhofer’s /fVm/ lines; the rays Jbe- 
longing to these points in the sj)ectiTim being completely ab- 
sorbed. TIuis, when a thin piece of the smalt-bluc glass, 
already mentioned, is employed the red light is separated 


* Encyclopaedia Mctropolitana, article Light. 
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into two wc'll-defined portions, p«irtc(l from one another by a 
broju! and perlectly bl^ck band, and wliolly undistingnlshuble 
in colour. Of llicse the lowest <ir least refrangible corresponds 
to the extreme red of tlie spectrum, and is a perfectly liomo- 
geneous liglit; the other, which corresponds to the meanly 
refjangihle red ray, is nearly homogeneous, and without the 
slightest shade of orange. The orange is altogether obli- 
terated, the next colour being a well-defined hand of j)ure and 
full yellow, which is separated from the second red by a 
small welUdelinQcl black line, and from the green by a dark 
interval. Tiie green isduil, but the colours increase in fulness 
and purity to the extremity oi‘ the sjiectrum, tlie extreme violet 
.suifering very little loss. 

Trom this expenmeuL we learn that rays which alfect the 
sense with procis<‘ly llic same sensation of colour, as the two 
reds alreatly mentioned, differ widely in refrangibility, being 
separatetl by a broad aiul black inlervjil ; while, on the other 
liand, rays strongly contrasted in colour have at their ad- 
jacent extremities nearly the same degree of refrangibility; 
the second rod and the yt'llow being separated by a very narrow 
line, and suffering no mixture whatever where they approacli 
nearest. Does it not aj)])ear to follow from this that the con- 
nexion between the c*>lour of a ray and its dt'gree ol’ refrangi- 
hility is not so complete as was supposed by Newton? and that 
the analysis of solar light by refraction is not tlic only analysis 
of which it is capable ? True it is that each ray in the solar 
spectrum has its [larticular shatie of colour and peculiar 
degree of refrangibility, which cannot he altejvd by reflexions 
or refractions, however numerous; hut may not each such 
ray he, nevertheless, compound, and consist of several rays, 
fJjffcroit in colour, but having the m7/ic degree of refran^ 
gilnUtij? If such were the case, it is (evident that no re- 
tractions could ever sepairate them, and we must have recourse 
to ^ome other jirojicrly, such as this (liifereiu'c in their trans- 
niissibiliiy tlirough coloured media, as affording the means of 
disuniting them. 

(^83.) These hypotheses seem to receive a strong con- 
firmation from the facts we have meiuioncd ; and Dr, llrcvvster 
accordingly supjioscd the solar light to be composed of three 
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primary colours, rcdy yellow, and blue, each of which has every 
degree of rcfrangihility within the known limits ; so that the 
solar spectrum consists, accor*hng to this hypothesis, of three 
spectra of different colours overlapping one another, and having 
each its maximum of intensity at tlic point where the rays of 
that colour are most intense in the solar spectrum. Tlius, 
according to this supposition, each ray of tlie solar spectrum is 
compounded of three others in varying proportions, the red 
predominr\ting in the red rays of the spectrum, tlie red and 
yellow in the orange, the yellow in the rays of that colour, the 
yellow and blue in the green, the blue in the blue, and the 
red and blue in the violet. 

The hypothesis of three primary colours was first advo- 
cated by Mayer ; but seems to have had, at that time, no 
other confirmation than that derived from the facility with 
which the prismatic colours may be imitated by the combina- 
tion of the three already mentioned. Independently, however, 
of the absence of all proof, thus afforded, of the actual com- 
position of the colours of the spectrum, the distinction of pri- 
mary colours, thence arising, seems, in a great measure, arbi- 
trary, inasmuch as any particular colour may be compounded 
of different others in various ways. Accordingly we find that 
Dr. Young has assumed the m/, green, and violet as the 
primary colours, and shown that all others may be compounded 
of them in different proportions. Aiul from an examination of 
the spectrum, which first exhibited the fixed lines, Dr. Wol- 
laston concluded that the primary colours wi^rojlmr in number, 
namely, red, green, blue, and violet; and that of 100 parts, 
into which the whole length of ilic spectrum was supposed to 
be divided, those occupied by these several colours were as the 
numbers 16, 23, 36, and 25, respectively. 
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OF VISION. 


CMAPTER 1 . 


OF THE EYE, AK1> OF UNAIDED VISION. 


( 5284 .) The adjoining figure represents a horizontal section 
of the human eye; tlie Ibrni of which is nearly spherical, the 
fore part, aha', however, being more convex than the rest. 

The several humours of which 
the eye consists are all contained 
in a thick tough coat, the more 
convex part of which, aha', call- 
ed the contra, is transparent, 
and of a consistent horny cha- 
racter. The remainder of this 
exterior coat is called the sclero- 
tica: it is opaque and wliite, and 
forms what is in coinmon language designated as the white of 
the eye. 

The interior of the sclerotica is lined by a second and thinner 
coat of a softer substance, called the choroid memlmine, which 
is firmly attached to the sclerotica by a circular band extending 
round the edge of the cornea, and called the ciliary Ug'ament, 

At the junction of the choroid with the sclerotica, and sup- 
posed to be a continuation of the former membrane, arises the 
uvea, an opaque membrane or screen, having an aperture in 
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the centre, «/«■, called tbep/p«7, tlirongh which the rays of light 
incident on the eye are admitted. 

The uvea consists ol innscuiar fibres, by the contraction or 
expansion of which the aperture of the pupil is contracted or 
enlarged. The use of llfis is to moderate the (juantity of light 
Incident upon the sensitive part of the eye. In very strong 
lights the pupil is contracted, in weak ones it is enlarged; its 
aperture varying, in tin' eyes of adult persons, from about ,-^tIi 
to ~ th of an inelt. This contraction and dilatation of the pupil 
is involuntary, and arises on tljc excess or defect of the light 
itself. It is nuieh greater In some of the lower animals than in 
man. The |)upil in the eye of the cat, for instance, is almost 
closed in daylight. In the luiman eye tlie puj)il is always 
circular: its iorm varies in the eyes of other animals. In the 
feline tribe, as the dog, the cat, &c. the vertical diameter Is 
invariable, and the form of the pupil varies from a circle to a 
vertical right line. In ruminating animals, on the contrary, 
the greater and invariable diameter is the horizontal one. 

The anterior surface of the uvea is difiercnlly coloured in 
diffVrent persons, varying through all the .shades of green, 
blue, brown, and gray. This part is sometimes called the iris, 
and its colour determines that of the eye. The posterior sur- 
face of the uvea is covered with a black mucus, which is evi- 
dently intended to absorb any light which may iia})pen to 1‘all 
upon it, and thus to prevent internal reflexions which would 
disturb the vision. 

The interior of the choroid membrane is covered with a vcjy 
black mucous svd)stance, called the piffmevtum nignnii^, in 
which is iml}edded the retina, the third and innermost coat of 
the eye. This is a network of extremely fine nerves, branching 
from the optic nerve, o, which proceeds directly from the brain, 
and enters ohli(|uely at the hack of the eye, and at the inner 
side towards the nose. 

As the retina communicates directly with the brain itself, so 


The use of the pigineiituni nigrum is, lilvc that of the mucus 
which clothes the interior of the uvea, to absorb the light which 
enters the eye when it has excited the retina, and tlius to prevent 
internal reflexions. 
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tlie other coats of the eye, the sclerotica and the choroid, are 
supposed by some to be continuations of the df/ra mxitcr and 
the pia matci\ the outer and iuMcr coats of the brain. This 
point, however, does not seem to be at all established. 

(285.) Within the eye, and a little behind the uvea, is sus- 
pended a soft, transparent, jelly-like substance, ec', called the 
crystalline lens^ of the form of a clouble-convex lens of un- 
equal radii, the anterior .‘surface beino* less curv(?d than the 
posterior. The structure of this substance is fibrous, being 
composed of lamime or layers successively superimposed, as 
may be seen in the lens of a boiled fish’s eye ; and each coat 
consists of a vast number of fil)res diverging from two poles, 
the line joining which coincides with tiie axis of the eye. The 
crystalfmo is contained in a thin transparent capsule; and 
kept in its place by the ciltari) proces.scs^ a projecting f‘old of 
the choroid membrane, which arises at the same place as the 
uvea, and is a little convex towards it. The anterior surface 
of this muscle, like the posterior surface of the uvea, is covered 
with a black mucus to absorb erratic rays. 

The space before the crystalline humour, and between it 
and the cornea, is filled with a transparent fluid resembling 
water, and thence denominated the (npicons humour. The 
space behind the crystalline, and between it and the retina, 
is filled with another transparent fluid somcwliat more viscous 
tlian the former, and cal Km 1 the vitreous humour. These two 
humours are, like tlie crystalline, contained in transparent 
membranous capsules of extreme delicacy and tenuity. 

The aqueous and vitreous humours do not differ sensibly 
from water in specific gravity. The aqueous humour, indeed, 
consists principally of pure water ; containing, besides, small 
quantities of albumen and gelatine, together with muriate of 
soda. The latter ingredients, however, together do not exceed 
eiglit per cent. The vitreous humour is said not to differ 
sensibly from the aqueous in chemical comjiosition. The 
crystalline is somewhat heavier than water; and contains a 
much larger portion of albumen and gelatine than the other 
two humours. 

In their refractive powers the aqueous and vitreous humours 
differ very little from that of water. The refractive index of the 
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aqueous liumour is 1.337, and that of the vitreous humour 
1.339; that of water being 1.336. The refractive power of 
tl)e crystalline is greater, it.s mean refractive index being 
1.384. The density of the crystalline, however, is not uni- 
form; but increases gradually from the outside to the centre. 
According to Dr. Ibvwster and Dr. GiU’don, the refractive in- 
dices of the outer coat, the middle, and the central parts, are 
1.37(57, 1.378(5, and 1.3999, respectively. This increase of 
density serves to corrc'ct the aberration, by increasing the con- 
vergence of the central rays more than that of the extreme parts 
of the jKMicil. 

(28(5.) The observalion.s of M. Petit respecting the dimen- 
sions of the parts of the human eye are the most detailed of 
any wo )) 0 ssess at prc'seiit^'. From these, compared with the 
modern measurements of Wollaston, Young, llrewster, &c. 
we conclude that the axis of the human eye, measured from 
the outer surface of the cornea to the retina, is about .95 of 
an inch ; and that the portions of it occupied by the cornea 
and the different luunours are as follows: cornea .04 of an 
inch; aqiicoushumour.il; cryvstalline .17 ; vitreous humour 
.(53. Hence the portion occupied by the vitreous humour is 
about two-thirds of the whole length of the axis. 

These proportions are very different, liowever, in other ani- 
mals; in most of which the portion occupied by the crystalline 
humour bears a greater proportion to the whole than in man. 
In the eyes of fishes, in particular, the crystalline humour 
is by far the largest of the three, and in tlie herring’s eye 
M. Cuvier louud that the portion ol the axis occupied by the 
crystalline was live times that occupied by each of the other 
humours. 

The other dimensions of the eye, derived from the same 
sources, are as follows : 

Inches. 

Interior transverse diameter of the eye, . .90 * 

Chord of the cornea (vertical), . . .46 

Chord of the cornea (horizontal), . , .49 

* These are contained in the Memoirs of the Royal Academy of 
Sciences of Paris for the Year 1730. 
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Inches. 


Chord of the crystalline, . . . .37 

Radius of external surface oficornea, • .33 

Radius of anterior surface of crystalline, .33 

Radius of posterior surface of crystalline, .^4 


It appears /rom these results that the circumference of the 
cornea is not circular, its vertical and horizontal diameters being 
as 15 to 16 nearly. 

It will be also observed, in conformity with what [las been 
already stated (285.), that the anterior surface of the crystal- 
line is loss curved than the posterior, the radii ol* these surfaces 
being to one another in the ratio of 4 to 3 nearly. Tins ratio, 
however, is very dilferent in diirercnt animals. In the eye of 
the ox, for instance, these radii are as 3* to I ; and in seme 
animals the curvature of the anterior surfice is greater tiian 
that of the posterior. In the eyes of fislies the f<)rm of the 
crystalline is s])hericnl, and the increase ol‘ density towards 
tile centre very considerable. The reason of this a))pears to 
he that, as the other humours of the eye are nearly of tfie same 
refractive po\ver as the medium in which lln^y dwell, the de- 
striu'tiou of aherratioii, as well as the refraction Itself, must be 
almost wholly the work of the crystalline. 

It must l)e observed, finally, with respect to the curvatures 
of the bounding surfaces, that the greatest diversity exists both 
in dilferent individuals, and even in the same individual at 
dilferent periods of life ; the surfaces becoming uniformly flatter 
with age. The preceding results exhibit llieir average values 
fur persons in the middle time of life. 

(287.) Tlie hounding surfaces of the refracting media, how^- 
ever, are not spherical, as has been generally .supposed, but sp/ie- 
roidical. This remarkable fact was long since suspected by M. 
Petit, but of late lias been placed in the clearest evidence by the 
accurate measurements of M. Chossiit. This author has found 
that* the cornea of the eye of* the ox is an cUipsohl of revolution 
round the ^j^reater axis, this axis being inclined Imcards 
about 10 ’. The ratio of the major axis to the distance between 
tile foci ill the generating ellipse he found to be 1.3; and this 
agreeing very nearly with 1.3375 the index ol refraction of 
the aqueous humour, it follows that parallel rays will be re- 
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fractcd to a focus, by the surface of this humour, with ma- 
thematical accuracy (207.). 

The same author found ffkewise t]»at tlie two surfaces of the 
crystalline lens are eUi/m/tds of rev(>lution round tlie Ic.s.scr 
axls; and it is somewhat reniarkablo that the axes of these 
surfaces do not coincide in direction either with each otlier, or 
with the axis of the cornea, those axes being both indiriod 
oulicards^ and containing with eacli other, in the horizontal 
section in whicli they lie, an angle of about 

It is not to be supposed, however, that the curvatures of the 
surfaces of the eye iire the same in degree, or even in kind, in 
other animals. The satnc autlior has found that the cornea in 
the eye of the elephant is an lt?/perhoI(ytd. For the details of 
his experiments we must refer to the original memoir^'. 

(288.) Having thus far explained the structure of tlie eye, 
we shall, in the next place, proceed to consider it as the instru- 
ment of vision. 

The eye, we have seen, consists of three refracting media, 
of which the two extremes have very nearly tlie same refractive 
[lower as water, the intermediate one a refractive power some- 
what greater. Accordingly the light incident from any object 
on the eye will undergo a refraction at each of the bounding 
surfaces of these media, and this refraction in each case tends 
to give convergence to the incident rays. Thus the first re- 
fraction takes place at the convex surface of the acjucous liu- 
mour, which, being a denser medium tliau tl)(» surrounding air, 
will give a convergence to the rdracted pencil. The extreme 
rays of this pencil are then intercepted by the uvea; and the 
central part of the pencil, lielng transmitted through the pupil, 
is incident upon the convex surface of the crystalline, which, 
being denser than the a(|ucous hiuiiour, will increase tlie con- 
vergence ; and, finally, it falls upon the concave surface of the 
vitreous humour, which, being rarer tlian the medium from 
which the [leiicil has emerged, also adds to tlie convergence, 
and thus completes the refraction. By means of tliese suc- 


* Sur la courbure des milieux refringens de i*wii chez le bmtf . — 
Aiinales de Chiuiie, toni. x. 
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cessive refractions each pencil of incident rays is brought to a 
focus at or near the retina, and thus an image is formed there 
corresponding* in ionn and colour *ivith the object from which 
the rays flow. 

I'hese images may be readily exhibited by taking oft’ tlie 
outer coats from the back of the eye of a newly killed animal: 
miniature pictures of external objects will be seen depicted 
there as upon a screen of roughened glass. 

It is evident that the axes of the several pencils, wh^h go to 
form the images, must intersect before they reach th.e retina, 
lienee the image on the retina will be inverted with respect to 
tlie object. The point in which these axes intersect is called 
i\\G focal centre of the eye. Its position, it is obvious, will 
vary both with the distance of the object and its magnitude ; 
but it is never far distant from the posterior suiface ol‘ the 
crystalline'^. 

(2«S9.) The apparent via^ynitudc of any ohjc'ct is measured 
by the angle contained by the axes of the extreme pencils; 
that is, by the angle subtended by tlie object at the focal centre. 
It is iberel'ore ])ro[)orlional to the linear magnitude of the object 
divided by its distance from the centre of the eye. 

"f here has been much discussion amongst writers on tlte eye 
with respect to the magnitude of the ininhnnm rhUjilc^ or the 
ii[)parent magnitude of the least visible object. It is usually 
stated that a single oliject upon aground of an opposite colour, 
as a black circle upon a white ground, or a white circle upon a 
black ground, cannot be seen , by the generality of eyes under 
a smaller angle than one minute. Most persons, however, can 
jicrceivc as distinct two juiints subtending an angle of this 
magnitude; and some are found who can distingiiisli two such 
points under an angle of 20'' only. It is even statetl that a 
single object, if sufliclenlly bright, and placed at the })roper 


* Authors differ much respecting tliC place of the local centre of 
tlie eye; some placing it in the centre of the pu])il, others in the 
centre of the crystalline, and others, lastly, in the centre of tlic 
eye. The position assigned to it above seems to be that given by 
cal cu hit ion. 
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distance for distinct vision, may be seen under an angle of two 
or three seconds. 

It appears to us that thcnc is no limit whatever to the angle 
under which an object is visible, and that the power of exciting 
the sensation of vision will depend, not on the magnitude of the 
visual angle, but on the quantity of light proceeding from 
the object in relation to that proceeding from surrounding 
objects. 

This jconcluslon seems to be fully confirmed by the results 
of Harris’s experiments. Of these the principal arc as follows: 
1. That a detached object may be seen under a smaller angle 
than the parts of a com|)Ound object of the same magnitude. 
52. That the least angle under which any object may be seen 
will depemd u[)on its brightness as compared with that of sur- 
rounding ol)jects. Thus a white square upon a black field 
was seen under a smaller angle than a square of the same di- 
mensions upon a field shaded lightly with Indian ink. o. Tliat 
llic least angle under which an object may be seen will depend 
upon its other dimensions. Thus if diflorcnt lines, of the same 
breadth, be drawn upon the same ground, and viewed at dif- 
ferent distances, the longer lines will he visible at greater 
distances than the shorter, and their breadth subtend therefore 
a smaller angle. And, further, the same author concludes, 
from a comparison of the observations of objects of different 
forms, that the aredrS of the least visible objects are the same, 
all other circumstances being alike. 

These facts seem to leave little doubt as to the conclusion 
that the power which any object possesses of exciting the retina 
depends solely on its relative quantity of light ; and if this be 
admitted, it follows that the angle subtended by the least visible 
object may be indefinitely diminished, if its brightness be pro- 
portionally increased. Accordingly we find that the fixed stars 
produce a distinct and vivid impression on the retina, although 
the angle they subtend at the eye is less than any we are able 
to estimate by the most accurate observations. 

This conclusion is perfectly compatible with the supposition 
that the image on the retina must have some definite magnitude 
in order to produce an impression. We have strong reasons 
for believing that the eye is not free from chromatic dispersion ; 
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and from this it follows, even when the light is collected to a focus 
exactly at the retina, that the image of a point will be diflused 
over a small circle there of a defmijLe magnitude. And, as the 
density of the light in this circle diminishes from the centre 
to the circumference, the extent of it which is capable of im- 
pressing the retina will depend upon the whole quantity of 
light emanating from the luminous qjoint. This will explain 
the reason why the brighter fixed stars appear larger than 
those which are lainter, although the angle subtended by none 
is of any definite magnitude. 

(290). The greatest extent of field which the eye is capable 
of receiving at once will be measured by the angle wliich the 
dianieter of the |)upil subtends at the focal centre of the eye, 
the retina being su|)posed sensible to the impressions of light 
within these limits. This extent of field, however, is found to 
be different in dilfereiit directions. Dr. Young found that, 
when the visual axis was fixed in a certaiji direction, the angle 
of vision of his ow n eye extended upwartls 50^^, dow nwards 70‘\ 
inwards G0‘^, and outwards 90^. These internal limits of the 
field of view correspond nearly with the external limits formed 
by the projecting parts the face, when the eye is directed 
forwards and somewhat downw^ards, which is its natural posi- 
tion. This difference of tlic extent oi' the field in different di- 
rections may arise from a diflereuce in the extent of the sensible 
portion of the retina: it seems, however, to be fully accounted 
for by the fact that the focal centre of the eye is not symmetri- 
cally situated with respect to the pupil. It was ascertained by 
Dr, Young, in the counse of some observations made for the 
purpose of determining the position of the insensible spot on 
the retina, that the extremity of the visual axis of the eye, or 
the line joining the centre of the pupil with the focal centre, is 
distant the ^-oth of an inch from the point of the retina imme- 
diately opposite to the pupil. 

We have already noticed some of tlic adaptations of this 
wonderful piece of mechanism which are in strict accord- 
ance with the results of the most refined science: such is the 
elliptical figure of the cornea, and the connexion between that 
figure and the refractive index of the humour which it con- 
tains; such too is the increase of density of the crystalline 
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towards the centre; both tending to ct>iTect the aberrations 
which would be otherwise produced by these media. We have 
another such subject of adnnration in the posHion ot the 'uvea^ 
the use of wliich, we have seen, is to intercept the exlreine rays, 
and thus also to correct tlie aberration. Had itbet ri placed in 
front of the eye, or at any considerable distance Iroin its present 
position, it must have greatly limited the field of view, which is 
measured by the angle which the aperture in the uvea, or pupil, 
subtends at the focal centre of the eye; and if, to increase the 
field of view, this aperture had been enlarged, it would not 
have served its present purpose of intercepting the extreme 
rays. 'Hut, in its preseiii position, which is not far distant from 
the focal centre, it not only intercepts the extreme rays ol each 
pencil, but also admits pencils whose axes arc very widely 
divergent from (me another, and therefore ojxais a wide field 
of view to the eye. 

As the uvea itself suggc.'sted in all j)rob;d)ilily the use of the 
diaplinigin^oY eye-stop, in telescopes, so tliis peculiar propriety 
of its position has been advantagc'ously hnitaled by I)r. Wol- 
laston in the construction of his/;;v /Voy^/V lt‘nsos. I'licse consist 
of two plano-convex lenses, uniicd together at their plane sides, 
between whi(;]i is inter[)()sed a diaphragm, having an aj)ertnre 
in the centre. The field of view is obviously much greater than 
ill lenses whose aperture is equal to that of the diaphragm. 

It must not be sup[)osed, however, that the vision is di- 
stinct throughout the whole of tlie wide field of view which 
the eye possesses. Wlu'ther it arises fn>m the want ol‘ perfect 
sensibility in the parts of the retina remote from the visual axis, 
or from the distortion of ohli(]ue [lencils, or from both these 
causes conjointly, it is found that those objects alone are seen 
distinctly which are in the centre of the field ; the remaining 
parts of the field serving merely to convey notices to the mind 
of xUq prcsc7ice of objects situated there. The field of perfect 
vision does not extend more than 5^ from the visual axks in 
every direction. Comparetti even supposes that distinct vision 
is confined to a single p«:)int of the reti ia at the extremity of 
the visual axis; and he conceives that objects of sensible iiiag- 
nitucle are discerned by a rapid and imperceptible motion of 
the optic axis over their several parts, tlie impression produced 
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by eacli remaining a certain lengtli of time, so that they are all 
cennbined into a single sensation. 

Tills llrnitation ortho field of distinct vision, however, is at- 
tended with no practical di sad vantages of any moniont : for, by 
the revolution of the eye in its orbit, the axis of ihe eye has a 
range of 55^ in every direction ; and by this means the field of 
perfect vision has an actual extent pf 11 (V\ independently of 
any motion of the head or of the rest of the body. 

(21)1.) It is a curious 1‘act that there exists a small jxwtion, 
within the limits of the field of view of the eye, whlvh is iii- 
visihle; or, in other words, there is a part of the back of* the 
eye wliich is insensible to the impression ol* the rays of light, 
and whlcii for that reason has been called tlie puncturn ccccumt 
It is tliat spot at which the optic nerve is introduced, and 
at whicli that nerve is not yet subdivided into tliose delicate 
and sensitive fibres ol* which the retina is composed. This may 
be observed by placing two patches of white paper upon a dark 
wall, the lino joining lliem being hori/ontal, and about the 
height of the eye from tlie ground. If then one eye be closed, 
and the other directed to one of the j)atches (the one to the 
left liand 11* the right eye be used, and v.), the other, to 
wliicli die eye is not directed, becomes invisible on retiring 
from tlie w'all to about four or five times the distance of the 
patches from one anoilu r, and, the distance being 1‘urther in- 
creased, becomes again visible. '1 he expeiiment is rendered 
more remarkable by jdacing a third patcli beyond tliis in the 
same right line, whicli will continue visible wlieu the middle 
one disappears. 

It is evident tliat the (juotients arising from the division of 
the interval between the patches by the distances of the eye 
from the w all when one of them first disappears, and reappears 
on retiring further, are the tangents of the angular distances 
of the i‘art[ier and nearer edges of the spot, respectively, from 
the extremity of the optic axis. These angles being in this man- 
ner ascertained by observation, it is found that the angular di- 
stance of the centre of the insensible spot from the extremity of 
the optic ixis is about 14^ ; and that the angle subtended by the 
diameter or this space at the centre of the eye is about 5®. These 
angles being known, tlie lineai magnitude and position of this 



272 


VISION. 


Space are determined. Dr. Young found that, in his own 
eye, the distance of the centre the optic nerve from the 
extremity of the optic axis was nearly ^ih of an inch; and 
that the diameter of tlie insensible part was about jo^i of an 
inch. 

The apparent brii^htness of any luminous object is 
proportional to the density of the light in its image on the re- 
tina, which is as the (juantity of light directly, and inversely as 
the space over w hich it is diffused. Now, if the aperture of 
the pupil be supposed invariable, and no light be lost in its 
passage through the air, the quantity ol‘ light incident on the 
pupil, and therefore that which falls on the retina, varies in- 
versely as the square of the distance of the object (13.) ; and 
it is evident (289.) that the area of the image on tite retina, 
or the space of diffusion, varies in the same ratio. Hence, on 
these suppositions, the brightness of the luminous object is in- 
variable at all distances from the eye. 

In actual experieiua*, however, w-e find that the brigljtness 
of all luminous objects diminishes with the distance, and that 
at considerable distances they become altogether invisible. 
The reason of this is, that the air is^iiot a pcn fectly transparent 
medium, but on the contrary stops a considerable portion of 
the light which is transmitted through it. The law of tiiis 
diminution has been already explained (23.). 

(293.) We have seen that the eye is endowetl wdtli peculiar 
adaptations, whose function seems to be to correct the errors 
arising from the form of t lie refracting surfaces ; and experience 
proves that the eye, if not perfectly aplanatic, is at least suf- 
ficiently so for all the purposes of perfect vision. 

It occurs then naturally to inquire whetiier there is any thing 
in the arrangements of this organ, or in llie percejitions of vision 
themselves, which would lead us to conclude that the eye is also 
free from cliromatic erna*. It seems now to be the received 
opinion amongst physiologists that the eye is not achronyitic. 
If a lucid point be viewed through a prism its image w ill be a 
coloured spectrum, which, if the eye were achromatic, should 
appear %xtended into a line of light. This, however, is not the 
case: when the eye is directed to one extremity of the spectrum, 
the other extremity is dilated into a sensible bread tli, and the 
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form of the coloured image hocomes triangular; jiroving plainly 
that the different rays of the spectrum are not brought to a 
focus at the same distance within the eye. By a comparison 
of the dimensions of this triangular space, Dr. Wollaston sug- 
gested that the dispersive power of the eye might he determined; 
and Dr. Young concluded, from some experiments established 
on these principles, that the mean dispersive power of tlie eye 
is about onc-third of.that of crown-glass. 

Experience shows that the want of perfect acIiro;natism in 
the eye forms no material impediment to the perfection of vision. 
And it has been oven contended by some that tlic image of 
point of an object, formed on the retina, must have a ccr- 
^m determinate magnitude in order to impress the nerves of 
that organ ; and therefore tluit the theoretical perfection of the 
eye, considered as an optical instrument, would be incompatible 
with its performance as a material organ. 

Ehero is, however, a imich more important limitation 
to the powers of the eye arising from another cause. If the 
form of the eye were invariable^ it is evident that it would 
collect such rays only to a focus on the retina wliicli had a 
certain decree of divergence at their incidence on the eye ; that 
rays incident with a less degree of divergence', or proceeding 
from remoter objects, would be brought to a focus beibre they 
readied the retina ; while those which proceeded from a nearer 
distance would, after refraetion by the humours of the eye, 
tenil to a ibcus beyoud it ; and that in eiilua' case the image 
on the retina itself would be confused, tlie rays proceeding from 
each point of the object being spread over a small circular 
space of sensible die. meter. 

Now every hour’s experience proves that the eye is capable 
of seeing distinctly objects whose distances vary Avithin very 
wide limits. 'J’o every eye there is a certain distance at which 
it is able to see distinctly without any effort ; this is called the 
(Jisfance of perfect Indolent vision. Beyond this distance no 
internal effort whatever will enable the eye to see distinctly; 
hut within that distance it is capable of discerning obj[ects with 
perfect distinctness up to a certain limit, which is called the 
least distance of distinct vision. The least distance of distinct 
vision varies in common eyes from about six to eight inches. 

* T 
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The greatest distance, or the distance of perfect indolent vision, 
varies within much wider limits, and cannot be so readily ascer- 
tained. It is however so considerable, and the divergence of 
rays proceeding thence so small, that it is usually considered 
that most eyes are fitted to bring parallel rays to a focus on 
the retina. All optical instruments are accordingly adapted in 
such a manner that the rays shall be parallel at their incidence 
on the eye. 

(295.) question then arises, by what changes of con- 
formation in the eye docs it thus become adapted to near 
distances.'^ Is it by a change in the position of the crystalline 
lens? or by a change of the curvature of its surfaces, or of 
that of the cornea? or, lastly, is it produced by a change in 
the configuration of the entire eye, and an elongation of its 
axis? Each of these different opinions has been advocated, 
and much discussion has arisen as to the true one. We shall 
briefly consider the arguments in favour of each. 

With respect to the first opinion — that, namely, which ascribes 
the effect to a change of place of the crystalline — little need be 
said. The eye being spherical and liill of an incompressible 
fluid, such a motion, it is evident, could not be effected without 
a corresponding extension of the cornea; an effect which the 
strength and thickness of that coat, com])arcd with that of the 
muscles by which such a motion is to be effectcil, render in the 
highest degree improbable. 

The most plausible of tlicsc opinions is ihat whicli combines 
a change of curvature of the cornea with a eliange in the 
figure of the entire eye; an opinion which has been advocated 
by llamsden and Sir l^verard Home. According to these 
authors, the m/i or straight muscles, which move the eye in 
its orbit, by their simultaneous contraction produce a lateral 
pressure upon the eye, whicli both elongates it in the direction 
of its axis, and, through the medium of the fluids witliin, 
forces out the cornea and renders it more convex. To denron- 
stratc the cxistetice of the latter effect, Ramsden fixed the 
head of a spectator in such a manner that it could not move; 
and, having placed a microscope so as to examine the eye in 
profilej^he made the wire of the microscope coincide with the 
edge of the cornea while the eye of the spectator was directed to 
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a distant object. The eye of the spectator being then directed 
to some near object, the cornea appeared immediately to pro- 
ject beyond the wire » 

This experiment, however, is not so decisive as it appears at 
first view ; as the slightest change in the direction of the axis 
of the eye would produce a change iii the appearance of the 
cornea as viewed in profile, and make it seem to advance or 
retire. Indeed the experiment recorded by Dr. Young, in liis 
valuable Essay on the Mechanism of the Eye -f, seems to leave 
little doubt that the power of adaptation of the eye to different 
distances does not reside in the cornea. The socket of a small 
lens belonging to a microscope being nearly filled witli water, 
the eye was immersed lu it so as to be in contact with the 
water throughout the whole of tlie fore part of its surfiicc, and 
the escape of the fiuid prevented by covering the edge of the 
socket, where it was attached to the eye, with wax. The 
cornea being' thus in contact with the water, and the fluids on 
either side of it of the same refractive power very nearly, it is 
evident that any change in the curvature of this coat could, 
under these circiimstaiiees, produce no cliangc whatever in the 
refraction. Notwitlistanding this, Dr. Young found that his 
eye possessed a power of adaptation to different cli^stances 
within the same limits as before. 

Tlie same author concluded, from some observations made 
upon his own eye when confined in tiie direction of its axis, 
that tlie power of accommodation to different distances does 
not depend in any manner Ujion an elongation of tlic axis of 
the eye. 

According to Dr. Young, the accommodating power resides 
in the crystalline, which he supjioses to be susceptible of a 
change of figure, becoming more convex wlien the eye is di- 


* In the first ?%lomoir published hy Sir Evcnird Ilonie on this 
.subject, be and i\ir. Hanisden attributed the entire olfeet to this 
su])posod change of curvature of the cornea. 8u]>sequent experi- 
ments, however, led them to modify this opinion, and to attrihiito 
only ouo-tliird of the effect to this cause, the rest of the adaptation 
being supposed to be effected by the elongation of tlie axis. 

! Philosophical Transactions for the year 1 fiOl . 
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rccted to near objects, and again recovering its former shape when 
distant objects arc viewed. Hie regular fibrous structure of 
the crystalline, already nicntiorted, seems to indicate a muscular 
structure, for which we can hardly suppose any oflice, if it be 
not employed in some adaptation of this nature. And the 
numerous experiments of Dr. Young upon persons who had 
been couched for the cataract seem to leave little doubt that 
the principal part, if not the whole, of the adaptation in ques- 
tion must be the work of the crystalline; y3ers()ns deprived of 
that lens being found, in a great degree, delicient in the power 
of seeing distinctly at diflercnt distances. 

Before we leave this subject, it may be observed, that a 
change in the aperture of the pujul tends, as far as it giJes, to 
adapt the eye to different distances ; the diminution of that 
aperture limiting the breadth of the cone of rayS) which converge 
to a point beyond the retina, aiul therol'ore diminisliing the 
space over which they arc (liffused there. This change in the 
aperture of the pupil, however, though it may conspire in {)ro- 
ducing the effect in question, is not sufficiently considerable to 
account for it altogether; and besides, in these variations, the 
pupil seems to be more affected by the (juantity of light than 
by the distance of the object from the eye. 

(296.) This adaptation of the eye to different distances is, 
however, obviously limited ; and when the curvature of the 
surfaces, and tlicref’ore llie power of the eye in ils natural 
state, is loo great or too small, it may be in.j^ossilde to adaj)t it 
to different distances without artificial assistance. Tiuis, in 
shores tghlcd persons the curvature of’tlm surfaces oftlieeye 
is too great, and all rays, exc(‘pt those j^nx^eeding from a near 
distance, are brought to a focus before they reach the retina. 
Such persons, therefore, can only see near objects distinctly. 
Tlie defect is remedied, and the person enabled to see remote 
objects, by the aid of a concave lens, tiie effect of which is to 
increase the divergence of the incident rays, and therefore fit 
ibein for being brought to a focus on the retina''^'. In lang- 


* This subject will be considered more fully in the 2d section of 
the following chapter. 
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sighted persons, on the contrary, the curvature of the surfaces 
of the eye is too small, and all pencils, excepting those which 
proceed from very distant ohjc'its, converge to a focus behind 
the retina. The vision of such persons is adapted to near 
objects by the use of a convcji' lens, wliich diminishes the di- 
vergence, or even gives a convergence to the incident rays, and 
thereby enables the eye to bring them to a focus on the 
retina. Tliis defect of vision is common among aged persons, 
the cornea becoming flatter witli age, and therelbre^ the power 
of the eye diminished. It is always found, too, in those per- 
sons who have undergone tlie operation of couching for the 
cataract. In this disorder the crystalline lens becomes opaque, 
and the only remedy known consists in removing it, and al- 
lowing Its place to be supplied by the a([ueous buniour : and 
this being of a less refractive power than tlie crystalline, the 
power of the eye is diminished. 

These defects of vision are often brought on by habit. Thus, 
persons who are accustomed to look much at near objects, as 
engravers, are a|.>t t(» become short-sighted ; and, on the other 
band, those whose attention is generally fixed on distant objects, 
as savages who spend the most of their time in the pursuit of 
game, become long-sighted, and are unable to see near objects 
distinctly. This is easily explained. The eye and its attendant 
mechanism being fre(|ueiuly used in one particular state, be- 
come gradually fixed in it, and the power of alteration is lost 
by disuse. 

(297.) The eye, however, tliough the chief oigan of vision, 
does not constitute the whole of the material apparatus by 
which it is performed. In this, as well as in the otlier senses, 
the nerves connecting the organ with the brain, and the brain 
itself, have each their parts to perform ; and any derangement 
of the nerves or brain is as fatal to the sensation as a mal- 
formation of the organ itself. 

•In the case of the eye, the impression produced by the 
images on the retina is communicated to the optic nerve, and 
by means of that to the brain, where, by the laws of our com- 
pound being, it becomes the condition on which the sensation 
of vision is produced in the mind. That these several steps of 
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the process are equally essential to vision is fully cstal)lishe(l 
by experieiu'c. IMius, if throupjh want of trans})arency in the 
humours of the eye, or any other cause, the image on the retina 
is either imperfectly formed or wholly wanting, the vision will 
be in proportion defective, 'riils is the case in the disease 
called the cataract^ in wliich the crystalline lens loses its trails- 
])arency, and therefore stops either the whole or part of the 
light incident upon it: the image on the retina is tlms either 
wholly ellhced, or becomes extremely indistinct, and blindness, 
either total or partial, ensues. Again, the humours of the 
eye may perform their functions pcrieclly, and an accurate 
imago be depicted on the retina; and yet, througli the in- 
sensibility of the optic nerve or some ('tlier cause, the im- 
pression produced on the retina may not be communicated lo 
the brain, and tlius no vision produced. This is the case in 
a paralysis of the optic nerve, which produces, wltile it lasts, 
total blindness. 

Thus far, then, do we know with (‘crtainty of the mnicnal 
part of the process in vision. Attentive j;hysi()logists may be 
able to trace it farth.er ; but, whatever bo their iliscoveries, there 
is one step of the process, In this as well as in every other case 
of perception, wliich will for ever elude the utmost efforts of 
human sagacity; tliat, namely, which connects the impression 
made upon the body wutb the consequent affection ol’mind. 
Negatively, indeed, we know tiiat the uirmer cannot be the 
cause of the latter, although in our present state it is the in- 
dispensable condition on which, by tlie appointment of the 
Author of our being, the jihenoniena of’ mind are developed. 

(:^98.) What has been said will emilile us to give an answer 
to the ([uestion on ^vhich much absurd discussion has been 
raised ; namely, why objects ap])ear cn'ct, though their images 
on the retina are inverted? The question, in fact, assurms 
that these images in themselves constitute vision ; whereas, all 
that we know aliout them in reference to vision is simjily this, 
that the rays diverging from the several points of the object 
are made to converge to corresponding points in the retina, and 
tliere excite impressions which arc communicated, by means of 
the optic nerve, to the brain ; and that the perception thence 
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arising has a regular but inexplicable correspondence with the 
manner in wliich these rays converge on the retina, or, in other 
words, with the images formed llfere. 

Hut further : it is now well ascertained that these perceptions 
of visioi! do not, (Urcctltj^ give us any idea of the position or 
even of the existence of external objects. It is true the several 
changCvS in the latter have corresponding perceptions annexed 
to them, by which we learn to judge of them ; but it is by ex^ 
■pcrmicc only that we come to know this regular correspondence, 
and learn to conclude, tliat what affects our sight in such and 
such a manner shall also affect our touch in a corresponding 
manner. This association is formed at so early a period of 
life, that all traces of its formation are (juite obliterated ; and 
w'c conclude that to be an original perception of sight, which is 
only an associated one of touch. From all this it manifestly 
follows that the only thing necessary to enable us to judge of 
the position of external objects by sight is, that there should be 
a steady correspondence between these ])ositions and the im- 
pressions which the rays proceeding from them produce on the 
retina. 

(-99.) On the same principles we may solve the question, 
why, as there is an image formed in each eye, we do not see 
two objects instead of one. The explanation of this is so 
clearly given by Mr. Ilerschel that we cannot do better than 
quote his words. 

As we have two eyes, and a separate image of every ex- 
ternal object is formed in each, it may be asked, xchij do we not 
see double ? and to some the question has appeared to present 
much difficulty. To us it appears, that we might with equal 
reason ask, why — having two hands, and five fingers on each, 
all endowed with equal sensibility of touch and equal aptitude 
to discern objects by that sense — do not feel decuple'^ The 
ansAver is the same in both cases: it is a matter of habit. Habit 
alone teaches us that the sensations of sight correspond to any 
thing external, and to what they correspond. An object (a 
small globe or wafer suppose) is before us on a table ; we direct 


Encyclopaedia Metropolitana, Part 19. 
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our eyes to it, i, c. we ''bring its images on both retina? to those 
parts whu'h liahit has ascertained to be tlie most sensible and 
best situated for seeing distiftetly ; and having always found 
tliat in such circumstances the object producing the sensatioii 
is one and the same, llie idea of unity in tlie object becomes 
irresistibly associfited with the impression. But while looking 
at the globe, squeeze the upper part of one eye downwards, by 
pressing on the eyelid Avith the finger, and tliereby forcibly 
throw thciimage on another {)art of the retina of tlnit eye, and 
double vision is immediately produced, two globes or two 
Avafers being distinctly seen, Avhlch appear to recede from each 
other as the pressure is stronger, or approach, and finally blend 
into one, as it is relieved. The semie effect may he ))roduccd 
Avithout ]n*essure, by directing the eves to a jxdnt nearer to or 
farther from them than tlue Avafer; the optic axes in this case 
being both directed aAvay from the object seen. When the 
eyes arc in a state of perfect rest, tbeir axes are usually parallel, 
or a little diverging. In this slate all I’lcar objects are seen 
double; but the slightest eflcct of attention causes their images 
to coalesce immediately. Those who liave one eye distorted by 
a blow see double, till habit has taught lliem anew to see 
single, iboiigh the distortion of the optic axis subsists. 

The case is exactly the sam.c Avith the sense oftcaiciJ. Ixiy 
bands on the globe, and handle it. It is o)ic: notiiing can be 
more irresistible than this conviction. Place it between the 
first and second fingers of the right hand in their natural 
position. The right side of the first and left of the second 
linger feel opposite convexities; but as habit has always taught 
us that tAvo coiivexilies so felt belong to one and the same 
spherical surface, we never hesitate or question the identity of 
the globe, or the unity of the sensation. Noav cross the two 
fingers, bringing the second oA’Cr the first, and jilace the globe 
on the table in the fork betAveen them, so as to feel the left 
side of the globe Avith the right side of the second finger, and 
tlie right with the left ol* the first. In this state of things the 
impression is equally irresistible, that wc have two globes in 
contact with the fingers ; especially if the eyes be shut, and the 
fingers placed on it by another person. A pea is a very projier 
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object for this ex}X"riment. The illusion is equally strong 
wlien the two forefingers of both hands arc crossed, and the 
])ca placed between them. • 

Such is, undoubtedly, a sufficient explanation of single 
vision with two eyes; yet Dr. Wollaston has rendered it pro- 
ba!)le tliat a physiological cause lias also some sliare in pro- 
ducing the effect, and tliat a semi- decussation of‘ the optic 
nerves takes place immediately on their (piitting the brain, 
lialf ofeach nerve going to each eye, the right hajfofeach 
retina ctmsisting wholly of fibres of one nerve, and the left 
wholly of the other, so that all images of objects out of the 
optic axis are perceived by one and the same nerve in both 
eyes, and thus a powerful sympathy and perfect unison kept 
up between tliem, independent of the mere influence of habit. 
Innnediatel}^ in the optic axis, it is probable tliat tiie fibres of 
both nervi's are commingled ; and this may account for the 
greater acuteness and certainty^ of vision in tliis part of the 
eye.'” 
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CHAPTER IL 


OF VISION THROUGH A SIXGJ/K LENS. 


I. 


General Prhuuples of Vision through a single Lens- 


(oOO.) It is required to determine tlm visual angle under 
wliieh an object is seen tbroiigli a lens. 

Let ni and ni^ denote the linear magnitudes of the object 
and its image formed by the lens, a and their distances from 
the lens : then (193.) 

f 

m == m — . 
a 


Rut the distance of the image from the eye is equal to the 
sum of the distances of the image from the lens, and of the eye 
from the same, or = ci -f f d denoting the distance of the eyt? 
from the lens. Wherefore, if 5 denote the visual angle, 


tan. 


d + d 



The eye is necessarily always at the side of the lens remote 
from the incident light : when, therefore, the image is at the 
same side, or a! negative (which is always tlie case when there 
is a real imago), there is no limit to the increase of the visual 
angle dependent upon the position of the eye; for the value of 

m 

tan. 0, which in this case is — may be increased in- 

“ 0 - 5 -) 
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(lelinltcly by making d more and more nearly equal to a\ 
Tl»o nature of vision, liowevcr, im[)oses a limit, llie eye not 
being capable of dlstinci vlsian wiicn the rays diverge from a 
point nearer than a certain distance. If the eye be placed at 
lliis distance from the image, we have d — (J -- a, A denoting 
tlio distance of distinct xyviion^ which is for most eyes 
about six inches; and the tangent of the greatest visual angle 
Mill he. 

, ni a! 

tan. (3::=: . 

A a 

The object in this case will appear inverted, as is evident from 
tlie negative sign. 

AVhen a! is positive^ or the image at the side of the lens 
kneards the incident liglit, the visual angle will be greatest 
when d 0; that is, when the eye is close to the lens. In this 
case the tangent of tlie visual angle becomes 


tan. S — 


m 

a 


IVoin which it appears that the angle in this case is ccjiial to 
that which the object subtends at the lens, as is otherwise evi- 
dent. Such is the greatest value of the visual angle dependent 
on the position of tlie eye; a value which may be increased inde- 
finitely by diminishing a, the distance of the object from the 
lens, b'or distinct vision, however, there is a limit to the dimi- 
nution of and therefore to the increase of the visual angle. 
For, since the eye is at the lens, a', the distance of the image 
from the lens, cannot be less than A the least distance of distinct 

vision. Accordingly the greatest value of — is — , and therc- 

0- A 


fore the greatest value of — f = , ) is y,. Ilencc 

a\ J J \ J 

the greatest visual angle under which tlie object can be seen 
distinctly, in this case, is detcrmiiied by the equation 

tan. 0 ~ m 

concave lenses, in which /is positive (157.)? this is always 
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less than — , the tangent of tlie greatest angle under which tlie 

A 

object can be seen distinctly by tlie naked eye; in convew 
lenses, /’being negative, it is always greater: and in eithei' case 
the ratio of’ these tangents, or the magnifying power, is 



(301,) In order to see, generally, in wliat manner the visual 
angle varies with the varying position of the eye and of the 
object, let us substitute, in the general expression of tan. tor 

V its value— + and vve find 
j 


tan. 0 = 


m 


(t -f" (1 


a(V 

f 


Hence, when the object coincides with the principal focus of 
rays proceeding in the opposite direction, « = — and there- 


fore tan. 6» = — 


m 

T 


a constant quantity. 


Again : when the 


eye coincides with the principal focus of rays coming in the 
opposite direction, d == — /J and therefore tan. 0 = ; 

J 

the same as before. Accordingly, the object being at the piin- 
cipal focus, the apparent magnitude does not vary with the 
position of the eye ; and the eye being at the principal focus, 
the apparent magnitude does not alter with the position of tlic 
object ; the apparent magnitude in either case being equal to 
that under which the object would appear at a distance equal 
to the focal length of the lens. 

When tlie object coincides with the lens, a = 0, and 
m 

tan. 6# = -y. And when the eye coincides with the lens, 


d = 0, and tan. 0 = — . When, therefore, the object or the 
eye is brought up to the lens, the apparent magnitude is equal 
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to that under whicli the object would appear to the naked 
eye. 

{302.) But, whatever be the magnitude and position of the 
object, and whatever llie power of the lens through wliich it is 
viewed, tlie extent of the greatest visual angle will be neces- 
j^arily limited by the aperture of the lens, tlie tangent of that 
angle when greatest being equal to 

A 

d ’ 


A denoting the semi-ap(M’ture of the lens. The greatest linear 
ext('nt of an object, visihle through a lens in any position, may 
he called ihi} field of vieie. Its magnitude is at once ascer- 
tained by equating the genera! value of the tangent of the 
visual angle to this its greatest value; by wliich means wc 
oiUain the greatest value ol’ 7Ji, namely, 

,« = A«(i + i + jr). 


Tlie linear extent of the field of view, therefore, varies ccet. par, 
as the aperture of the lens. 

When the object is in the principal focus of rays coming in 


the opposite direction, a -■ —f and m 



AVhen the 


eye is in the principal focus of rays proceeding in the op|)osite 
direction, d — /, and m = a. In this latter case, therefore, 
the linear extent of the field is equal to the semi-aperture of 
the lens, whatever be the position of the object. 

When the object coincitlcs with the lens, or a -- 0, it is 
evident' that the preceding value of the field is reduced to 
m = A ; so that the linear extent of the field, in this case, is 
independent of the position of the eye. On the other hand, 
when the eye coincides with the lens, d — 0, and the field is 
infiiiitely great, as is otherwise evident. 

(303.) The appareiithriglityiess of i\\\ object, seen through a 
lens, is equal to that of the object seen by the naked eye, on the 
supposition that no light is lost in its passage through the lens. 

Tor the quantity of light incident upon tlie pupil of the eye, 
diverging from any point of the image, is to that incident upon 
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the same, diverging from the corresponding point of the object, 
in the inverse ratio of the squares of the distances of the image 
and object irom the eye. TJic quantities of figlu, tlicrofore, in- 
cident upon the pupil, diverging from the entire object and 
image, arc as tlieir areas directly, and inversely as the squares 
of their distances ; that is, as the squares of the angles wliicli 
they subtend to the eye, their areas being as the scjiiares of 
their liiwar magnitudes. But the spaces occupied by their 
images on the retina are in the same ratio; and therefore, the 
quantities of light in their respective Images on the retina being 
as tile spaces over which it is diifused there, the density of the 
light in these images, or their apparent brightness, will be the 
same. 

There will always, however, ho some light lost in its passage 
through the lens, w'hich will occasion the brightness of the 
object seen through it to be somewhat less than that of the 
same object seen by the naked eye; and this loss of light will 
increase with the thickness of t lie lens, so as to produce a verv 
sensible difference in the lirightness of an object seen throiigli 
a thick and through a thin lens. 

In the ibregoing reasoning it has been assumed that the 
aperture of the lens is suflicientiy large, that the cones or cy- 
linders of rays proceeding from each point of the image shall 
fill the pupil of the eye. When this is not tlie case, the quan- 
tity of light, and therefore the brightness, will be evidently 
diminished in the ratio of the area of the |)uj)il to that of the 
section of the cone oi* cylinder. Now tlic linear section of the 
cone of rays diverging from any point of the image (at the 
place of the eye), is to the aperture of the lens, as tlie distance 
of the eye from the image to tliat of the lens from the same; 
that is, in the ratio of d + a! : a\ Wherefore, if AMenotc the 
semi-diameter of this section. 



Wlien tills quantity, tlierefore, is less than the semi-aperture of 
the pupil, the brightness of the object seen through the lens i? 
less than that of the same object seen by the naked eye, in the 
duplicate ratio. 
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When the image is infinitely distant, or the emergent rays 
parallel, a' = a; and the brightness of the object, seen through 
the lens, is less than that of the same object to the naked eye, 
ill the duplicate ratio of the aperture of the lens to that of the 
pupil ; as long as the former is less than the latter. 


11 . 


Of Spcctadc-G hisses and Readin^-(i lasses. 

(SOI'.) The dlsihictness c^f objects seen by the naked eye 
depends chiefly on the accurate convergence of the rays of each 
pencil to as many distinct points on the retina ; and the eye, 
we have seen (^94, 5.), is furnished with an organization by 
means of which it can accommodate the refractions of its sur- 
I'aces to the distinct vision of objects whose distances vary 
within very wide limits. VV^hen, however, the refracting sur- 
faces of the eye are too much or too little curved, this power is 
limited on the one side or the other ; the refraction of the eye 
in the former case being too groat for the distijict vision of 
distant objects, the divergence of the rays proceeding from 
which is very small; and in the latter too small for the distinct 
vision of near objects, IVom which the divergence is considera- 
ble. These defects, it was soon seen, might be remedied by 
the use of a concave or convex lens, by wliicli we are enabled 
to diminish or increase, as it were, the refracting [lower of the 
natural instrument ; and accordingly this application of lenses 
was made long [nevious to the invention of the more com- 
plicated dioptrical combinations 

The tlieorv of spectacle-glasses is as simfilo as their con- 
struction. It is evident that the distance at wlilch we desire 
to sex distinctly by the aid of the lens, and that at which we 


^ The invention of spectacle-glasses is referred to the year 1290; 
Juid they were long in use before the accidental coinbinatioii of tw^o 
«f them led to the invention of the tclcscojic. 
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actually see by the naked eye witlioiit effort, must be the con- 
jugate focal distances of the lens before and after refraction 
resjiectivcly. Hence, if these distances be denoted by a and a', 
and the focal Iciigtli of the lens by we have 

1 _ 1 

J "" a ’ 

by whicli- the focal lengtli of the lens required is known. 

For short-siff/itid |)er.sons who desire to see distinctly at a 

considerable distance, - - zz 0, very nearly, and therefore 
a 

The lens employed, therefore, must be a concave lens, whose 
focal length is cciual to the distance at which such persons can 
see distinctly with the naked eye without effort. 

In the case of long'-sigiilcd persons, on the contrary, the 
distance a\ at which they can sec distinctly with the naked eye, 

is very great ; so that — 0, very nearly, and therefore 

a 

fz= - a. 

That is, the lens must be convex^ and its focal length equal to 
the distance at which the person desires to see hy Its assistance. 

(305.) The focal length of the lens being determined, hy 
reference to the distance at which objects may be seen tiistinctly 
by the naked eye wiihout effort, the j)()wer of distinct vision 
wliicli It confers is not limited to one particular distance. For, 
if d and h denote any conjugate focal distances, before and after 
refraction by the lens respectively, it is evident tliat the ol)ject 
will be seen distinctly through the lens at any distance, /7, 
whose conjugate focal distance, lies within tlie limits of 
distinct vision to the naked eye; and these limits of the values 
of 0 being tolerably wide, it ivS evident that the values of d will 
have a corresponding range determined hy the relation which 
subsists between tliem. 

If the limiting values of h be denoted by d and and the 
corresponding values of d by and we have 
111 111 
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■\VIjen a concave lens is employed to assist a short-sighted 
person,/ is taken equal to S', the greatest distance of distinct 
vision to the naked eye ; so that the limiting values of d arc 


d' — », 


,; = -A 


The range of distinct vision with the lens, tliereforc, extends 

.A 


from an infinite distance to the distance 


; the lesser of 


these limits being greater than d^, the least distance of distinct 
vision to the naked eye, in the ratio of o^. 

In the case of a long-sighted person, /y, the greatest distance 
of distinct vision to the naked eye, is infinite; wherefore, 
changing the sign ot\ f in the preceding eijiiatlons, since the 
lens employed is convex, wc have 






A 
J + 


I'ho range of distinct vision extends tlicreforc, in this case, 
from a distance equal to the focal length of the lens to the 


distance 


-„A_. 

7-i- 


which lesser limit is less than the least di- 


stance of distinct vision to the naked eye in the ratio of 
The magnitude of the range is 


d' - d, = 




and increases with The higher, therefore, the power of 
the lens, or the less its focal length, the less also will be its 
range of distinct vision. 

(300.) When aii object is in the principal focus of a convex 
lens, the rays emerge parallel, and arc therefore adapted to the 
vision of a long-siglUed person, 13ut, the object being brought 
ever so little nearer to the lens, the refracted rays m\\ diverge, 
and it is evident that this divergence may be increased to any 
desired magnitude by approacliing the object to the lens. A 
convLW lens, therefore, may he employed to assist a near-sighted 
person, ns well as one who is far-sighted, in tlie vision of near 
d)jeclH ; and the assistance in this case is rendered by an in- 
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crease of the visual angle, by which the object is exlhbivccl 
enlarged or magnified. 

Such is the common reading-glass, which is a convex lens 
of considerable aperture, wlio^e focal length depends ujjon the 
degree of magnifying power rccpiired, and varies, in gt.'neral, 
between one and two feet. The eye being lirouglit ( lose to th<‘ 
lens, tlic visual angle under which the object is seen is eijuai 
to that which it subtends to the naked eye (^301.) : tlie objt'ct, 
however, being within the limits of distinct vision, will ajnicar 
magnified as compared wdth itself wlien seen distinetly by the 
naked eye. When tlic image is brought to the least distanei^ 
of distinct vision, in which case the visual angle is •i;reatcs‘i, 
the relative magnitudes of the object as seen by the kiis, 
and by the naked eye at the least distance of distinct vision, 
will be (300 ). 



whicli tliorefore expresses the magnifying power. 

(307.) In looking ihrongli spectacles when llie eye is diiveted 
to any part of the field remote from the centre, llie rays wliicli 
are incident upon tlie pupil after refraction tliroiigli tlie lenses 
pass through the latter with very considerable obllc|uity ; and 
llicreforc the marginal parts of the field will bo inucli distorted 
and confused. This oblk|uity, however, and llie conse(jneiit 
conliision, will be in a great degree remedied by making tlie 
inner surfaces of the lenses concave; and it is obvious that, tiic 
nearer tlie curvature of these surfaces approaclies to tliafc of 
the cornea, the less w'ill be the obliciuity of* the marginal pencils. 
Such is the simple principle of Dr. Wollaston’s pcriscopk 
spectacles^ tlie lenses of which are of the form of the mcnucas 
or the concavo-convex, with their concave surface turned towards 
the eye; the former being intended for llie long-sigliled, and 
the latter for the sliort-sightcd person. Where extent qfjkld 
is required, as iii the open air, tliis form is mucli to be pre- 
ferred to the common one. When, however, the eye is steadily 
directed to the centre of the field, as in reading, or in the exa- 
mination of any minute object, tliey are inferior to tlie common 



S 1* E t ’ T A( ’ T. !■:-( i LASS K R A X I) 11 K ADI N G - C T. A R S 1 S . 


291 


forms, huiRinucIi ns the aberration of tlie central ] pencils is con- 
siclerably incrcascJ. 

As tlie eye vctjulres a greater extent of fleltl laterally than 
vertically, the shape of the lenses of spectacle-glasses is usually 
oval, instead of circular, the greater diameter being hori/ontal. 

(.'508.) When the eye is immersed in water, the first and 
most considerable of its refractions is altogether lost. For the 
aqueous humour is of the same refractive power as water, very 
nearly (^^85.) ; and consequently, the cornea being bounded 
by surfaces which are nearly parallel, tlic rays will pass from 
water into the aqueous humour without uiulergoing any re- 
fraction. Jlence, the remaining surfaces of the eye being 
unable to conqilote the refraction, the spectator is immediately 
]daced in the condition of a far-sighted })erson, and will re(piii;e 
the aid t)!* a powerlul convex lens in order to s(‘e distinctly. 

Tlie lenses employed by divers^ if they be formed of* crown- 
glass, and be cqiii-convex, must have the curvatures of both 
surliiccs equal to tliat of tlie cornea. For, in order that the 
refraction of such a lens may be equal to that of the cornea, 
whicli it is intended to supply, the focal lengtli of the lens, hi 
icaicr, must be equal to that of the cornea hi air . Now, if ,<4 
denote tlie absolute refractive index of water, and (J that of 
glass, the rclathe refradim index from water into glass will be 

~ (1 18.) ; and the focal lengtli of an cqui-convcx lens of glass, 

j)laccd in water, will be 


2 {\ 


) 


/•' denoting the radius of either surface, 
radius ol* the cornea, its focal length is 

IhV 


■ 


15iit, if r denote the 


And ccpiating these values, according to the condition above 
mentioned, we obtain 






r r. 
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Now if we substitute for /x and fJ their values and 4 , tlic rc^ 
fractive indices of water and crown-glass respectively, we find 

£= r. 

The radius of each surface of the lens, therefore, should be 
about the one-tliird of an inch ; that being, very nearly, the 
magnitude of the radius of the cornea (28G.). 


III. 

Of the shigle Microscope. 

(309.) Tliegreat impediment to the vision of minute objects — 
namely, the sinallncss of the visual angle imdcr which they are 
seen — might appear at first sight to be easily rernoveablc, and to 
any desired extent, by simply diminishing their distance from 
the eye. To this diminution of distance, however, we Iiave 
seen, the nature of vision imposes a limit, the eye being in- 
cajiable of bringing rays to a focus on the retina whose ili- 
vergence exceeds a certain magnitude. Accordingly the distance 
<letermined by this limit is denominated the least distance of 
distinct vision; and the angle, which any small object subtends 
to the eye at that distance, is the greatest angle under which it 
can be seen distinctly by the naked eye. 

If the object be placed, however, in the focus of a convex 
lens, the angle under which it will appear is equal to that which 
it would subtend to the naked eye at a distance equal to the 
focal length of the lens (301.); while the rays of the several 
pencils, proceeding from the several points of the object, emerg- 
ing parallel, will be brought to a focus on the retina without 
effort. Consequently the object will appear at once dlstiiict, 
and magnified to the same extent as if we were enabled to 
approach it to a distance equal to the focal length of the 
lens. A lens of high power, thus employed, is called a single 
microscope. 
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(310.) The tangent of tlie visual angle under which tlie 
object is seen by the aid of such a lens is 

T' 

m denoting the linear magnitude of the object, and ,/the focal 
length of the lens (SOI.). But the tangent of the angle which 
the object would subtend to the naked eye, at the least distance 
of distinct vision, is 

VI 

and the ratio of these tangents, which, the angles being small, 
is nearly equal to that of the angles themselves, and is thcrc- 
Ibre the measure of the magnifying power, is 

T** 

Accordingly the magnifying power is increased by dinii- 
nishing the focal length of the lens, or increasing its power. 
The foc;d lengths of lenses, fitted up as single microscopes, 
are usually inch, 1 inch, of an inch. In ex- 

amining minerals or flowers a high power is not required, and 
accordingly the focal lengths of the lenses wliich are employed 
in the botanical or mineralogical microscope are seldom less 
than };ih of an inch. For various other purposes, however, it 
is dcsinible to obtain as high a power as possible; but, when 
a higher power is sought than that furnished by a Jens of 
iyth of an inch focal distance, it is usual to employ, instead 
of* lenses, small spherules of glass ; the construction of the latter 
being easier than that of the former, w'hcn the curvature is 
considerable. 

(311.) The substitution of small glass spherules for lenses 
was first suggested by Dr. Ilookc, who describes the method 
of their construction in his Micograjj/na^ jniblished in the year 
l()(J5. They are attended with this disadvantage — that their 
distance from the object examined is necessarily much less than 
in a lens of equivalent power. For the distance of the principal 
focus of a glass sphere from its surface is equal to half the ra- 
dius (165.), and is therefore one-third of its focal length mea- 
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surcd from llio centre; wherefore, noft'lecting tlie thickness oi‘ 
the Ions, the distance of an object in its principal focus IVoin its 
surface is three times as groat /is the corresponding distance in 
the sphere of equivalent power. On account of the smallness 
of this distance, the object liable to he touclied, and therefore 
in many cases to he destroyed, in adjusting the spherule to 
distinct vision ; while, in the examination of moist objects, 
which require a thin plate of glass or talc to he interposed 
between them and the lens, in order to prevent the evapora- 
tion from interfering with the vision, tlio spherule becomes 
utterly useless when of high power. 

The most povverl'ul spherules ever made \vore those scut to 
tlie Royal Society by Di Torre, of Naples. One of these is 
said to be the * ..th of an inch in diameter; and its focal length, 
therefore, is equal to the J j of an inclu The available power 
of the single microscope, however, seems to be limited by the 
constitution of tlie eye. It was observed by liuygliens, and 
since fully confirmed by the observations of others, that the vision 
will be imperfect if the diameter of the cylindnile of rays, which 
arc incident upon the eye emerging from a lens of any kind, fiills 
below a certain limit, which he has fixed at the of an inch. 
Rut the diameter of this cylindnile of rays is eijual to the aper- 
ture of the lens or sjihcrule: this aperture then must not be 
less tlian the of an inch, even suf)posing tlie Avholc of it to 
be effective; and therefore the focal length ol'a glass spherule, 
which is equal to three-fourths of its diameter, cannot he less 
than the y^^tb, or, in round numbers, the i ivjth of an inch. 

Another disadvantage, attendant on the emjiloymcnt of 
lenses or spherules of small aperture and high power, is tlie 
want of sufficient brightness. 

When an object is placed in the focus of a lens or spherule, 
the breadth ot tlie cylinder of rays, proceeding from each point 
of the image, is equal to the aperture of the lens; and, when 
that aperture is less than that of the pupil of tlie eye, the a]i- 
parent brightness of the object, seen tli rough the iens, is less 
than that of the same object seen by the naked eye, in the du- 
jilicate ratio of that aperture to that of the pupil (303.). TIic 
apparent brightness, therefore, decreases as the srpiare of the 
aperture ; and, when the aperture is very small, becdhies so 
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inconsidenible as to rc([uire the object to be strongly illumi- 
nated. 

As tlie aperture increases, tbq brightness increases in the 
dupli(!ate ratio, up to a certain limit, at which it arrives when 
the aperture oi* the lens becomes ecjual to that of the pupil. 
The apparent l)rightncss then becomes ctjual to that of the 
object seen by the naked eye, and cannot be increased by any 
further increase of ajjerture. 

The confiision of vision, arising IVom spherical aber- 
ration, is measured by the area of the circle of aberration in 
llic injage on the retina. Now tlie diameter of this circle is 
]aoportiona! to the angle wliich th.e diameter of the least circle 
of aliorralion, in the image formed by the lens, subtends to the 
( ye, or at the lens q. p. ; and, if this angle be denoted by s, 
wc have (190.) 



in whicii a denotes the scmi-apcrturc of tlic lens, and. k the 
((K’tljilnit of the s(|uarc of tliat (piantity in the expression of 
f/ v Ihit, ca^t. par, ^ ic is proportional to the cube of the 

poM’er (d* tlie lens: for, if the ratio of the curvatures of the 
surnices of tlie lens be denoted by that is, if ^ — mJ^ wc 
have (loG.) 

= (/i - 1 ) {m - 1 )J ~ ( //. - 1 ) f ; 

and these values of p and ^ being substituted in the expression 
fjf dr/] (179.), it is evident that the result will he of the form 
d:/! ^ L being a function of//, and we, whose magni- 

tude dc|)eiuls accordingly on the partlcidar form and material 
of the lens. We have therefore 

3 

Hence the diameter of the circle of aberration on the retina, 
wliich is measured by e, is proiiortional, cat par,^ to the culxj 
of the (juotient of the aperture divided by the focal length of 
the lens. And therehnv, in order that lenses similar in form, 
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and 
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and of the same material, may exliibit objects willj equal 
distinctness, their apertures must be as their focal Icngtlis. 

When the aperture and focal length of the lens are givijn, 
the confusion arising from spherical aberration will depend 
upon the magnitude of the coefficient i., which we have seen 
depends upon the material of which the lens is composed and 
upon its form. Thus it appears from (172. 17^^.), that when 
tlic lens is a plano-convex of croxmi-glass^ liaving its |>lane 
side turned towards tlie object, the value of l is In a 
pla7io-coni'cx of the same material, but turned in the opposite 
tlireclion, it is equal to And in the crjui-coniex lens ol’ the 
same substance it is Of the three forms, therefore, the best 
is the plano-convex having its plane side turned towards the 
object ; the aberration of the lens in this position being less 
tlian when turned the opposite way in the ratio of 7 to 27. 

The best form, however, or that in which t!\e aberration is 
a minimnm^ is the crossed leiis with its less curved sin*race 
turned towards the object (175.). When this lens is formed 
of crown-glass, we have seen the radii of its surfaces are in the 
ratio of 1 to 6; and the value of l becomes ecpial to whi(rli 
is less than that of tim plano-convex in its best position in the 
ratio of 45 to 49. The aberration of the latter, accordingly, 
exceeds that of the lens of best form by tlie f , th part ol’ the 
whole only; and, as it is much easier of construction, it is tlie 
usual form of lenses fitted up for the single microscope, unless 
where liigh power is required, in which case the equi-convex 
is that generally employed. 

(313.) The aberration of the central |)encil may be further 
diminished, or even altogether destroyed, by combining two or 
more lenses togetlicr of suitable forms. Thus: if two plano- 
convex lenses of equal focal lengths he placed in contact, wdih 
their plane sides oiitw^ards, the aberration will be {ths of the 
single equivalent plano-convex lens, and ^-ths of the aberration 
of the equivalent lens of best form ; as will readily appear on 
making the proper substitutions in the formuhe of (171 ), (183.). 
^Fwo lenses in contact, however, may be rendered completely 
aplanatic^ as far as the central pencil is concerned, by a proper 
adjustment of the curvatures of their surl’aces. The deter- 
mination of the forms of tw^o lenses, which form an aplanatic 
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combination wlien placed in contact, is given in tbe equations 
of (185.) ; in whicli vve have only to Introduce the condition of 
the parallelism of the emergent poncil. The general equations 
are simplified when the lenses are of the same material, as 
is generally tlie case in combinations of this kind, the constants 
depending upon the relractive index being the same for both 
lenses. We leave the development of these equations to the 
reader; and shall merely observe that the form of one of 
the lenses is altogether arbitrary, there being two. arbitrary 
quantities in the equation of condition. If the lens next the 
eye be assumed of tbe hest form^ as in the combinations ]n'o- 
posed by Mr. llerscliel, the other will he found to be a deep 
mcmscits with its concave surface next the ol)ject. Such a 
combination has been found to perform exceedingly well when 
employed as the object-glass of tbe compound microscope. 

(314.) The errors of form are of a more vari<ius anti com- 
j)licated naturt' in their effect on those pencils which pass 
through the lens exccntncalbj ; such as, in fact, arc all tlie 
pencils wliicli reach the eye proceeding from any part of the 
field hut its centre. There will be a irhstorlion of tlie mar-. 
ginal ]>arts of the field, arising from a dlfferenee in the inclina- 
tion of the emergent pencils to the axis. There will be an Jvi- 
distiitctncss either at the margin oral the centre of th(‘ field, 
resulting from the im[)ossibility of adjusting both to such a 
distance from the lens, as will ensure tlie parallelism of tlie 
emergent pencils for all parts of the field. And, finally, from 
this difference in the vcrgency of the pencils proceeding from 
the centre and from the edges of the field, the field of view v* ill 
appear to be convex instead of flat; tlie pencils jirocecdiiig 
from the central parts emerging divergent, when those which 
])rocec(l from the margin of the field emerge parallel. 

In lenses of very small aperture tliese errors are inconsider- 
able and may be disregarded. AVhen tlie objects to be exa- 
mined, however, are at all large, larger apertures arc required, 
and the errors of whicli wc have been speaking become of such 
magnitude as to demand our attention. They may be cor- 
rected, severally, by combining two or more lenses of jiropcr 
forms; but as the combination, which diminishes one source 
of error, frequently enlarges another, it will be simpler and 
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more effective in practice to correct all by diminishing tlic 
aperture of the lens, jirovided sucli a dimiiuitloii can be ren- 
dered compatible with a sidhne^it extent of field. Now this 
object is attained in the pcrhcnplc Imscs invented by Dr. 
^Vollaston, wliich have been already notic-(?d (^^90.). Tho}' 
arc comj)osed of two plano-convex lenses united together at 
their plane sides, between wliich a thin plate of brass is inter- 
posed, Iiaving a small circular ajicrture in its centre. In this 
const ruction it is evident a consideral)le field of view is pre- 
served, while at the same time all the advantages of dimiuislied 
aperture, in correcting the aberration both of the central and 
cxcentrical pencils, are obtained. The (Hamt'ter of the aperture 
which Dr. Wollaston fonnil to be nu)st convenient was one-fifth 
of the focal length of the compound lens. 

In order to remedy the loss of light which is produced by 
doubling tlie number of surfaces, Dr. IJrcwster ]irc)j)o.sed to fill 
the aperture with some fluid, such as oil of turpentine or Ca- 
nada balsam, which is nearly of the same refractive ])owcr as 
the glass. The same effect, as tins author has observed, 
may be more perfectly attained by cutting a groove in a .sphere 
or thick double-convex lens of glass, so as to leave in tlie centre 
a circular yiortion equal to the proposed aperture. When a 
sphere is employed, either in this form or constructed of two 
liemi-sphercs with an interposed dlaphra^pn, it has this further 
advantage — tliat the ray.s of all the pencils, as well from the 
marginal parts of the fiehl as from its centre, jiass through the 
refracting surfaces jnerpendicularly, or nearly so, so that the 
errors of oblique incidence are almost entirely corrccletl. 

(Slo.) It remains to say a few words on the employment of 
other trans})arciit substances in the construction of the lenses of 
si ngl e microscopes. 

It is evident tliat if a lens coultl he formed of any perfectly 
transparent substance, which combined a high refractive power 
with a moderate disjierslve power, it would possess a great* ad- 
vantage over those in common u.se. For, the greater the 
refractive power of the substance, the les.s will be the curva- 
tures necessary to produce a given refraction ; and the less, 
accordingly, will l)e the errors of figure as well in the excen - 
trical as in the central jiencils. Now the property above men- 
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tioned is possessed in a high degree by tlie diamond and by most 
of tlio precious stones; and tlicreforc tlicse substances, if 
ibnned into lenses, might be expe^^'ted to perform with an ac- 
curacy far superiorto the common lenses of glass. A fbw years 
since, accordingly, Mr. Pritchard undertook, at the suggestion 
of Dr. Goring, who has bestowed niucli attention on th.e im- 
provement of microsco])cs, to construct a lens of diamond, 
'fhe difficulties which he had to overcome in working this hard 
substance were very considerable: be at length, however, suc- 
ceeded, and the first diamond microscope was Ihfisheil in the 
year 1820. The f)ca] length of* this lens, w^hich was double 
convex, wais about the .‘,hh of an inch. 

It will he easy to estimate the extent of the advantage thus 
gained. When an object is placed in ihc focus ofa |)lano- 
convex lens, having its plane surface next the object, the value 
of L, llie coefficient of the angle of aberration, is (172, 178.) 

^ 2y,(/y. - T)' • 

Now wdion the lens is of crotcn-glim^ in which /x = J nearly, 
the value of l is I ; while in a dlainond lens, in wdilch the 
index of refraction a ~ ]- nearly, i. = j ' == nearly So 
that the aberration in th.e latter case is less than in the il>rmcr 
in the ratio of* 8 to 21; and the confusion of vision thence 
arising, which is proportional to ihc area of the circle of aher- 
ration on the retina (n* to the scpiare of the angle of aberration, 
will be less in the ratio of 1 to 7 nearly. 

The same artist has constructed lenses of tlio other precious 
stones; but none of them seemed to be so well lilted for this 
purpose as the duimoiid and the sapphire^ many of the others 
l)r()ducing a second image by their property of* double re- 
fraction. The refractive index of sap))hire is about 1.8; and 
subsStiUitinix this value for w in tlie value of r. . it is found to be 


* The aberration may be further reduced to nearly one-half of 
this quantity, by making the lens of best J'orm ; wOiicli in this cast; 
is a nieniscui! having its concave surface next the object, the radii of 
its surfaces being in the ratio of 2 to 5 ( 17 o.)- 
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equal to , or equal to nearly. Ilencc the aberration of 
a plano-convex lens of this substance is one-half of that of tlio 
c(juivalcnt lens of crown-glass. This mineral possesses the 
further advantage of having a very low dispersive power, its 
dispersive index being =: ,0J2() only; which is but half that of 
the more dis[)ersive kinds of flint-glass. The chromatic aber- 
ration, therefore, is proportionally reduced. The facility of 
working this substance also, as compared with the diamond, 
renders its construction far less expensive. 

(3U>.) A convenient microscope for temporary purposes may 
be readily constructed by perforating a thin plate of brass, aiul 
inserting a drop of water in the aperture. The edges of this 
aperture are to be made as thin as possible, in order that the 
fluid may assume the rc(iinsite form, which will be that of a 
chnible convex lens. An instrument of still simpler construction 
is suggested by Dr. IJrewstcr: it consists merely of a drop of 
some transparent fluid, such as Canada balsam or turpentine 
varnish, upon a thin plate of glass whose surfaces are exactly 
parallel. A plano-convex lens will thus be formed whose 
curvature, and thc*refbre its focal Icmgth, will vary with the 
position of the drop wdth respect to the plate; the curvature 
])elng greatest when tl)c drop is vertically beneath the plate. 
The former of these sul)stances will soon harden, and,. if pre- 
served from dust, continue perfect for a considerable time. 
Dr. Brewster has formed lenses in this manner, which he has 
employed witli advantage both as the object-lenses and cyc- 
lenses of a compound microscope. 
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CHAPTER III. 

OF VISION THROUGH ANY COMBINATION OF LENSES. 


I. 

General Principles of Vis'ion throngh any Cornhhiation of 

Lensea. 


(«‘317.) In tracing the progress of light through any system 
of lenses, two things are to be atteiicled to. 1st, The course of 
a pencil of rays diverging from any one point of tlie object. 
The several foci of thi.s pencil determine the places of the several 
images of the object, ^^dly, The course of the axes of these several 
])enclls. These axes, all passing through the centre of the 
object-glass, or first lens of the system, may be considered as 
constituting a pencil of rays flowing from that centre; and, 
consequently, an image of the object-glass will be formed at its 
several foci. The extreme rays of this pencil of axes deter- 
mine x\\q. field of view ^ the effective apertures of the several 
lenses after the first, and the visual angle; and, finally, the 
last focus of this pencil is the point at which the eye must 
be placed so as to receive the entire extent of the field. 

(318.) It is required to determine the fljci of a pencil of rays 
proceeding from any one point of the object, or the places of 
the several images. 

Let f y ^ Scc.f''^\ denote the focal lengths of the several 

lenses composing the system, and e, c'\ &c. the suc- 

cessive intervals between them ; also, let a and h denote the 
conjugate focal distances of the first lens, d and JJ those of the 
second, &:c., and d*'' and those of the last, or (n 4- l)ih 
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lens. Then from (1C8.) \vc learn tliat these quantities are con^ 
nectcd by tlic equations 

1 _ 1 1 1 ^ , 1 o,, 1 . 

1) “ 7t f' II I f ’ /->*"' “ 

«’ = h -)- a" V f', &C. rt "> == 

By elimination among tliese equations wc shall obtain suc- 
cessively hy i', &c. and therefore the places of the several 
images, real or virtual. 

In order that the object may be seen di.stincthj through the 
combination, the emergent rays )mist fall upon the eye 
with such a degree of divergence as is best suited to distinct 
vision, irence, as the eyes of most persons are adapted 
to bring parallel rays to a focus on the retina without effort, 
it is usual to adjust all combinations of lenses, intended 
for optical instruments, in such a manner that the rays of each 
pencil may emerge parallel, or, in other words, tliat tlie last 

image may be infinitely distant. Hence = 0, and the last 

equation of the first scries is reduced to 

And if wc eliminate i, a\ V, &c. from the preceding equa- 
tions, the resulting equation wdll express the condition which 
must be fulfilled by the distance of the object, the focal lengths 
and intervals of the lenses, so tliat the combination may be 
adapted to distinct vision. 

Wlicn the conibination is intended for tlie examination of 
X)e7'ij distant objects, = 0 ; and the first equation of the 
first series is reduced to 

b -f. 

(319.) In order to determine the visual angle under which 
an object is seen through the system, let 0 denote the angle 
which the axis of the extreme pencil makes with the common 
axis of the system at its first intersection, namely, at the centre 
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uf the ohject-glass ; and 0\ &.c. 0'"^, the angles which it 
makes with the same after refraction by the second, third, &c. 
(/i -I- l)th lenses, respectively. Also, let e' and rP denote the 
distances (measured from the sccoYid lens) of the intersections 
of this axis with the common axis of the system, before and 
after relraction by the second lens; and d'', c’-' and r/'^, ka. 

and the analogous quantities for tlie third, fourth, kc, 
(/I -h l)tli lenses respectively ; then we liave 

tan. O' _ c' tan. d' tan. 

tan. 0 d ’ tan. tan. cP—’ 

And multiplying these equations togetlier, and denoting the 

. tan. 6''"^ . 

ratio “ - — hv ?5 we Iiiul 
tan. 5 


It is evident from wliat has been said (317.) that d and d', 
d' and d', &c. d'*’ and (P''\ are conjugate focal distances to the 
several lenses, after the first or objcct-lcns ; and therefore tiwit 
the relations amongst them will be given by t!ie equations 

1 1 1 J 1 , 1 , 1 I 1 

H == 7 ^ -“T -ty ^ "r.r ’ 

d = <•, c" = d' + (■', &c. = d'“-'^ -f- 

d d^ 

And if, by means of these equations, we eliminate , -y-, &c. 

Irom the value of we shall liave the ratio of the tangents 
of the visual angles expressed in terms of the focal lengths of 
the lenses and of the intervals between them. 

TIic value of p, thus obtained, is independent of any relation 
whatever amon<ist the focal lengths and intervals of the lenses. 
When, therefore, the coinbinafion is intended for optical pur- 
Jioscs, it is necessary to introduce in the value of o the relation 
amongst these quantities involved in the condition of distinct 
vision (318.). 

Tlie ohject seen through the combination will appear erect 
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or inverted, according as 0 and 0^"'^ the angles wliich the axis 
of the extreme pencil makes with the axis of the system before 
and after refraction respectively, arc of tlie same or of opposite 
signs ; these angles being mc^asared Irom the portion of the axis 
extending toxocmh the incident light. Accordingly the /;o- 
.y/7/o/i of tlie object, as seen through the instrument, will bo 
determined by the sigu of being erect when ^ is positive, 
inverted when negative. 

(320.) In instruments intended for the vision of re/'// distant 
objects, the inagnifying is estimated by the ratio which 
the visual angle, under which the object is seen by tlie aid 
of the instrument, boars to that which it subtends to the naked 

eye at its actual distance; that is, by --- ; since 0, the angle 

which the object subtends at the centre ol‘ the object-glass, is 
q. p. equal to that which it subtends to tlie naked eye. Where- 
Ibrc, if we substitute the ratio of the tangents of these angles 
for that of the angles themselves (these ratios being q. 'p» equal 
when tlie angles are small), and denote the magnifying power 
by iM, we have 

M = 

In estimating the magnifying power of instruments intended 
for tlie exaniinalion of near objects, it is usual to compare the 
visual angle, under wliich the object is seen by the aid of the 
inslniinent, with that under which it appears to the naked eye 
at the least distance of distinct vision. Now the tangent oi* 
tills latter angle is ccjual to 

a 

‘ tan, 0, 

A 

a lieing the distance of the object from the object-glass, and 

the least distance of distinct vision ; and the ratio of the 

n 1 1 1 • ^ tan. A ^ _ 

tangents or the angles compared is — . = — p. And, 

^ ^ ^ a ian.O a- 

substituting this ratio of the tangents of the angles for that of 

the angles themselves, we have 
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(321.) In order to determine the magnifying power of a 
given telescope in practice, by means of the preceding equa- 
tions, it becomes necessary to measure with accuracy the in- 
tervals between the several lenses tind their focal lengths; and, 
this being attended with much difficulty, it is usual in practice 
to have recourse to some independent method of determining it 
by observation. The method usually, employed for this pur- 
pose is as follows: a circular aperture, about an inch in dia- 
meter, is cut in a blackened card, and in another card a rect- 
angular aperture is made whose breadth is exactly eq^ial to the 
diameter of the former. The circular aperture then, being 
placed between the eye and the sky at the distance of one or 
two hundred yards, is viewed with one eye through the telescope; 
wdiilc with the other the rectangular aperture is viewed di- 
rectly : this lattej is then moved until them agp.ified image of 
the circle appears exactly to fill the breadth of the rectangle ; 
and, the distances of the two cards being then measured, the 
quotient of the former by the latter will evidently be the mag- 
nifying power of the instrument, 

A very sim[)le and elegant method of obtaining' the mag- 
nifying power of a telescope in practice is suggested by the 
value of ^ given above. For it is evident, on comparing that 
value with the result of (19G.), that f is equal to the ratio 
which the linear magnitude of the object-glass bears to that of 
its last image, which is formed beyond the eye-glass at the in- 
tersection of the axis of the extreme pencil witli the common 
axis of the lenses. Observing, therefore, the diameter of this 
image, and dividing by it the diameter of the object-glass 
already known, we shall have at once the magnifying power. 

The diameter of this image may be measured by means of 
a thin plate of horn or mother-pearl, on which a fine scale of 
ecjual parts is drawn. This scale being brought to coincide 
with the image will give at once its diameter. When greater 
accuracy is sought, the diameter of the image may be mea- 
sured by means of a double image micrometer. Such is the 
instrument invented by Ramsden, and wliich, from its ap- 
plication, has been called a dynaineler. It is obvious that 
it cannot bo applied to Galilecfs telescope, or to any instru- 

X 
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me«t in which the axes of the extreme pencils diverge at 
e»tiergence, 

(322.) We now proceed to compare the quantity of light 
and the brightiiess of the image of an object, seen through any 
Combi nation of lenses, with those of the linage of the same 
object seen directly. 

The quantity of light incident from any distant object upon 
the object-glass is to that which falls from the same object upon 
the pupil of the eye in the ratio of the areas of the surfaces, 
that is, as a® to or ; A and a denoting the diameters of the 
object-glass and of the pupil respectively. Hence the quantity 


of light incident upon the object-glass is equal to 5 


which falls upon the pupil being unity; and, if denote the 
ratio which the transmitted bears to the incident light, alter 
passing through the combination, the quantity of light in the 
image of the object, seen through the system, will be 



the quantity of light in the image on the retina of the naked 
eye being unity. 

On the magnitude of this ratio depends wliat Sir William 
Ilerschel has called the telescopic jmocr of pv ni trating spnci:. 
In different telescopes, therefore, this power varies ceet. par, as 
the areas of the olyect-glasses. 

When the combination is employed for the vision of near 
objects, the quantity of light received tlirough it is to be com- 
pared with that received by the naked eye at the least distance 
of distinct vision. W e must substitute, therefore, for the areas 
of the object-glass and pupil in the preceding investigation, 
these areas divided by tlie squares of their distances from the 

object, or and ^ A denoting as before 

(320.). The ratio, therefore, which the quantity of light in 
the image of a near object, seen through any combination of 
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lenses, bears to that of the image on the retina of the naked 
eye is 

A A\ 2 

m{ — 1 • 
koluJ 

The ratio above given can never exceed a certain limit de- 
pendent upon the magnifying power of the instrument. This 
limit is attained when 


A 

a. 




that is, when — ~ or the last image of the object-glass, 

which is tlic smallest space into which the emergent rays arc 
collected, is e(|ual to the aperture of the pupil. For, when 

— > 0 , the smallest space into which the emergent rays arc 

collected is greater than the aperture of tlie pupil ; and all 
the rays which fall without the pupil being lost, in order 
to obtain the olfective quantity of light, we must diminish 
the value above given in the ratio of the area of this smallest 
space to that ol* the aperture of the pupil, that is, in the 

ratio (6“ to Accordingly, the maximum quantity of 

light in the image of a distant object ~ vi^'; and that in the 

image of a near object zz j ^ of the image on the 

retina of the naked eye being unity. Or, since m = ^ in the 

former case, and m -- p ~ in the latter, the maximum quantity 

of light in the image of an object seen through any instrument 
is, generally, 

m M \ 


(323.) The apparent hrightness is measured by the quan- 
tity of light in the image on the retina divided by the sj)acc 
over which it is diffused. Now it is evident that the area of 
the image on the retina, when the object is seen through the 
instrument, is equal to m-, the area of the image on the retina 
of the naked eye being unity. Hence, if we divide the ex- 
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prcssion of the quantity of the light, in the case of a distant 
object, by f, and in the case of a near object by , the 

quotient in both cases is 



which accordingly expresses the brightness of an object seen 
through any combination of lenses, the brightness of the object 
seen with fhe naked eye being unity. 

It is evident, from what has been said above, that this value 
can never exceed a certain limit, to which it attains when 
A ag ; and therefore that the ffreatest brightness of an object, 
seen through any combination of lenses, is equal to 

772 , 

that of the object seen by the naked eye being unity. Hence, 
in being less than unity, the brightness of an object seen through 
any combination of lenses is always less than that which it ex- 
liibits to the naked eye; the former, when greatest, being to 
the latter in the ratio of the transmitted to tlie incident light. 
In most cases, however, the brightness does not reach this 
limiting value ; since it seldom happens that a is so great as 
except in instruments oi’ small magnifying ])c)wer. 

(324.) We now proceed to determine tlie apertures of the 
several lensc.s, corresponding to a given magnitude of the Jicld 
of viezo, 

a', a", Sic. denoting the apertures of the several lenses, 
after the first or object lens, it is evident that they arc connected 
by the relations 

a" ___ c'' a"' _ c'" ^ ^ 

a '' “ ~iV' IF ~ ~ 

And multiplying wc have 

a" c" cV" 

a! “ 'T(F^ " A^ 

Now,' if 0 denote the original inclination of the-axes by which 
these several apertures arc limited, or the given field of view, 
a' = ^0 ; and we have 
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in which tlie coefficients a", a", &c. are determined by the 
equations • 


a Z2 Ct 


\v* 


.7-V/ 


e’e 


a!” = e 


dUV^ 


•, &c. C6^“^ = e 


d^¥7rd^^' 


By these equations the apertures of the several lenses cor- 
responding to a given magnitude of the field of view are deter- 
mined. These may be called the effective apertures. 

From the j)rcceding c(]uations we obtain a remarkable relation 
connecting the magniiying power, the field of view, and the 
apertures and powers of the several lenses. For, if we multi- 
ply them by the equations, 

_ 1 _ 1 1 JL _ 1 L R 

f' d' d'' c-'" ’ 


each by each, and substitute for e its value d, they become 


T 



/« d'Vii' )' 


Sic. 


_ cV' / r" 


- 1 


> 


dd' * • 

And adding them together, substituting for 
value and multiplying the result by 0, we obtain 


a' a" a"' ' 

~f ^ ^ ^ ^ 7^ = (? " n®- 


From this it appears in what manner the field of view is in- 
creased by adding to the number of lenses. It appears also 
that the field is diminished by increasing the magnifying power; 
since, ccet par., Q varies inversely as ^ — 1 . 

(325.) If the values of the coefficients of the apertures, 
a\ al^j cc'", &c,, obtained in the preceding article, be developed 
d^ c'" 

by eliminating &c. by means of the equations (319 ) 

we obtain 
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a* = e, 

If . f 

a" = ^7 + ^ , 

e(c' + e*^) e'{e + a;V^' 

a ^ c e + e i y., I jj" ’ 

&c. &c. ; 


by which the apertures of all the lenses, after the first, are de- 
termined in terms of their focal lengths, and of the intervals 
between them. 

If any of the apertures be diminished in any ratio, it is evi- 
dent that the field of view will be proportionally diminished ; 
since the coeflicicnts a!^ r/, r/', &:c., depending solely on the 
focal lengths and positions of the lenses, will be constant when 
these are given. Hence, when the apertures of the lenses arc 
^iven independently, the field of view, corresponding to each, 
will still be given by the preceding eijuations ; and it is evident 
that the actual fields visible through tlic entire system, will be 
the least of the values of (-> thus obtained. Accordingly tlicre 
will be either a loss of field, or a useless extent of aperture, 
when the actual apertures of the several lenses do not agree 
with the effective ; that is, when the actual apertures do not 
fulfil the conditions involved in the preceding equations. 

The field of view of a telescope is easily ascertained prac- 
tically. We have only to direct the instrument to a star at or 
near the e({uator, and observe the time of its passage across 
the field. The number of seconds in this time, multiplied by 
15, will give the number of seconds in the field of view; since 
a star in the equator has an angular motion of 15" in a second 
of time. 

(326.) Ill order that the eye may receive the entire extent 
of tlie field, it must be placed at the point in which the axes 
of the extreme pencils intersect the common axis of the lenses 
after emergence ; that is, at the point whose distance from the 
last lens = the value of which is to be obtained by elimi- 
liation among the equations (31 9.)* When the aperture of the 
last lens, however, the magnifying power and the field of view, 
are already known, the value of is immediately obtained ; 
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Ibr, 0^”^ being the angle made by the extreme axes at emer- 
gence, we have 

A(«) =: d^n) 0(n) ^ ^ ... ^/<«) = . 

The eye, it is evident, must always He at the negative side 
of the eye-glass. Wherefore, when the value of f/ is posi- 
tive, the eye cannot be placed so as to admit the whole extent 
of the field ; and, to give it its most advantageous position, we 
must place it as close as possible to the eye-glass. In this case 
the effective aperture of the eye-glass is reduced to that of 
the pupil of the eye; and we must substitute the latter for 
the former in the equations involving the field of view. 


1 1 . 


Of ike A.stronomical Telescope, 


(327.) If a convex lens be placed so as to receive the rays 
proceeding from a distant object, an image of that object will 
be formed at its principal ftxms, which may be viewed directly 
by an eye placed beyond it at a distance not less than the least 
distance of distinct vision. 

Let m denote the linear magnitude of this image, and x the 
least distance of distinct vision : the angle which the image will 

7fl 

subtend to the eye placed at that distance will be — • But the 


angle which the object subtends at the centre of the lens (or at 
the eye, q.p.) is equal to that which its image subtends at the 


■ m 


same place, with the opposite sign, or to denoting tlie 

focal length of the lens. And the former angle is to the latter 
in the ratio of /'to X ; or, in other words, the magnifying power 
of the instrument is expressed by the fraction 
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A 


From whicli it is evident that there will he an increase of the 
visual angle, whenever the focal length of the lens is greater 
than the least distance of distinct vision. This maybe con- 
sidered as a telescope in its simplest form. 

But if, instead of viewing this image directly, it be viewed 
by means of a second convex lens, placed at a distance from 
that image equal to its own focal length, it will be seen 


VTl 

under an angle equal to (301.), whatever be the position of 


the eye ; and the ratio of this angle to that which the object 
subtends to the unassisted eye, or the magnifying power of the 
combination, is 


M 


z/ 

r 


Accordingly, when the focal length of the second lens Is less 
tlian the least distance of distinct vision, tlie magnifying {)ower 
is increased by the addition; and, since the rays emerge 
parallel, they will be brought to a focus on the retina without 
effort*. 

(328.) Such is the common astronomical telescope^ the con- 
struction of which was first explained by the famous Kepler. 


* If the second lens be brought somewhat nearer to the image 
formed by the first, so that the rays may Emerge from it diverging 
from a second image, whose distance from the lens is equal to A, 
the least distance of distinct vision, that image will be viewed 
by the eye, placed close to the lens, under an angle equal to 


(-- + (300.) ; and the magnifying power of the combination 


becomes 



In this case, how^ever, the rays are incident upon the eye diverging 
from the least distance admitting distinct vision. 
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It consists, accordingly, of two convex lenses, as nc and he in 
the adjoining figure, fixed at the extremities of a tube, at a 



distance equal to the sum of their focal lengths. The lens nc, 
which is turned towards the object, is called the ol)jcct~gIasSy 
and has a large aperture and considerable Focal length ; tliat 
turned towards the eye, 6c, is called the ef/c-glcm^ and is of 
small aperture and short focal distance. An inverted image of 
the object, j)(]y is formed at the eommon focus ol’the two lenses, 
ny, A(jy and cq, arc three rays of a pencil which diverge from 
any one point of the object, and by the refraction of the object- 
glass arc made to converge to (/, the corresponding point of tlie 
image. These rays, crossing at this point, are Incident upon 
the eye-glass diverging, and by its refraction are made to 
emerge parallel. The ray Aat, which passes through the centre 
of the object-glass, is the axis of this pencil ; and the ratio of 
the angles, wAa, a; a, which it makes with the axis of the lenses 
before and after refraction by the eyc-glai-s respectively, de- 
termines the magnifying power of the telescope. 

Since Aas, the axis of the pencil proceeding from the upper 
{)art of the object, crosses the axis of vision again at e, and 
therefore proceeds to the upper part of the eye, tlic image on 
the retina will be erect with respect to the object; and, con- 
sequently, the object will appear in the opposite position to 
that which It has to the naked eye (288.), or inverted. This 
inversion of the object, as seen through the astronomical tele- 
scope, is also indicated by the negative sign of the magnifying 
power (319.). 

From what has been said, it is evident in what manner this 
instrument assists the eye in the vision of distant objects. The 
object-glass, being much broader than the pupil, receives a 
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much larger portion of the light flowing from the object than 
the unassisted eye can do, and thus aids tlie vision by increasing 
the quantity of light. Thesp rays, diverging from the several 
points of the object, are made to converge to the principal 
locus of the object-glass, and form an image there; and the 
eye-glass enables us to view this Image under the same visual 
angle as if we approached it to the distance of the focal length 
of that glass, and with all the circumstances necessary for 
distinct vision. 

(829.) If this instrument be employed for the vision of 
nearer objects, the angle which the object subtends at the 

centre of the object-glass — — ™ a and h de- 

noting tlie distances of tlie object and image, respcclivcly, from 
the ol>ject-glass. Therefore the magnifying power in this case 
will be 


b 




f 



So that the magnifying power of the telescope is increased by 
accommodating it to nearer objects in tlic ratio of a to a — j\ 
Tiie ada})talion is performed by increasing the distance of the 
eye-glass from tlie object-glass, that distance being equal to 
h 

For very near objects the focal length of the object-glass 
must be greatly diminished ; for, in order that there should be 
a real image Ibrmed by that lens, it is necessary that the 
distance of the object from the object-glass should be greater 
than its focal length. W e have thus the construction of the 
compound microscope^ which differs therefore from the astro- 
nomical telescope merely in the use of an object-glass of high 
power. 

(330.) It is evident that the magnifying power of the comnlon 
astronomical telescope is to be increased, either by increasing 
tlic focal length of the object-glass, or by diminishing that of 
the eye-glass. The latter of these methods, however — namely, 
that of diminishing the focal length or increasing tlie power of 
the eye-glass — was soon found to be incompatible with the 
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perfection of the instrument, when adopted to any considerable 
extent. For tlic image in the focus of the object-glass being 
confused by the aberration of tljat lens, when it is viewed 
through an eye-glass of high power, the confusion will be in- 
creased so much as to render the vision very indistinct. 

To consider this more fully, it is to be observed, that the 
confusion or indistinctness of vision will depend upon the mag- 
nitude of the circle of aberration on the retina; the diameter of 
which is proportional to the angle whicli the diameter of the 
least circle of aberration in the last image subtends to the eye, or 
to the eye-glass, q.p. Now, to determine this angle, let a and 6, 
and b\ denote the conjugate focal distances to any two lenses, 
A the semi-aperture of the first, and f the radius of the least 
circle of spherical aberration in the image formed by the second; 
then (18ji.) we have 


and ^ 
o U 


(V 

1 


being the angle subtended by the diameter of the least 
circle of aberration at the centre of the second lens. But 



in which x and x' are the coefficients of the square of the aper- 
ture in tlic values of ihJ for each of the Jonses (ISl.). Where- 
fore, substituting, the angle of aberration is equal to 



But when the two lenses form a telescope, we have 
b=-f, a'^f. 

Again : it is evident from the reasoning employed (313.), that 
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in which the quantities L and l' depend upon the form and 
material of the lenses. Wherefore, making these substitutions 
in the preceding expression, ,lt is reduced to 

/ h iJ \ 

or, if we neglect the second term within the brackets in coni- 
jiarison with the lirst on account of the magnitude ofy‘ coni- 
jiared witli that of /‘ , the angle of aberration becomes 




very nearly. It varies therefore, par., as j:.—.- ; and tin 


confusion or indistinctness of vision, wliich is measured by the 
area* of the circle of aberration on the retina, will be as the 
square of this quantity. 

(331.) But the chief source of indistinctness in the first re- 
fracting telescopes was the chromatic aherratmi of the lenses, 
that arising from their spherical figure being inconsiderable in 
comparison. Now the diameter of the least circle of chro- 
matic aberration in the image formed by the second lens is 


equal to 



(5i58.) ; being the semi-aperture of that lens, 


and AU the chromatic variation of the distance of the Image 
from it. AVherefore the angle subtended by the diameter of 
this circle at the centre of the second lens is equal to 


a' 


Ai' 

w 



But from (262.) we have, in the case of two lenses, 



r 


It and TT' denoting the dispersive powers of the substances of 
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wliich the lenses are composed. Also a' = wliciTrorc* 

the angle of dispersion is equal to ^ 




When h — — /, and ci = f\ as in the case of the common 
astronomical telescope, this expression becomes 



or, if we neglect the second term In comparison with llie first, 
on account of the magnitude oi‘^* compared with that ofy ^ the 
angle of dispersion will be equal to 


A 


nr 



very nearly. Hence tlie diameter of the circle of aberration 

on the retina, wbich is proportional to this angle, varies as , 

«./ 


c(tU p(i7\ ; and the confusion of vision, which is measured by 
the area of that circle, will be as the square of this quantity. 

To attain a high magnifying power, therefore, and at the 
same time to preserve sufficient distinctness in the performance 
of the instrument, it became necessary to increase considerably 
the focal length of the object-glass, and therefore also tlie lengt h 
of the instrument. The difficulty of managing instruments of 
considerable length, and their liability to bend, suggested the 
idea of separating the object-glass from the eye-glass, and 
attaching it to the top of a liigh pole with an apparatus an- 
nexed for the purpose of varying its position. Such instru- 
ments were called aerial telescopes, and were those emj)loycd 
by Huygbens in his astronomical observations. His great 
telescope was 12 »j feet in length ; that employed by the astro- 
nomer Cassini extended to the prodigious length of 150 feet, 

(33S.) But in whatever way we increase the magnifying 
power of this instrument, unless the aperture of the object- 
glass be proportionally increased, we diminish at the same lime 
the apparent Orig/il?iess, which is equal to 
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the brightness of the object necn by the naked eye being unity. 
And, by increasing the aperture of the object-glass, wc increase 
the confusion, wliich varies, ea^L par,, as the area of that lens. 
Hence the improvement of the inslrument, in one respect, 
injures its performance in another; and it becomes, therefore, 
of importance to determine to what extent tliese incom|)atil)le 
qualities of brightness and distinctness are to be carried so as 
to give, on the whole, the best performance to the instrument. 
Now, this can onlylic ascertained by experience and trial; and 
all that theory can do is to determine the dimensions of tlic 
several parts of a tclcsco[)e, which shall perform with the same 
degree of brightness and distinctness as the instrument in which 
these qualities are found, by trial, to be combined in the best 
manner. 

The bri^htncfiS^ wc have seen, varies in the duplicate ratio 
of the aperture of the object-glass divided by the magni lying 
power; and the mdlsthictncss arising from chromatic aberra- 
tion varies in the duplicate ratio of the same aperture divided 
by the focal length of the eye-glass. Wherefore i(‘, for tlie 
present, v and ^/'denote the focal lengths of the ohject-gluss and 
eye-glass, and a the a})ertnre of the former, in the tt*lesco[)c 
whose dimensions are sought ; y-, and a', the corresponding 
({uantilies in the 'Standard telescope witJi which it is compared; 
in order that the l)rightne.ss and distinctness sliould be the same 
in the tw^o instruments, w c must have 



w j/ _ 




_A __ a' 

f'T'" 


and, if \vx' multiply these equations together, we have 


A*’ 








and, combining this result with the two preceding, 



M M’ 


M 
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From which it appears that, in order that the brightness and 
distinctness should be the same in two telescopes, the apertnri*s 
of the object-glasses, the focal lengths of the eye-glasses, and 
also the magnifying powers, must* be in the sub-duplicate ratio 
of the focal lengths of the object-glasses, or of the lengths ol* 
the telescopes, q. p. 

In the standard telescope of Iluyghens, the focal lengih of 
the object-glass was 80 feet, its aperture three inches, and the 
focal length of the eye-glass three inches and three-tenths. 
Hence making f' = 30, a' = 3, and — 3.3, in tlie* preceding 
results, we find 

A ^ y/*oF, / ~ ( .1 A. 

Wherefore, if the focal length of the object-glass, or the length 
(in feet) of the telescope wliose other dimensions are reniiircd, 
be multiplied by the decimal .3, the S(:[uare root of the product 
will be the aperture of the ohject-'glas.s, in inches. And, if this 
aperture be increased by its tenth part, tlic result will be the 
focal length of the eye-glass of tlic telescope reijuired. Such 
is, in other words, the Iluyghenian rule. 

(333.) The dimensions here given are those of a telescope 
intended for ordinary astronomical observations : but as the use 
of the instrument is varied, so also the ])roportions will vary 
from those here assigned. Thus in day observations, in which 
the light of the stars is obscured by that of the atmosphere, a 
greater degix'C of brightness is re(juircd; and this will l)e at- 
tained, at the expense of magnifying [K)we?-, by increasing the 
focal length of the eye-glass. J3y this means, it is evident, the 
confusion arising from chromatic aberration is also diminished ; 
so that It might he supposed that we could increase the aper- 
ture of the object-glass in the same proportion, and thus in- 
crease the brightness in a higher proportion, the indistinctness 
remaining the same as before. This, bowever, is found not to 
bt- the case; for, though the coloured fringes arising from 
chromatic aberration jircserve the same dimensions as before, 
by a proportionate increase of the aperture of the object-glass, 
and of the focal length of the eye-glass, yet they become much 
more sensible on account of the increase of light. The aperture 
of the object-glass, therefore, Is not to be increased beyond tlic 
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dimensions assigned above, unless in the examination of objects 
of very faint light, sucli as the smaller fixed stars and the 
secondary jilanets. 

On the other hand, in fittiftg up a telescope for the examina- 
tion of a very bright object, such as the moon, or Venus, we 
may increase the rnagnitying power, at the expense of the 
brightness, by diminishing the aperture of the object-glass and 
the focal length of the eye-glass in the same proportion ; for 
by this means the conliision remains tlie same, while the magni- 
fying powdr is increased- This, however, cannot be done beyond 
certain limits ; for it is found by experience that the vision is 
confused if the cylinder of rays, which emerge from any point 
of the image through the cye-gl-iss, be less in breadth than the 
of an inch. Now the breadth of tliese cylinders is to the 
aperture of the object-glass as the focal length of tlic eye-glass 


is to 


f 

that of the object-glass : it is therefore ecpial to and 


varies in tlic sub-duplicate ratio of the brightness. This breadth, 
accordingly, remains unaltered by Huygbens’ rule. 

(331.) We have now seen that in order to attain a high mag- 
nifying power, consistently with a nioderale degree of distinct- 
ness in the ])crformance of the instrument, it became ncccs.sary 
to increase considerably the focal Icngtii of the object-glass, 
and therefore tliat of the instrument itself. The great incou- 
venienee, however, attending the management of instruments, 
siicli as liave been just described, was obvious; but it was 
equally evident that, as long as the telescope consisted but of a 
single object-glass and a single eye-glass, there was no remedy. 
In this manner the perfection of the telescope seemed to be 
limited by the effect of chromatic aberration. 

It occurred to Newton, however, tliat the aberration of the 
object-lens might possibly be counteracted, or at least dimi- 
nished, by the opposite aberration of a concave lens of a dif- 
ferent refracting material, which, with a different total refrac- 
tion, should have the same dispersion. To examine this point 
he instituted the fallacious experiment of tlie two prisms, al- 
ready, mentioned (248.), which led him to decide tliis question 
in the negative, and accordingly made him despair of any 
further improvement in refracting telesctijies. The supfiosed 



AST RO XO M I C A L TK L IC Si r) RE . 


391 


arliroinatism of the eye led Euler afterwards to conceive the 
possibility of destroying the dispersion by the union of lenses 
of different substances ; and having assumed a particular law 
of dispersion, he calculated the curvatures of the surfaces of a 
compound lens, consisting of water enclosed within two lenses 
of glass, so that the dispersion of the whole might be nothing. 

The truth of these results of Euler, together with that of 
the law of dispersion on which they were founded, was warmly 
disputed by Dollond, who opposed to them the authority and 
tlie experiments of Newton; and it was not until some years 
afterwards, on the (xicasion of a paper which he received from 
M. Kliengstierna, professor of mathematics at Upsal, disputing 
the truth of the Newtonian law, that he so far doubted the 
accuracy of that great man’s experiment as to repeat it himself, 
"file result of this experiment, the reverse of that of Newton 
(918.), immediately convinced him of the practicability of cor- 
recting the dispersion in a compound object-glass composed of 
lenses of difforent materials; and he hastened to apply the 
principle, as Euler had before endeavoured to do, in tlie con- 
st luction of an achromatic lens composed of water enclosed 
between two lenses of glass. The small difference which existed 
between the dispersive powers of water and the glass wdiich lie 
employed, however, recpiired that the component lenses should 
have considerable powers, and therefore that the curvatures 
of their surfaces should be so great as to entail a very large 
splierical aberration. Despairing, therefore, of forming a per- 
fect compound lens of this construction, he was obliged to turn 
his attention to other refracting substances, and it happily oc- 
curred to him that the dilference in the performance of the 
different kinds of glass, with which he was already familiar, 
arose from a difference in their dispersive powers, such as it 
was now the object to obtain. This conjecture was verified on 
trial, and he finally succeeded in constructing an achromatic 
compound lens, consisting of a convex lens of crown glass and 
a concave Jihit glass ^ similar in all respects to those at pre- 
sent in use. 

We have already shown (185.-6.) (964.) in what manner 
a compound lens may be constructed which shall be free, or 
nearly so, from all errors, whether arising from the spliericity 

Y 
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of tho surfaces or from the unequal refrangihility of light; 
and sucli a lens being employed as the object-glass of a tele, 
scope, the perfection of the image jirodiiced by it enables us to 
employ an eye-glass of liigli^power, and thus to increase the 
power of the instrument without an undue increase of length. 
In this manner the perfecilon of the instrument is limited only 
by the errors arising from the eye-glass, which are compara- 
tively small. In all good instruments, however, instead of a 
sliigle eye-glass, a compound eye-piece composed of several 
lenses is employed, in which the errors of dispersion and form 
are in a great degree removed 

(335.) The field of view, or the angular extent of any object 
visible through the telescope, is defined by the axes of the ex- 
treme pencils which arc transmitted by the eye-glass; being 
equal to the angle contained by these axes, or to the angle 
whicli the aperture of the eye-glass subtends at the centre of 
the object-glass. Wherefore, if a' denote the semi-aperture o(‘ 
the eye-glass, and 0 half the field of view, 

a' 


In order to lake in the whole extent of this field, the eye 
must be placed at the point in which the axes of the extreme 
pencils, diverging from the centre of tlie object-glass, intersect 
the common axis of tin,' lenses alter refraction by the eye-glass. 
The place of the eye, tlicreforc, is the focus conjugate to the 
centre of the object-glass, or the point in which an image of 
the object-glass will be formed by the refraction of the eye-glass 
(317.). But if r/ and d' denote the distances of the object-glass 
and its image, respectively, from the eye-glass, we have 

J 

d' 6 *' / ’ 

whence, substituting for d its value, we obtain 

* See the 4tli section of this chapter. 
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That is, the distance of the eye from tlic eyc-glas« must be a 
fonrtli pro|)onional to the focal length of tlie object-glass, ihi) 
focal length of the eye-glass, and the sum of these focal 
lengths. 

The place of the eye is always attended to in the construc- 
tion of the telescope. The tube containing the eye-glass is 
prolonged to the required distance, and there furnished witli 
an eye-stop, by which means the eye is in its projicr position 
when applied close to tlie extremity of the instrument. 

(d3(5.) The field of view, as above dctern)ined, is the angular 
extent of the flc'ld, the a:ces of the pencils flowing from the ex- 
treme points of which are transmitted by the eye-glass ; and 
thus understood, we have seen, the field is altogether iiide- 
peiulent of the magnitude of the object-glass. This, however, 
is not tlie entire extent of the visible Held, and to determine 
the magnitude of the field from which a?if/ rays wliatever are 
transmitted by tlie two glasses, we have only to join the cor- 
responding e.\tremities of the two lenses by the line lii; pr^ 
the intercepted portion of the perpendicular erected at the 
common focus of the two lenses, will be the semi-diameter of 



the entire visible extent of the image, and the angle which it 
subtends at tlie centre of the object-glass measures the entire 
visible Jield, To determine this angle in terms of the apertures 
and focal lengths of the two lenses, let the line m?ib he drawn 
through the extremity of the eye-glass ])arallel to the axis ol’ 
the telescope; tlien, by similar triangles, we have 

Bm rn a — 

= nb’ fTf'' ^ ’ 
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A and a' denoting the semi-apertures of the two lenses, and m' 
half the linear magnitude of the image. Hence 


m 


, _ a/' + Ay 


/+/' ■ 

But ?k' o' clonoting the angle j)Ar, or half the visil)lo 

field ; wherefore we have 

f 

a' + ~A 
— J 


O' = 


/+/ 


(337.) Towards the edges of this field the light will be very 
faint : lor it is evident that the extreme point, of the image, 
as seen through the eye-glass, is illuminated but by a single 
ray of the pencil flowing from the extreme point of the object, 
and incident upon the object-glass ; since any other ray of that 
pencil will cross the extreme ray nh in r, and therefore never 
meet the eye-glass. And as the extreme points of the image 
are illuminated by but a single ray, so the neighbouring points, 
as they recede from the edge, receive more and more of tlie 
pencils flowing from the corresponding points of the object; 
and thus the image becomes gradually brighter up to a certain 
point, beyond which the points of the image are illuminated by 
the xohole of the pencils proceeding irom the corresponding 
points of the object. The portion of the image included within 
these points determines the bright part of the field of view, 
and is evidently of uniform brightness. Its magnitude is de- 
termined by connecting the opposite extremities of the two 
lenses by the line cb (sec figure in preceding page) : the in- 
cluded portion of the image, ps^ is evidently illuminated by 
the whole of each incident pencil. To determine its mag- 
nitude we have in the similar triangles emb^ snb, 
cm m A f a' a'— m'' 

mb ~ nh' 7 /' ’ 

denoting the semi-diameter of the bright part of tlie image. 
Wherefore 


. _ ^7- A/' 
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But m" =/ 0"5 o'' denoting the angular magnitude of the bright 
part of the field ; wherefore we have 


O" = 


A'' 


/' 


When - = -y. , that is, when the apertures of the lenses 

are as their focal lengths, o" vanishes; and in this case, ac- 
cordingly, the brightness of the field decreases from the centre 

a' 

to the circumference. When < - , the value of O'' be- 

comes negative, and no part of the field will be illuminated by 
the whole of the pencil proceeding from the corresponding 
point of the object. 

If the values of‘0' and O'' be added together, we find 
0 ' + ©"- 


From which we learn that the field, which has been estimated 
by the inclination of the extreme axes, is an aritlimetical mean 
between the extreme Juki and the bright part of the field. 


TIL 

Of the Gardean Telescope* 

(Md8.) This telescope, called after its inventor (ialileo, was 
the first whose construction was explained on theoretical prin- 
ciples. It differs from the common astronomical telescope 
merely in the Jorm and jjosition of the eye-glass. This, in- 
stead of being convex, is concave ; and is placed hctxeeen the 
object-glass and its principal focus, at a distance from the latter 
tHjual to its own focal length. In this position, accordingly, 
the rays of each pencril converge to the principal focus of rays 
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proceeding in iwi opposite direclion, and consequently, emerging 
))arallel, are in a state suited to distinct vision. 

It is represented in the annexed figure, in which bc repre- 



sents the ohiect-glass, and bc the eye-glass, pg is an inverted 
image ol‘ the object formed in the common focus of the two 
lenses, b//, Ag, and evy, are three rays of a pencil which proceed 
from any one point of the object, and by the refraction of the 
obje(Jt-glass are made to converge to q, the correspoiKfmg point 
of the image; these rays, being incident upon the eye-glass 
converging to the principal focus of rays proceeding in the con- 
trary direction, arc by its refraction made to emerge parallel ; 
and therefore will he brought to a focus on the retina without 
olfort. 


(do!).) I'he image of the object, which is formed at the ])riu- 
ci])al focus of the object-glass, being also in the principal fo(ms 
of the eye-glass, the angle under which it is seen is equal to 
— //z 

, whatever he the position of the eye (301.); m being the 

linear magnitude of that image, and /*' the focal length of the 
eye-glass. But the angle which the object subtends at the 
centre of the object-glass (which is equal to that which it 
subtends to the naked eye, q, p.) is equal to the angle suIj- 


— m 


tended by its image at the same place, or equal to -yr , /' being 

the focal length of the object-glass. Wherefore the ratio of 
these angles, or the magnifying power of the telescope, is 

■ ^ in the connnon astronomical telescope. 
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Hence, if the two lenses be of the sarnc power in the com- 
mon astronomical and Galilean telescopes, the magnifying 
powers of the two instruments will be the same. The latter, 
however, will have the advanttfge of being shorter than the 
otlier, its length being equal to the difference of the focal 
lengths of the two lenses ; whereas in the astronomical telescope 
it is their sum. 

Another and more important advantage whicli this instru-’ 
ment possesses is, that objects seen through it appear ercct^ 
instead of being inverted, as in the common astrofiomical tele- 
sco[)e. This will easily appear if we consider that the axes of 
the extreme pcaicils, being incident diverging upon the eye- 
glass, will diverge more after relVaclion by it. Consecpiently 
the pencil which flows from tlie uppermost part of the oliject 
proceeds to the lowermost part of the retina, and vice versa; 
and therefore the object is seen in the same position as it would 
appear to the naked eye. This advantage, combined with its 
shortness, renders it a very convenient instrument, Aceord- 
ingly w’e h*nd that most telescopes of small power, such as the 
common opevd-fflass^ S:c. arc made of this construction. 

(J}4(),) Thi.^ Jield of vietc in this instrument is very limited. 
For the axes of the |)encils which flow from the several ])oints of 
the object, diverging iVom the centre of tlie object-glass, will 
diverge more after refraction by the concave eye-glass, and 
will, therefore, for the greater part, fall without the pupil of 
the eye, and thus be lost. In order that the eye may receive 
as wide an extent of field as possible, it must be placed as near 
as possible to the point from whicli these axes diverge, and 
therefore as close as possible to tlie eye-glass. In this position 
of the eye the effective aperture of the eye-glass is reduced to 
that of the pupil; and therefore the field o(‘ view', which is 
measured by the inclination of the axes of the extreme pencils 
which enter the eye, is equal to the angle which the aperture 
df the pupil subtends at the centre of the object-glass, or at a 
distance equal to tlie length of the telescope. 

(34d.) The preceding results are readily deduced from the 
general theory. For d and d' denoting the distances of the in- 
tersections of the axes of the several pencils from the eye-glass^ 
before and after refraction by lliat glass respectively, we haiVe 
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j-7 +yr. 

llcuce the magnifying power ii 

since o' = ^ =:/— And this value of the magnifying 
power being positive, it follows that the object will appear 
erect (319.). 

Again, the distance of the eye from the eye-glass, so as to 
receive the entire field, must be 


a = 




f 




But this value being positive, the eye cannot be placed in the 
required position; and, that it may receive as wide an extent 
of field as possible, it must be pLaced close to the eye-glass 
(32().). Thus the effective aperture of the eye-glass is reduced 
to that of the pupil of the eye; and, denoting this by a, as be- 
fore, vve have 


a := eo ( f 

(34f2.) Such is the value of the field of view, limited by the 
extrcvie aa'cs which enter the eye diverging from the centre of 
the object-glass. The extent of the field, however, from 
which any rays whatever reach the eye, is greater tlian this. 
It is determined by connecting tlie opposite extremities of the 
object-glass and the pupil, bc and /Sy ; the line c^r, produced 
to meet the perpendicular raised at p, the common focus of the 
object-glass and eye-glass, will determine the portion of the 


* This and the preceding result might liave been at once ob- 
tained from the analogous results in the case of the common astro- 
nomical telescope (327- 335.), by simply changing the sign of the 
length of the eye-glass. 




GALILEAN TELKSCOl'E. 329 

iiniigo, ‘pr, corresponding to the extent of the object frtnn which 



any rays whatever reach tlie eye. Now if the line rnSn he 
drawn through the extremity of the J)U|m 1, parallel to the axis 
of the telescope, in the similar triangles c»t/3, rn3, we have 

cm rn a + « m' — « 

A denoting tlic scini-aperture of the object-glass, cc that of the 
pupil, and tiJ the linear magnitude of the image j))'. Hence wc 
have 


ni 


4/"' + «/■ 


hut if O' denote the magnitude of the field corresponding to m', 
m' ~ /‘o', and therefore 


O' 


f 

liz"' 


In like manner the bright part of the field is determined by 
(connecting the adjacent extremities of the objt?ct-g]ass and the 
pupil by the line lifts ; the angle which the intercepted jiortion 
of the image, p.v, subtends at the centre of the object-glass is 
the bright part of the field. Denoting it by O'', and the cor- 
res})onding portion of the image, jjs^ by 7w'', in the similar tri- 
angles innfty siift, wc have 


urn sn A — a ^ a — 

mft f -- 1^ r 


from which we obtain 
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- '£ t-L and 0"= 

/-/" . /-/' 


/ 


From tins result wc learn that 0^' = 0, when A — : -yj a. 


That isj when the aperture of the object-glass is equal to that 
oftlie pupil multiplied l)y the magnifying power, the bright 
part of the field is reduced to a point at the centre, and the 
brightness decre^t^s gradually from the centre to the circiun- 


ference. 


If A > 



no part of the field is illuminated by 


the whole of the pencil proceeding from the corresponding 
point of the object. 

If the values of O' and O" be added together, wc find 


O' 4 - S" 


2cc 


= 20 . 


That is, the field determined by the extreme axes, is an aritlu 
ineti(!al mean between the cMreme Jield and the hright pari of 


the field. 

(343.) 'Fhe angle which the diameter of tlie circle of aber- 
ration from sphericity subtends to the eye, in this telescope, is 


l' _i^\ 

as will appear by changing the sign of /' in the expression 
obtained (330.). From this it appears that the aberration 
of the concave eye-glass tends to correct that produced l)y 
the object-glass, the two terms of this expression being of 
opposite signs. 

If the curvatures of the surfaces be equal in the lenses 
of the common astronomical and Galilean telescopes, it is 
evident from the equations of (172. 3.) that the values (tft 
and l' will be the same in the two instruments; consequently 
tlie angle of aberration in the Galilean telescope is less than 
that in the common astronomical, for the same aperture, in the 
ratio of \.f — iJf' to \f -f \If ' ; and the confusion arising from 
spherical aberration will be less in the duplicate ratio. 
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(»>44.) Again, if we change the sign oi' m the expression 
obtained (odJ.), we find that the angle whicli the diameter of 
the circle of chromatic aberration subtends to the eye, in this 
instrument, is equal to • 



tt and tt' being tlic dispersive powers of the two lenses. Hence 
it appears that, as in the former case, tlie concavq eye-glass 
tends to correct the aberration produced by the ohject-glass. 
And comj)aring tlie common astronomical and (lalilean tele- 
scopes, in which the two lenses are of the same material and of 
equal power, we find that the angle of aberration in the latter 
is less llian in the former in the ratio of irf — to tt/ + 

And the confusion arising from cliromatic aberration will be 
less in the duplicate of* that ratio. 

Tlie chromatic aberration will be reduced to nothing when 

f TT^ 

that is, when the focal lengths of the object-glass and eye-glass 
are to one another inversely as the dispersive powers of the 
suhslances of wliich tlicy are composed. Wlien the lenses 
fulfil this condition, tlie instrument b^^eomes perfectly achro- 
matic^ as far as the central })encil is concerned, vvithoul the aid 
of an additional lens. 

This tlieorem, though known to DWIembert, was long 
barren of any practical consequence. Tor the magnifying 
power of the telescope thus constructed, it is evident, is equal to 
the ratio of the dispersive powers of the substances employed ; 
and in crown-glass mA flint-glass^ the only substances whose 
dispersive powers engaged the attention of the earlier opticians, 
ihh ratio, at the highest, docs not exceed A magnifying 
y^ower so limited could be of no value. Jlut the great dis- 
parity in the disy)crslve powers of some of the substances 
which have formed the subjects of later experiments, suggested 
to Dr. Urevvster the possibility of emy)loying this construction 
in oj)ora-glasscs and other instruments in which a small {)owcr 
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was required. Thus, if a telescope be constructed whose 
object-glass is of rock-cn/stal^ and eye-glass a fluid lens of oil 
of casHiUy tlie instrument will be achromatic if the focal lengths 
of the lenses be in the ratib of .139 to .026, the dispersive 
powers of oil of cassia and rock-crystal respectively ; and the 
magnifying power of the instrument will be about 5f, which is 
higher than what is required in an opera-glass. The ratio of 
the dispersive powers of oil of cassia and crowi-glass^ and 
therefore the magnifying power of the telescope constructed of 
them on ihis principle, is about 4. In jUnl-glass and rock- 
crystal it is equal to 2 very nearly. It is evident that the 
eye-glass must be of the substance whose dispersive power is 
tlie greater. 


IV. 

Of Telescopes with Comimind Eye-^Picccs. 

(345.) It lias been shown that the errors of the object-glass, 
both of form and colour, may be removed by combining two 
or three lenses together of proper form and material ; and, 
the image produced by such a comjiound object-glass being 
tree from all error, tlie perfection of the telescope will be 
limited only by the errors of the eye-glass. Now these errors, 
it will be easily understood from what has been said of the 
single microscope, cannot be removed to any extent in the 
single eye-glass without such a diminution either in aperture 
or power as would render it useless. In all good telescopes, 
consequently, it is usual to employ, instead of the single eye- 
glass, a compound eye-piece consisting of two or more lenses 
disposed at suitable intervals: and as the nature and per- 
fection of the instrument will depend upon the adjustment of 
these lenses, as to power, position, and form, it will be 
nocesi^ry to lay down a few of the general principles of 
such arrangements, and to notice some of the ordinary coni- 
hinaiions. 
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(.‘J46.) To begin with the simplest case : let it be proposed 
to examine the constriictioti and theory of a telescope com- 
posed of three ^ lenses disposed in any manner along the same 
axis. * 

The relation which must subsist among the focal lengiji^j 
and the positions of any tliree lenses, in order that a distant 
object may be seen distinctly through them, is contained in tlie 
eijuations 






tlie lenses being supposed to be, as they usually are, connw, 
and therefore yj and negative in the equations (olS,). 
Now, from the first and third of these equations combined 
with the fourth and fifth, we obtain a/ = c " - /*, V — c' ; 

and, these values being substituted in the second, we have 
finally 

_i_ I„_JL 

-f ’ 


the e(|ual.ion oi’ condition required. 

If we take away tlie denominators from this equation, and 
add y to both sides, it will assume the form 


{/+/'- 0(7’' +/"-f') 


(iItT.) The ratio of the visual angles, or the magniff/ing 
poxcer^ is 


(Id 


\ » 


in wliich the quantities r', d', d\ are determined by means 
of the equations (dl9.). Performing the elimination by means 


* Here tlie object-lcns, if compound, is considered as a single 
lens. 



334 


VISION. 


of these equations, in which we must observe to take /, / ', and 
/" negative, * 


d(W 


""0 “/”)0 ~ fd ~ 7 f "' 

and multiplying by \vc have finally 


To introduce in this result the condition of distinct vision, 
we must eliminate r*' by means of the e((uatioii of con . 
dition obtained above, and thus the preceding value «)f q 
becomes 




Or, eliminating /'4- f — by means of the same equation. 


■f 


■fpXf+r~c'). 


From the former of these values it appeni’vS that the mag 
nilying power is increased or diminished by the inlerpi)sition 
of the additional lens, according as c is greater or loss than /‘; 
that is, according as the distance of tl)e secoml Ions from the 
first is greater or loss than the focal length of the latter. 

The object will be inverted in this combination, as in the 
common astronomical telescope, unless when c that 

is, unless the distance between the first and second lenses be 
greater than the sum of their focal lengths. 

If the magnifying pow'er be given, as well as the focal 
lengths of the three lenses, the intervals between them are de- 
termined ; for, from the preceding values of we have “ 


(3 t8.) The apertures of the tw^o lenses, corresponding to a 
given extent oi field are 5.) 



<'(>.\rr()iixi) F.YT';-vi 


tm 


a' — rO, ^ -r -* 

From tills it will be easily understood in what iiianner the in- 
termediate lens may be employed to increase the held. When 
used for this purpose it is ealled ixpcld-glass^ and is oenerifily 
a lens of small power with an aperture somewhat large ; and 
is placed between the olijeet-glass and its principal fixais. 

(d49.) But the coni|)ound eye-glass serves other more im- 
portant purposes than that of simply increasing the field : it 
tends to correct the errors of form and colour. 

We have alrcatly shown in what manner a compound object- 
glass may be constructed so as to produce an image free from 
all such errors : and at first sight it might appear that the 
errors of the eye-glass might be corrected upon the same prin- 
ciples; or, more simply still, that we might dispense with 
sucli scj}arate corrections, and merely adjust the object-glass 
and eyc-glass in such a manner as to correct eaclt other. This, 
however, is impossible; for the errors of the latter, thougli 
arising from the same causes, assume a very dilforent form, 
and demand a different mode of correctipn. To under- 
stand this diversity, it is merely necess&ry to observe that 
tlie axes of the several pencils incident upon the object-glass all 
pass through its centre, and generally at very small obliquity ; 
wdiile all, but those proceeding from the very middle of the 
field, inl(.‘rscct the eye-glass excenirtcalhj^ and with considera- 
ble ohliquUif, Thus the errors of the eye-glass arc much more 
complicated than those of the object-glass, and tiieir correction 
attended with more difficulty. 

Tlie first effect of spherical aberration in the cye-glasses of 
telesco|)cs is a distortion of the object. The axes of the ex- 
treme pencils proceeding from the centre of the object-glass 
will, by the aberration of the eye-glass, meet the axis of the 
telescope at a nearer point than those of the central pencils* 
The ratio of the visual angles, therefore, w ill be greater in the 
extrejnc parts of the field tlian at its central j)arts ; these parts, 
accordingly, will be unduly enlarged, and the object will appear 
distorted. 

A second effect of obliquity is indistinctness. The image 
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of a distant object formed in the focus of the object-glass is, we 
have seen, nearly a spherical surface having the centre of the 
object-glass as its centre- It is therefore convex towards the 
eye-glass; instead of being concave towards.it, as it should be 
i,n order that all its parts may be at tlie proper distance for 
distinct vision. Hence, when the middle of the image is at 
the proper distance from the eye-glass, the extrcnip parts will 
be too distant. If, therefore, the centre of the field be seen 
distinctly, the margin will be indistinct; and if, in order to 
have a distinct view of the latter, the eye-glass be pushed in 
nearer to the image, the centre of the field is rendered in- 
distinct. This defect is very considerable where the field of 
view is large. 

But further: the rays of a small pencil diverging from a 
point, and incident upon a lens excentricalhjj arc not brought 
by refraction any wdierc to a point ; the rays in the plane, passing 
through the axis of the pencil and the axis of the lens, con- 
verging, in general, more rapidly than those in tlic plane y)assing 
tlirougli the axis of the pencil and perpendicular to the former. 
Hence, it will be seen, all the rays of the pencil converge 
to two right lines ; one of which is in the plane passing through 
the axis of the pencil and the axis of the lens, and the other in 
the plane passing through the axis of the pencil and jierpen- 
dicuiar to the former. And accordingly the image of a point, 
formed by such a pencil on the retina, is in general an ellipse ; 
becoming however sometimes a circle^ and sometimes a right 
line, 

(850.) Such are the defects of eye-glasses dependent on 
their form. Without entering into details connected with this 
subject, it will be easily understood, in general, that the errors 
of distortion and indistinctness will be diminished by diminishing 
the aberration of the extreme pencils; and that the forms of the 
lenses being given, this effect will be produced by increasing 
their number, and thus dividing the refraction. The resulting 
aberration will be least, ccp,t, par,^ when the whole refraction, 
or bending of the ray, is equally divided among the lenses. 
The condition of equal refraction is easily obtained ; for Q being 
the angle made by the axis of the pencil with tlie axis of the 
telescope at the centre of the object-glass, 0", 0"', &c. 6^'^^ 
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the angles which it makes with the same after refraction by the 
several eye-glasses, the condition of equal refraction is 

0* 0 = 6'^ - 0 ^ = — 6 t'^ == &c. = 

Hence, if 0, the original inclination of the ray to the axis^^bj? 
neglected as small in comparison to the rest, we have 

fff = 20', 0 -" = 30', &c. 0 '^'^ == nd\ 

Whence, dividing each equation by tlie preceding, there is 

0 " 9 0'" 8 0'“^ n 

0 ' 1 ’ 0 ^' 0'^ ^ u ^ r 

O’' 0'' 

And, finally, substituting for -- 7 , , &c. their values, 





e" \ c'" / e'" \ 




-y", c'" = &c. 




n — 1 






These results, it is true, are but rougli approximations, inas- 
much as we have substituted tlie ratio of the angles themselves 
for tiiat of their tangents; but they are sulHcieiUly near the 
truth for our present purposes. 

Jn the case of two eye-glasses, which we have been consi- 
dering above, 

But fi" = — y*', nearly, since 6 *'(= e) is very great in comparison 
with y*', the focal length of the first eye-glass ; we have there- 
fore 

e' =/' 

That is, the interval between the two eye-glasses must be equal 
to the difterence of their focal lengths. Such is the construc- 
tion of the Huyghenian eye-piece. 

(351.) The conditions just mentioned relate only to the 
powers and positions of the lenses, and are independent of 
their particular yor/w.?. It is evident, however, that the aberra- 

z 
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tion will depend greatly on the form ; and we have already in- 
vestigated (IT^.) the form of a lens, whose conjugate focal 
distances are determined by the office wbicfi it lias to perform, 
in which the aberration is a rninimuin. But the different 
ejects of spherical aberration mentioned above require in 
general different, and sometimes opposite forms, for their cor- 
rection ; so that the removal or diminution of one defect fre- 
quently increases anotlier. Thus the forms which are best for 
the correction of distortion may tend to increase the indistinct- 
ness of the marginal parts of the field, and vice versa ; and the 
artist is compelled to sacrifice the perfection of' the instrument 
in one respect, in order to improve it in another which may be 
of more importance in the particular use to which it is to he ap- 
plied. This is a subject, however, troublesome in theory, and 
little attended to in practice. The lenses generally employed 
are the plano-convex and the cqui-convex lenses; and the 
general rule among artists is to dispose them in such a manner 
thatThe incident and emergent rays may be, as nearly as pos- 
sible, equally inclined to the 1st and 2d surfaces^. 

(352.) It remains still to consider the most important source 
of error of the eye-glasses, namely, that arising from chromatic 
aberration. 

It has been already shown that the effect of the cliroiriatic 
dispersion of a single eye-glass, upon a central pencil, may be 
disregarded as inconsiderable compared with that produced by 
a single object-glass (331.). It is not "so, however, when the 
pencil is incident upon this lens excentrimll). In this case, it 
is evident, the edge of the lens will act as a prism, and any 
single white ray of the pencil will be dispersed into its coloured 
elements. These different species of simple light, accordingly, 
intersecting the axis of the lens at different angles, the edges 
of the object from which they proceed will appear bordered 
with coloured fringes. This confusion will increase with the 


* The reader who wishes to enter further into this subject will 
find abundant information in professor Airy's paper On the Spherical 
Aher ration of the Ejje-pieces of Telescopes, published in the Trans- 
actions of the Cambridge Philosophical Society. 
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visual angle, and towards the margin of a wide field is of such 
magnitude as altogether to mar the appearance of the object. 

This error will be corrected,^ if all the simple rays of the 
emergent pencil be rendered parallel, and therefore fit to be 
brought to a focus on the retina. But the rays of each h/tdo' 
gcncous pencil being parallel by the construction of the instru- 
ment, or nearly so, we have only to make the directions of the 
several component pencils, or their axes, parallel, and the thing 
is done. Hence, 6''*^ being the angle made by tho axis of the 
emergent pencil with the common axis of the lenses, 0^"^ or 
tan.0<'*^ must be the same for each of tlie different species of 
simple light; and therefore its variation with respect to the 
refractive index must be nothing. But 

tan. 0^^'^ = 5 tan. 0 ; 

in which 0, the angle contained by the axis of the j)encil >vltli 
the axis of the lenses at the centre of the object-glass, is con- 
stant; and ^ is a function of tlie focal lengths and intervals of 
the lenses, whose value has been already assigned (319.)* 
Hence the coiulHion of achromatism is 

Ap = 0 ; 

denoting the chromatic difference of' 5 , or the variation 
that quantity taken relatively to the refractive index. 

(353.) In the case of two eye-glasses, we have (317.) 

e e c ce' 

Making the difference therefore equal to nothing, and observing 
(256.), If denoting the dispersive powder, we 

have 

Tt'e + e) -f Tt'^)ee' _ 

~T~ f” ff” ~ 

fff 

Or, multiplying by -y-. 


that A 


0 ’) = 7 
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+ v'y = ,//» + 

From which we have the iiUerval between two eye-glasses, 
• iivimse focal lengths are given, when the compound is achro- 
matic* 

When the distance between the object-glass and the first 
eye-glass is very large (as it generally is) in coiiiparison witU 

the other intervals, the term ~ may be neglected as inconsider- 

iible, and we have 

. _ 

4* tt'' 

And, finally, when the two lenses are of the same material, 
= tt"; and the value of e' becomes 

+f% 

That is, the interval between the two lenses is an arithmetical 
mean between their focal lengths. 

(354.) If we combine this condition with that of equal rc- 
fraction given above, namely, e =■ we find 

f ^ 3/", -- op. 

That is, the focal length of the in list be triple that of 

the ctje^glassy and the interval between them doable of the 
same. The position of the field-glass with respect to the 
object-glass is determined by the equation of condition (346.): 
for, since ^ if we substitute in that equation, 

we find 


^ u’'- 

That is, the field-glass must be placed between the object-glass 
and its principal focus, at a distance equal to half its own 
focal length from the latter. 

Such is the construction of the Huyghenian eye-piece. It is 
represented in the annexed figure, in which a and u are the 
field glass and the eye-glass respectively, both of them being 
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'plano-convex lenses with their plane sides next the eye. The 
rays, which by the re- 
fraction of the object- 
glass converge to the 
image lic^ in its focus, 
are by the refraction of 
the field-glass made to 
converge to the image 
pq^ which is in the focus 
of the eye-glass. It will 
be easily seen from the preceding formulse that Ap = 
and Ajp' 

{355.) This construction cannot be employed in telescopes 
connected with graduated instruments; for there will be a 
distortion of the second image produced by the field-glass, and 
therefore equal divisions of the micnmieter will not correspond 
to equal angles. In the telescopes of all graduated instruments, 
therefore, the field-glass must be placed beyond the principal 
focus of the object-glass; in which arrangement, though the 
image there is tlistorted by the field-glass, yet, the micrometer 
wires being equally distorted, no error will result in the mea- 
surement. 

In the common astronomical eyc-pkee the two lenses arc of 
equal focal lengths, and therefore the condition of achromatism 
requires that the interval between them should be equal to the 
focal length of either. But in this arrangement, the field-glass 
being exactly in the focus of the eye-glass, any dust which might 
happen to lie upon it, or any flaw in the glass itself, would be 
magnified by the eye-glass and confuse the vision. The in- 
terval of the lenses therefore is made a little less tlian the local 
length of either; and thus, though the condition of achro- 
matism is not satisfied, yet the departure from it will not be 
considerable. 

’ In the common construction of this eye-piece, which w^as 
invented by Ramsden, the lenses are plano-convex of equal 
curvatures, with their convexities turned towards eacji other ; 
and tlie interval between them is tioo-thirds of the focal length 
of either. That is 
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And, if we substitute these values in the equation of condition 
(346.), we find 

-/= if- 

•> 

Tliat is, the field-glass is placed beyond the focus of the objcct- 
at a distance equal to one-fourth of its own focal length. 
This eye-piece is represented in the annexed figure, in which 



A and B represent the field-glass and eye-glass respectively, 
jiq and p'q the images from which tlic rays diverge before and 
after refraction by the former. It is evident from the preced- 
ing results that 2 \p and A/f, the distances of these images from 
the field-glass, are equal to one-fourth and one-third of the 
focal length of that lens, respectively. The indistinctness 
arising Irorn spherical aberration in this eye-piece is much less 
than in any of the other ordinary constructions. 

(356.) The inversion of the object, which takes place in the 
different modifications of the astronomical telescope, is there of 
little consequence. In telescopes intended for terrestrial oIk 
servations, however, it is absolutely necessary that the objects 
should be represented in their natural j)osition; and we shall 
accordingly proceed, in the next place, to tlie consideration of 
eye-glasses by which this end is attained. 

The erection of tlie object, it has been already shown, may 
be effected by means of the double eye-glass which we have 
been last considering; and it is only necessary for this purpose 
that the distance of the field-glass from the object-glass should 
be greater than the sum of their focal lengths. In this case, 
it is evident from the equation of condition (346.), the distance 
between the field-glass and eye-glass must likewise exceed the 
sum of their focal lengtlis ; and accordingly the combination 
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errs widely of the condition of achromatism (353.). This ar- 
rangement therefore is never employed. 

The common terrestrial telescope^ invented by F. Rheita, 
consists of three eye-glasses, the interval between the first of 
which and the object-glass is equal to the sum of their J()ca! 
lengths, and the interval between the second and third also 
equal to the sum of their focal lengths; or, in other words, it 
is a common astronomical telescope, with t\vo additional glasses 
placed at an interval equal to the sum of their focal lengths. 
It is obvious that, in this arrangement, the rays of each j)encll 
arc parallel between the first and second eye-glass; and that 
two images arc formed, one at the common focus of the object- 
glass and first eye-glass, and another at the common focus of 
the second and third eye-glasses. 

As this eye-piece is usually constructed, the apertures and 
focal lengths of the three lenses composing it are equal. It is 
represented in the adjoining figure, in which a, b, and c are 



the three eye-glasses, qabed a pencil of rays proceeding from 
any point of ihc object, and refracted by the object-glass. 
This pencil is brought to a focus at q and where two images 
of the object pq and rs are formed, the former in the common 
focus of the object-glass and the lens a, and the latter in the 
common focus of the lenses b and c. The rays of this pencil 
arc parallel after refraction by the lenses a and c respectively. 

(357.) Without entering further at present into the exami- 
nation of this particular form, let us inquire generally the con- 
struction of the three-glass eye-picce, the lenses composing it 
being all supposed to be convex. 

The condition of distinct vision (318.) is contained in the 
equations 

7 _ 7- L_J_ L 1 _2 _ Jl 

'H d " /'* U< " d< /«’ 
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«/ = i + c, a" ’=z}i \ 


Now, from the extremes of the first series of equations com- 
bined with the extremes of tht second, w^e have 




and, these values being substituted in the second and third of 
the first series, tlie preceding equations are reduced to tlie 
three following, 


1 _ 1 _ 

6 ' ~ ^ -7 7 ’ 


1 1 1 

«"' - c" /" ’ 


(i!^ = 6' + 


And, finally, if we eliminate by substituting in the third of 
these equations the values of and U derived from the other 
two, 


.f(f-e) 


fi<{fin _ e«) 

'fit +fTr:L-^ 


= d. 


When c = f it is evident that c" — f’’ + whatever 
be the value of d the 2d interval ; as in the common day tele- 
scope which has been just described. 

(3t>8.) The ratio of the visual angles in this combination is 


dd’d" 

^ ~ WdhV'<' 


If we eliminate from this exjivession, by 

means of the equations (319.), as we have already done (347.) 
in the case of two lenses, we find 



or, multiplying by 

^ jTr = (/' - e) irr - ^/" - 

If we eliminate e from this expression, by means of the equa- 
tion of the preceding article, the result will express the ratio 
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of the visual angles when the combination fulfils the condition 
of distinct vision, or the magnifying power of the telescope. 
Performing tins operation we find 

vfrr = 

-f\ (/'/" +/'/'"+/'/'") - (^j" t j • 

When as in the common day tcIt?scope, the 

second member of this equation is reduced to and the 

magnifying power of the instrument therefore is 


././ 




fj 


1 fin 


Whence it appears that the magnifying power of the common 
astronomical telescope is altered by the t\vo additional eye- 
glasses, in this construction, in the ratio of the focal lengths 
of these glasses; and that when the focal lengths of the three 
eye-glasses are equal, as is coimnoniy tlie case, llie magnifying 
power is unaltered. 

(359.) The apertures of the eye-glasses are determined by 
the equations 


a" = (^ + <' + £’ - 




r 


r 


ee'e''\ 


Since e Is very c(msiderable, with respect to d or e\ we may 
without much error neglect all the terms in which it is not 
involved; and the preceding expressions thus become 


A'=^ ©, A"=^?0 (l - = (l 

In the common day-telescope, in which the three eye-glasses 
are of equal focal lengths, /*" —j \ and ^ ^ and the 
expression of the aperture of the third lens becomes 

The magnitude of the apertures of the second and third lenses, 


>y"/ 
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accordingly, will de})end upon the relation whicli the second in- 
terval bears to the common focal length. When ^ = 
we have 

z=z -- c 0, = — e 0 * ; 

froni* wiiich it appears that the apertures of the three lenses 
are equal, when the interval between the second and third 
lenses is double the common focal length. Such we find, ac- 
cordingly, is the usual construction. 

(360.) We now proceed to inquire the condition of achro- 
matism in the triple eye-piece. 

The interval between the object-glass and the first eye-glass 
being, in general, very considerable in relation to the f’oeal 
length of the latter, we may, without much error, neglect /’^ in 
comparison with e in the general expression of ^ (358.); and, 
dividing tliat equation we find 

j 1 1 I / c' ' ^ c" \ cV' 'I 

Now taking the chromatic difference of this quantity, and 
confining our consideration to the case in which the lenses are 
all of the same material, we find 

Ae = 

r 1 1 1 / 2c" \ 3fV' 7 

- +j„- ^fi-\jy+]y«'+fj y 

tt denoting the dispersive power of the substance of which the 
lenses are composed. And finally, equaling this to nothing, 
and multiplying the resulting equation by\/*y"/’'", we have 

Se'e''-2[e'{f "+/’") + •+/”)'] 4-f'f" +ff"< +/"/"' = 0 ; 

the condition of achromatism of the triple eye-piece, the lenses 
composing it being all of the same material. 


* The negative sign here denotes that the axis of the extreme 
pencil meets the apertures of the second and third lenses at the side 
of the common axis opposite to that at which it meets the first. 



COMPOUND EYE-PIECES. 


347 


In the Rheita eye piece, =./ ^^ + and, substituting^, 
the interval between the first and second eye-glass, when the 
compound is achromatic, will be 

fin 

^ j'l' jf fill 

And wdien the focal lengths of the three lenses are equal, or 

/' =r 

e' = y\ 

Accordingly the common construction of this eye-piece, in 
which d = S/ ', is not achromatic ; and if it be rendered so, 
by increasing tliis interval to the magnitude here required, 
a loss of field will ensue, unless the apertures of the lenses 
be adjusted to the new distances, and therefore cease to be 
equal. 

(361.) A more important objection to the construction last 
mentioned is, that the bending of the ray cannot be equally 
divided among the three refractions, when the condition of 
achrornatisni is fulfilled. In order that the bending may be 
equal at the first and second eye-glass, the axis of the extreme 
pencil must emerge from the latter parallel to the axis of the 
lenses ; since, neglecting the small original inclination of this 
axis to the axis of the lenses, it may be supposed parallel at its 
incidence on the first eye-glass. Hence this axis must intersect 
the axis of the lenses at the common focus of the first and 
second eye-glasses, and therefore the interval between them 
must be eijual to the sum of their focal lengths, or 

^ +/"; 

which is necessarily less than the value of the interval which 
will render the liheita eye-piece achromatic. Substituting 
lh\^ value of d in the general condition of achromalisin given 
in the preceding article, we find 

fin 

That is, the interval between the second and third lenses must 
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exceed the sum of their focal lengths by a quantity which is a 
third proportional to the interval between the first and second 
lenses and the local length of the latter. Such is the deter- 
mination of Boscovlch, the fifst writer who has given any satis- 
^factory information on the subject of the achromatism of eye- 
pieces. Boscovich recommends that the focal lengths of the 
first and second eye-glasses of the triple eye-piece should be 
equal, and double that of tlie third, or that 

f 

In which case 

c' = c" -.r 2/"; 

and substituting these values in the equation (357.), 

. .y\ 

We learn accordingly that the common day-telescope may be 
rendered achromatic, the intervals between the eye-glasses re- 
maining unaltered, by substituting for the third eye-glass one 
of half the focal length, and pushing in the eye-piece until the 
distance of the first eye-glass from the image formed by the 
object-glass is equal to one-half its focal length. The field is 
necessarily diminished in this construction, because the third 
eye-glass, having double its former j)ower, will not sustain so 
great an aperture as before. We may, however, restore this 
aperture, and therefore the field of view, to its former dimen- 
sions, by substituting for the single eye-glass of double power 
two lenses in contact, the focal lengths of each being equal to 
that of the first or second eye-glass. 

(362.) In this construction, how’^ever, the bending of the 
extreme pencil is not the same at the second and third lenses. 
This pencil being parallel to the axis between these lenses, it is 
evident that their focal lengths must be equal in order that the 
axis of the pencil may be equally refracted by them. If, 
therefore, we take 

/' =/" 

in the values of e' and given in the preceding article, we find 
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And substituting these values in the equation (357.)j the first 
interval will be :• 

Finally, if these values of 6^, and be substituted in the 
equations Qiod.)^ we find 

a'' = a"' = — =: — V. 

The apertures and focal lengths of the three lenses, therefore, 
are equal in this construction ; which differs accordingly from 
the common day-tclescope only in the intervals between the 
lenses. It appears then that the most advantageous method 
of rendering the common day-telescope achromatic is to in- 
crease the distance between the second and third lenses by 
one-half their common focal length, and to diminish the distance 
of the first lens from the object-glass by the same quantity. 
The latter adjustment is effected by simply pushing in the 
eye-tube in which the eye-glasses are fixed. The magnifying 
power will be the same as before, that is, the same as if one 
eye-glass only had been employed ; as will apjiear by substi- 
tuting the preceding values in the general value of ^ (3 j8.). 

(3(53.) In the three-glass eye piece, the refraction at each 
lens is considerable, since the extreme pencil is made to in- 
tersect the axis twice. It will be advantageously modified 
therefore by adding to the number of lenses, and thus dimi- 
nisliinir the refraction of e«ach. It occurred to Dolloud to 
substitute the Huyglienian double eye-glass for the first and 
third lenses of tlie triple eye-piece. In this manner an eye- 
piece of Jive glasses is produced, in which the field is in- 
creased, and the bending at each lens considerably diminished. 
It* is represented in the adjoining figure, in which a, b, c, 
D, E represent the several lenses taken in their order ; abedef 
the course of the extreme pencil, intersecting the axis of the 
telescope betwx‘en the second and third lenses, b and c, and a 
second time after lefraction by the last lens e. The rays of 
this pencil are brought to a locus at q and a*, and thus two 
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images, pq and rs^ are formed, the first of which is between 
tlie first and second lenses, and the second between the 
fourth and fifth. An image of the object-glass is formed at 
each of the points in which the axis of the extreme pencil in- 
tersects the axis of the lenses; and the whole of the light 
passes through a small circle there. It is usual to j>lace at 
each of these points a plate perforated with an aperture equal 
to the magnitude of the image formed there, in order to stop 
erratic light. 

This eye-piece was afterwards laid aside by Dollond for one 
witl\/5i^r glasses, which is now the most approved form of the 
eye-piece for terrestrial telescopes. Its construction will bo 
understood from the preceding figure by simply supposing the 
first lens a to be removed. Thus the first image is formed 
before the first eye-glass, and the second between the third and 
fourth ; and the axis of the extreme pencil crosses the axis of 
the lenses between the first and second. The confusion arising 
from spherical aberration is considerably less in this than in the 
triple eye-piece ; and it is rendered achromatic by fulfilling a 
condition similar to that which we have already investigated in 
the cases of the double and the triple eye-piece. 


V. 

Of the Compound Microscope. 

(364.) It has been already stated that the compound micro- 
scope is, essentially, notliing but a common astronomical tele» 
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scope adapted to near objects ; and tliat this adaptation requires 
tliat the object-glass sliould be of very short focal length, and 
therefore of very small aperture. The microscopic object being 
placed at a distance from this lens* a little greater than its focal 
length, an inverted and magnified image will be formed at the 
other side of the lens, and at a distance which is eonskierable 
as compared with that of the object. This image is viewed, as 
in the common astronomical telescope, through an eye-glass 
placed at a distance from it equal to its own focal length, and 
thus a second amplification will take place with all the circum- 
stances necessary to distinct vision. 

The condition of distinct vision, or of the parallelism of the 
emergent rays, is contained in the equations 

y = O — y, u' = b + C, d -f; 

flf, ft, r/, and j^^', denoting as before (818.). Or, elimi- 
nating ft and 

1 _ I 1 _ 

« ” / }■' - e' 

Such is the relation which must subsist among the distance 
of tlie object, the interval of the lenses, and their focal lengths, 
in order that the emergent rays may be suited to distinct vision. 
The interval of the lenses is usually fixed in this instrument, 
and the adjustment to distinct vision is effected by varying a, 
the distance of the ohject froui the object-glass ; and for this 
purpose the object is placed on a stage, wIjosc distance from 
the object-glass is altereil by means of a rack and pinion. 
Sometimes the stage is fixed and the body of the instrument 
moveable; but the principle of the adjustment is the same in 
the two cases. 

For near-sighted persons, whose eyes require diverging 
rays, the value of a must be less than that assigned by the 
preceding equation : for far-sighted persons it must be greater. 

(365.) To determine tlie magnifying power of this instru- 
ment, we have 

® - d' ” ^ ’ 
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d and d' denoting as before (319.)* B^it, if m denote the mag- 
nifying power, and >. the least distance of distinct vision, 


M = 


>. 




and, substituting for and for their values obtained above, 
we find 


M 



4 " 


f f/V 


Such is the value of the magnifying power of the compound 
microscope, when adapted to eyes which require parallel rays. 
If the instrument be adjusted to the vision of a near-sighted 
person, it is evident from the preceding article that the magni- 
fying power will be greater than tliat here assigned; while, 
on the other hand, it will be less when the instrument is ad- 
justed to the vision of one who is far-sighted. 

The magnifying power of the compound microscope is readily 
ascertained in jiracliec. It is only necessary for this ])urposc 
to measure the distance of* the object from the object-glass, 
when seen distinctly, and the diameter of the image of the 
object-glass, which is formed beyond the eye-glass at tlie in- 
tersection of the axes of the extreme pencils with the common 
axis of the lenses. The ratio of the diameter of the object- 
glass to that of this image will give the value of ^(321.); and 
this ratio, multiplied by the ratio of the least distance of distinct 
vision to the distance of the object from the object-glass, is 
equal to the magnifying power. 

(366.) The quantity of light in the image of an object, seen 


through the compound microscope, is equal to 



'2 

, that of 


the image of the same object seen by the naked eye, at the 
least distance of distinct vision, being unity. The penetrat- 
ing power of the instrument is proportional to the absolute 
quantity of light in the image of an object seen through it, 


and therefore varies as 



or in the duplicate ratio of the 
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angle which the diameter of the object-glass subtends at the 
object. 

The brightness of the image of an object seen through the 

compound microscope is equal to 5 of the same 

object seen by the naked eye being unity. Hence tht^ briglit- 
ness in this instrument, as in the telescope, varies in the dupli- 
cate ratio of the aperture of the object-glass divided by the 
magnifying power. 

(367). The confusion arising from the spherical aberration 
of the lenses varies in the duplicate ratio of the angle of aberra- 
tion, which is equal to 

as appears by substitutingy*^ for in the result of (330). Or, 

Ti jJ 

if we make x, , rJ = the preceding value becomes 

4/ */ 


lb 


s 




+ j,\a\ 


The values of l and i/in this formula are given by the eq\iatlon 
of (173.); the latter accurately, and the former very nearly, 
since the object is nearly in the focus of the object-glass. If 
the second term of the quantity within the brackets he neg- 
lected, on account of the magnitude of compared with that 
of jf or/*'; and if for b its value y*' — e he substituted, the 
expression of the angle of aberration is reduced to 



The magnitude of the coefficient l depends upon the material 
of.which the object lens is composed, and upon its form. It is 
evident from what has been said (315.) that the higher the 
refractive power of the substance of wliich this lens is com- 
posed, the less, ccet. par.^ will be the value of l, and, conse- 
quently, the less the confusion. The form of the lens for which 
the value of l is a minimum is determined by the equations of 

A A 
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(174.); and it is evident from what has been said that, if tlie 
lens be of {^lass, the aberration of the lens of heat form will not 
dilfer much from that of a plano-convex^ having its phtne 
surface turned towards the object. Such, accordingly, is the 
usual ibrm of the ol)ject-gl asses of tlie compound microscope. 

(36??.; The confusion arising from cliromatic aberration 
varies in the duplicate ratio of* the angle wliich tlie diameter of 
the circle of chromatic aberration in the last image subtends 
at the eye, or at the eye-glass yjo. If we make a' =f' in 
the general result of (331.), the value of this angle is found 
to be 


-/m 





If we neglect the second term of the quantity within the 
brackets in comparison with the first, on account of the mag- 
nitude of 6 compared with that of /* or f\ and substitute in 
the result for h its value f' — e, the approximate value of the 
angle of dispersion is 



This angle varies tlicrefore, ca*t. jmr., as tlie aperture of the 
object-glass divided by its focal lengtli ; and the confusion 
arising from chroirialic dispersion varies as the sijnare of that 
quantity. 

(369,) On a comparison of the two preceiling results, it ap- 
pears that the confusion of vision in the compound microscope, 
whether arising from the chromatic dispersion of the object- 
glass, or from its spherical form, will elepend, par.^ on the 
ratio which the aperture of that lens bears to its focal length, 
and upon the ratio whicli the interval between it and the eye- 
glass bears to the focal length of the latter. 

The errors both of form and colour, however, may be re- 
moved, as in the achromatic telescope, by employing a com- 
pound object-giass consisting of tw'o or more lenses in contact 
of different refractive and dispersive powers. The condition 
of achromatism in such a lens will evidently be the same as in 
the compound object-glass of the achromatic telescope; since, 
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for any system of lenses in contact, the condition of achro- 
niatism is altogetlier independent of the distance of the ra- 
diant ))oint. Hence, if tiie ohjcct-^lass of the compound 
microscope consists of two lenses in (-ontact, their focal lengths 
must be in the rati(j of the dispersive powers of the substances 
of which they are composed. 

The determination of tlieformsof two lenses, which constitute 
an apianatic coinbinatu)!! when placed in contact, is given by 
the eejuations of (185-0.), the development of whicli we slrall 
leave to the reader. The calculation is more difficult than in 
the case of the object-glass of a telescope, inasmuch as the 
equations necessarily involve the distance of the radiant point, 
which ill the latter case is infinite. 

The first application of tlie achromatic object-glass to the 
compound microscope was made a few years since by iMr. 
Tully, at the suggestion of Dr. Goring. The object-glasses 
made by this artist are triple, and are composed of a concave 
lens oi Jlmt-glafis between two convex lenses, one of which is 
of a^oicn-glafis and the other of DnP:h plate. These object- 
glasses sustain an aperture equal to lualf their focal lengths, 
which are from 0.2 to 1.0 inch; whereas the aperture oi the 
single object-glass cannot be much greater than the one-eighth 
of its local distance, lly this increase of aperture the quantity 
of light, and therefore the penetrating power of the instrument, 
is much augiueiUed. 

(370.) One of the chief advantages of the compound mi- 
croscope, as compared u illi the single microscope of equivalent 
power, consists in its extent of field. If m denote the linear 
matjnitude of the field of view in this instrument, and a' the 
aperture of the eye-glass, it is evident from similar triangles 
that 

a , 

m — A ; 

e 

* 

in which the value of (i is given by the condition ol distinct 
vision. Such is the extent of the field as limited by the ex- 
treme axes transmitted by the eye-glass. The entire visible 
field is somewhat greater, and the bright part of the field some- 
what less, than this quantity ; and it is evident that their mag- 

A A 2 
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nitudcs will be ascertained by a method precisely similar to that 
employed in the case of the astronomical telescope (336*7.). 
On account of the smallness of the aperture of the object- 
glass, however, and the maguitude of the interval between the 
lenses as compared with the focal length of either, these will 
differ little from the mean field above determined. 

In order to increase the field, an additional lens is generally 
introduced, which is therefore called the The 

theory of the instrument in this form will be sufficiently under- 
stood from what has been said, in the preceding section of this 
chapter, on the subject of the double eye-pieces of telescopes. 
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CHAPTER IV. 

OF VISION BY MIRRORS AND LENSES COMBINED. 


I. 


Of Sir William HerscheCs and of the Xcwtonkm Telescope, 


(371.) If, Instead of a convex lens, a concave reflecting 
speculum be employed to receive the rays proceeding from a 
distant object, an image will be formed at its focus, which, if the 
aperture of the .spc?culum be sufficiently large, may be viewed 
directl}^ through an cyc-glass placed at the distance of its own 
focal length from tlie image, as in the comimm astronomical or 
Galilean telescopes. 

Such is the principle of the reflecting telescope in its simplest 
form, and was that adopted by Sir William Herschol in the 
construction of his celebrated instruments. In order that the 
head of the spectator may intercept as little light as possible, 
the axis of the speculum is slightly inclined to tlic direction 
of the incident rays, and thus the image thrown near the edge 
of the tube, where it is viewed through the eye-glass by the 
spectator having his back towards the object. This method of 
observation is called by Sir William Herschel the front viexo. 

It is evident that the obliquity of the incident pencil in this 
construction must produce a slight distortion of the image; 
b\it the errors thence arising are scarcely appreciable in the 
very large instruments, to which alone this construction can be 
applied. 

(37^2.) The angle under which the object is seen with this 


instrument is equal to m denoting the linear magnitude 
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of the image formed by the concave speculum, and y’the focal 
length of tlie eye-glass. But the angle which the object sub- 
tends to the naked eye, or at the centre of the speculum q,p.^ 
is equal to that subtended by its image at the same place, with 

the opposite sign ; or equal to — , ir denoting the focal lengtli 

of the object-speculum. Wherefore the ratio of these angles, 
or the magnifying power y is, as in the common astronomical 
telescope, ‘ ^ 

V 

M - - . 

It is evident that an object seen through this instrument 
will appear inverted. 

(373.) field of view in this telescope, determined by the 
axes of the extreme pencils, is equal to tlic angle which the 
aperture of the eye-glass subtends at the centre of the con- 
cave speculum, or at a distance equal to the dilference of the 
focal lengths of the speculum and eye-glass. That is, if a 
denote the semi-aperture of the eye-glass, and G hah* the field 
of view, 


wdiich, since the focal length of the eye-glass in these instru- 
ments is very small in comparison with that of the ohjcct- 
speculum, is very nearly equal to the angle which the aperture 
of the eye-glass suhtends at the vertex of the speculum. 

The entire visible field, from which any rays wliatever reach 
the eye, is found by joining the corresponding extremities of the 
apertures of the eye-glass and object speculum ; the intercepted 
portion of the perpendicular erected at their common focus 
will be the linear magnitude of the image which is illuminated 
by any rays whatever proceeding from the object, and the 
angle which it subtends at the centre of the object-speculum 
will be the extreme field. It is evident that the determination 
is precisely the same as in tlie case of the common astronomical 
telescope, so that, adopting the result of (336.), we have 
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A denoting the semi-aperture of the ohject-speculum, and 0 ^ 
half the extreme field. Or, neglecting^' in comparison with r, 

and substituting m for 



a value which, in instruments of high magnifying power, will 
differ little from that of the mean field given above. 

On account of tlie small extent of field in these instru- 
ments, and the consequent difficult'y of discovering the ol)ject, 
it is usual to attacli, at the side of the tube, a small refracting 
telescope of low power and considerable field, whose .axis is 
exactly parallel to that of the telescope to which it is joined. 
The object being found by moans of this telescope, it is evid(‘nt 
that the larger instrument will be in the desired position. Such 
an accessory is called a jindc7\ 

(i3T‘k) The celebrated instrument, erected at Slough by Sir 
W. Herscbel, was tlie largest refii'cting telescope ever made. 
The tube of this telescope is thirty-nine feet four inches in 
lengtli, and four feet ten inches in diameter. It is made of 
rolled or sheet iron, and is put together witfiout rivets by a 
kind of seaming used in the iron funnels of stoves. Great 
mechanical contrivance is displayed in the apparatus destined 
for the management and support of this vast instrument. The 
lower extremity of the tube rests upon a moveable point of 
support, arid the upper or open end is attaclicd by means of 
pullies to a great cross beam which crowns the framework of 
the whole apparatus, and by which the telescope may be set to 
any desired altitude. The whole instrument, framework and 
all, has also an azimutli motion by tiie manner of its support. 
The foundation on which it rests consists of two concentric 
brick walls, carefully capped with stone, the outermost of 
which is 42 feet in diameter and the innermost 21 feet. The 
framework rests upon these walls by means of twenty con- 
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centric rollers, moving on a pivot in the centre, and tlius has an 
easy horizontal motion. 

The diameter of* the metallic speculum is 49j- inches, and 
that of* its polished surface 48 rtiches. The thickness, which is 
uniform throughout, is 34 inches; and its weight, when it 
came from the furnace, was J2118 pounds. The focus of the 
speculum is made, by a slight inclination of its axis, to fall 
within f‘our inches of the lower part of the mouth of the tube? 
and projects into the air; l)y which arrangement the head of 
tlje spectator intercepts little of tlie incident light, the diameter 
of the tube exceeding the effective aj>erture of the speculum by 
about ten inches. 

A slider, carrying a brass tube for the reception of the eye- 
glasses, is fixed at the mouth of the telescope, and is directed to 
the vertex of the speculum. The eye-glasses emj)loved by 
Sir W. Ilei •sehel were small double-convex lenses, sonic of 
which are said not to exceed one-fifiielh of an inch in focal 
length. With eye-glasses, however, such as are more com- 
monly employed for sidereal observations, the magnifying power 
of the telescope exceeds 6()()(). 

A speaking-pipe descends from the mouth of the telescope 
to the bottom of the tube, and there divides into two branches ; 
one of which communicates with the work-room, in which a 
person is placed to give the required inovemeiits to the in- 
strument, and the other with the observatory, where an 
assistant takes down the observations. In this latter room 
there is a sidereal time-piece, and close beside it a ])olar- 
distance piece, which may be made to show polar-distance or 
declination, zenith-distance or altitude, by setting it differently. 
The speaking-pipe rises between the lime piece and polar- 
distance piece, and the assistant sits in front of them at a table, 
and there writes down the observations 

This noble instrument was completed on the 28th of August, 
1789> and on the same day the sixth satellite of Saturn was*^ 


* A full account of this telescope, and of the mechanical arrange- 
ments connected with it, is given in the Transactions of the Royal 
Society for the year 1795. 
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discovered. The framework having much decayed, this tele- 
scope has been taken down, and another of the same con- 
struction, of JiJO feet focal length and 18 inches diameter, 
erected in its place by Mr. J.*F. Herschel, The largest 
telescope of this construction, now in this country, is that 
erected by Mr. Rainage at the Royal Observatory aif Green- 
wich, in the year 18:30. Its focal lengtli is 25 feet, and the 
aperture of the ohject-speculiim 15 inches. The mechanical 
arrangements of this instrument are such that its movc- 
meitts can be effected by the observer himself without an 
assistant. 

(375.) The principle of the front viezv^ as described in the 
preceding constructions, can only be employed, it is evident, 
when the ijpc'rtnre of the object-speculum is very considerable: 
to instruments of moderate dimensions it is wholly inapplicable. 
In the teIcscoj)e proposed and constructed by Sir Isaac 
Newton, the rays n llccted by the object-speculum are received 
upon a small plane speculum placed between the object-spe- 
culum and its principal focus, tlie plane of which is inclined at 
an angle of to the axis of the telescope. Ry this the rays, 
which tend to form an image at the principal focus of the 
obiect-Sf)eculum, are reflected laterally ; and thus an imago is 
formed near the side of the tube, equal and sinfilar to tlie 
former, and similarly posited with respect to the plane re- 
flector. This image, whose plane is parallel to the axis of the 
telescope, is viewed through an eye-glass placed at tlie side of 
the instrument, at a distance from the image etpial to its own 
focal length. 

Instead of a plane speculum, Newton made use of a rect- 
angular isosceles prism, through the sides of which the rays 
enter and emerge perpendicularly, and are reflected at the 
liypolhenuse. The reflexion there being totals the loss of 
light will be much less than in the case of a metallic speculum. 

The construction of the Newtonian telescope is represented 
in the adjoining figure, in which ab represents the object- 
speculum, a'b' the plane speculum, and ab the eye-glass. 

represents part of a pencil of rays proceeding from any 
point of a distant object. These rays, which by the reflexion 
of the object-speculum are made to converge towards g, the 
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corresponding point of the image, F(v, whicli would be fonncJ 
at its principal focus, are intercepted by the plane mirror, aW, 
and made to converge to^‘, where an image, / g, will be formed 
equal to fg, and similarly situated with respect to A'jf. The 
rays then crossing at g are incident diverging upon the eye- 
glass, placed at a distance, aj\ from the image equal to its 
own focal length ; and finally, emerging |)arallel, are received 
by the eye at c, the intersection of the axis of the pencil with 
the axis of the lens. 

(376.) If F and f denote the focal lengths of the object- 
speculum and eye-glass, respective!}^, e and ef their distances 
from the plane reflector, aa' and a'o, we have 

a'f = f — Ay* = — f; 

the first image being in the principal focus of the object- 
speculum, and the second in that of the eye-glass. Wherefore, 
since Vf = a^J] there is 

c + s' = F +/. 

Such is the condition of distinct vision of a distant object, the 
eye requiring parallel rays. The position of tlie eye-glass 
with respect to the plane speculum is usually fixed, or the 
distances' invariable; and the adjustment to distinct vision is 
effected by varying e?, the distance of the plane mirror from 
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the object-speculum. The motion of the plane mirror, and of 
the eye-glass which is attached to it, is effected by means of a 
fine screw. 

The magnifying power of the* Newtonian telescope is evi- 
dently determined on the same principles as that of Sir W. 


Herschel ; and is equal to 


the ratio of the focal lengths of 


the object-sj)cciilum and eye-glass. 

(377.) In order that the brightness of the central part of the 
field may be as great as possible, the plane mirror must be of 
such form and dimensions as exactly to receive the whole of 
the principal pencil, or the cone of rays converging to the 
principal focus of the object-spcculurn. The mirror, accord- 
ingly, must he a section of that cone, formed by a plane in- 
cllncd at an angle of 45^^ to its axis; and must therefore be an 


ell'tpsc. 


In order to determine the dimensions of this ellipse, let 
lines be conceived drawn from the focus f, in the preceding 
figure, to the extremities of the aperture of the object-spc- 
culurn ; and let the section of the lesser speculum, a'b^, be 
produced to meet them. Then, this section being made by a 
plane passing through the axis of the telescope and perpen- 
dicular to the plane of the speculum, it is evident that the in- 
tercepted portion of the section will be the greater axis of the 
ellipse. Let x and denote the portions of that line, as it is 
divided in the point a' by the axis of the telescope; also, let 
a'f, the distance of the focus from the lesser speculum, be 
denoted by d ; and the semiangic of the cone by 0, the tangent 

of which is equal to -- . Then we have 


d . sin. 0 \/2 . tan. 0 _ ^d v/ii 

^ sm7(4.^— fl) "" 1 — tan.O f -- a’ 

^ d.sin.O _ rfvS-tan.^ _ 

^ sm7(4^'0) 1 + tan.O F-f- a* 

Wherefore, a denoting the semiaxis major of the ellipse, we 
have 
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a 4(.r + os') 


Avd 
F* — 


Ag.ain : if b denote the seniiaxis minor, and y the perpen- 
dicular to the greater axis erected at the point A^, by the pro- 
perty of /he ellipse, there is 

ft *' _ ?/ 

fl - ' 


But y is evidently the radius of the circle, formed by a plane 
perpendicular to the axis of the cone at the point a' : Avherefore 


2 / = d tan. 0 


\d 


_ ft- F- — A- 

and — ; ~ 


F ' a~ Hv- 

And substituting for a its value already obtained, 

_ Ad 

ft 


-y/F" — A® 


If A* be neglected in coniparison with F*, on account of the 
smallness of the aperture of the object-speculum as compared 
with its focal length, the approximate values of the seniiaxes 
will be 


Ads 2 Ad 

~ . 

F F 

which are in the ratio of to 1. This latter determination is 
sufliciently near the truth for all practical purpt)scs. 

The quantity of light reflected by a plane mirror increases 
with the incidence. Consequently, if the plane speculum be 
inclined to the axis of the telescope at a greater angle than 45% 
the quantity of light and brightness of the image will be aug- 
mented. In this modification of the Newtonian telescope, 
which was proposed by Dr. Brewster, the rays emerg;e 
through the side of the tube obliquely. The form of the 
elliptical mirror also, depending on its inclination to the axis of 
the cone, will differ from that assigned above ; and it is evident 
that its greater axis will be divided more unequally by the 
axis of the telescope, the greater the inclination. 
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(378.) The extreme field of view in tfie Newtonian telescope 
is determined by connecting the adj.Qcent extremities of tlie 
eye-glass and plane speculum by the line b' 6 (see figure, page 
362); the intercepted portion o£ the perpendicular, raised 
at the point /I will be the whole extent of the image illuminated 
by any rays whatever proceeding from the object, and jthe angle 
which its equal fg subtends at the centre of the speculum will 
be the extreme field. 

Let m denote the linear magnitude of this image, a the semi- 
aperture of the eye-glass, and the perpendicular let fall 
from the adjacent extremity of the plane speculum, upon 
the line a'u ; then it is evident that we have, on account of 
similar triangles, 

a — m m — is! 

f ~d-A'' 

(1 denoting as before the distance a^f or Neglecting a! in 
comparison with d in this result, we obtain 

ad -t- a!/ 

m ~ — - — V . 

And this quantity divided by F will measure half the visible 
field. 

d 

From the preceding article it appears that a' = a - , very 

nearly. Wherefore, if we substitute this value in the result 
last obtained, and neglect J' in comparison with d in the de- 
nominator, it is reduced to 

A 

m = a H . 

M 

Whence, 0 denoting half the visible field, there is 

0 = — (a + A.V 

F \ m/ 

as in HerscheFs telescope. 

(379.) If a real object be supposed to occupy the place of 
the image fg (see figure, page 362), it is evident that the rays 



366 


VISION. 


of each pencil, after reflexion by the plane speculum, a'b', 
will fall upon the concave speculum diverging from the image 
FG in its principal focus; the reflected rays, consequently, 
emerging parallel, will be swited to the distinct vision of an 
eye placed any where in the axis of the instrument. But if 
the object be removed ever so little farther IVom the plane 
speculum, it is evident that the rays, after reflexion by the two 
specula, will converge to an image in the axis of the concave; 
and this image may be viewed through an eye-glass placed at 
a distance 'from it equal to its focal length. 

Such is the |)riiiciple of the reflecting microscope^ invented 
by Professor Amici. In order to avoid the errors of figure, 
the concave mirror is an ellipsoid of revolution round tfie 
greater axis, whose foci are the places of the conjugate images. 
The microscopic object is placed a little without the tube, on 
a small shelf projecting from the stand of the instrument; and 
is illuminated by two concave mirrors, one of which is directly 
above the object, and ha^ an aperture in the centre to admit 
the rays into the tube, and the other directly beneath it. 

This instrument admits of a very high magnify ing power, 
and, owing to its horizontal position, is very convenient in use. 
Its construction has been considerably imj)n)ved by Mr. Cuth- 
bert, principally by altering the relative dimensions of the two 
specula ; and it is now much in use. 


IL 

Of the Gj'Cgorian and Cassegrainian Telescopes^ 

(380.) The invention of the reflecting telescope is generally 
ascribed to James Gregory, who described the instrument now 
called by bis name in his Optica promota^ published in the 
year 1663. Tlie Gregorian telescope consists of two concave 
specula disposed along the same axis, with their concave sur- 
faces facing each other, and at an interval a little greater than 
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the sum of their focal lengths. In the vertex of the larger, or 
object-speculum, is a circular aperture, to which is attacliccl a 
tulie containing the eye-glass. Now, when tiie axis of the 
telescope is turned towards au)^# distant object, an image is 
formed at the principal focus of the object-speculum. The 
rays divt*rging from this itnage are then received hy |he lesser 
speculum, which is at a distance from "it a little greater than 
its own focal length; and hy its reflexion a second image 
is formed near the vertex of the object-speculum, which is 
viewed through the eye-glass placed there, at a distance from it 
equal to its own focal length. 

I'he construction of this instrument is represented in the 
adjoining figure; in which ab represents the ohject-speculiim, 



A'li' the lesser speculum, and ah the eye-glass. rcpi'e- 

sents part of a pencil of rays proceeding from any point of a 
distant object. These rays are, by the reflexion of the object- 
speculum, made to converge to o, the corresponding point of 
the image, i g, formed at its principal focus e. The distance 
of this image from the lesser speculum, a'f, being a little 
greater than its focal length a'f^ the rays diverging from g, 
and incident upon the lesser speculum, will be reflected to^; 
where a second image, /^, will be formed at a distance Ay'con- 
jiVgate to a'f. This second image being in the principal focus 
of the eye-glass, ah^ the rays diverging from g, and incident 
upon the eye-glass through the aperture in the object-speculum, 
are by its refraction made to emerge parallel ; and are received 
by the eye at e, the intersection of the axis of the pencil with 
the axis of the instrument. 
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Ill the original construction of this telescope, as proposed 
by its inventor, theffigure of the object-speculum was para-- 
holoid, and that of the lesser speculum ellipsoid of re- 
volution round the greater aJtis, wliose foci are vand ./,' the 
places of the two images. In such an arrangement, it is evi- 
dent, there will he no aberration of the rays proceeding from 
the centre of the held; and for such rays the instrument will 
be theoretically perfect. On account of the difficulty, however, 
attending the construction of mirrors of these forms, winch 
ivcre at first considered as essential to the instrument, this in- 
vention was for some time abandoned as practically Iiopeless ; 
so that, although the Gregorian telescope was Invented some 
years before that of Newton, the latter was the first reflecting 
telescope actually constructed. 

For common purposes the Gregorian telescope is generally 
preferred to the Newtonian. Its superiority seems to arise 
from this, that the two specula may be so matclu'd that the 
necessary irregularities in their figure shall compensate one 
another in their effects upon the images; whereas in the New- 
tonian there is nothing to counteract any defect of form of the 
object-speculum, and experience jiroves that such specula can 
seldom be obtained truly spherical. 

(»J81.) Let F, F', and^/* denote the focal lengths of tlie olyect- 
speculurn, the lesser speculum, and the eye-gluss respectively ; 
e and d tl}e distances of the ohject-spe<*iilum and eye-glass from 
the lesser speculum, and d and d' the distances of the two 
images from the same : then, since the first image is in the 
principal focus of the object-speculum, and the second in that 
of the eye-glass, it is evident that 

But d and d\ being conjugate focal distances to the lesser spe- 
culum, are connected by the equation 
substituting in this the values of d and d\ just given, there is 
1 . 

e - <i — 7 ■“ f' * 
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Such is the equation of condition of distinct vision in the Gre- 
gorian t(?lescope, an ccjuation analogous to that already obtained 
in the case of the refracting leloscopc with three lenses. 
The eye-glass is usually fixed in lliis telescope, as in the 
Newtonian, and the adjustment to distinct vision is effected by 
altering the position of the lesser specuhini by means of a fine 
screw. ^ 

(382.) The angle under which any object is seen in the 

^ 

Gregorian telescope is equal to , /a' denoting the linear mag- 
nitude of the second image (301.). But the angle which the 
object subtends at the centre of the object-speculum (or to tlie. 
naked eye, fj p.) is equal to that subtended by the first image 


at the same place, or ecjual to “ ■ ; denoting tlie linear mag- 
nitude of the first image. And the ratio of tliese angles, or the 
poxerr of the telescope, is 




m * /“ 


Or, since 




F (U 


If we substitute in this expression for d and dJ their values, 
c — F and d — /i mid eliminate tliesc qiiaiitities successively 
by means of tlie eejuation of the preceding article, we obtain 
the following expressions of tlic magnifying power: 


FF 


31 


J{c - F -r) 


M 


F{d 


f) 




The values of c and e\ obtained from these expressions, are 


, FF- 


f' +,/■ + 


F'y-M 


values precisely analogous to those obtained (347.), and which 
determine tlic several intervals when the focal lengths and 
magnifying power are given. 

The second of the preceding values of 3i furnishes a simple 
approximate value of the magnifying power. For, since the 

li B 
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first image is nearly at the principal focus of the lesser spis 
cuUiin, and the second nearly at the vertex of the greater, 
jf* - j.’j 5 '. p. ; and this being substituled in the ex- 
pression of M, there is ^ 


1.2 



The second image being inverted witli respect to the first, 
and the first with respect to the object, it is evident that an 
object seen througli this telescope will appear erect. 

(383.) The (piantity of light received by the ol>jcct-sj)e- 
ciihnn in the Gregorian telescope is to that received by the 
naked eye from the same object in the ratio of the difference 
of the areas of the two specula to that of the pupil of the eye; 
or in the ratio of a - — to a and a' denoting the linear 
apertures of the two specula, and a that of the pupil. Where- 
fore, if m denote tlic ratio of ilie emergent to the incident light, 
after reflexion by the two specula and transmission through 
the eye-glass, the quantUi/ of light received liy the eye through 
the telescope will be 

w ; — ‘ ; 

a- 

that received by the naked eye being unity. On this quantity 
depends xh^ penetrating power of the instrument. It appears 
from what has been said (322,) that it cannot be increased in- 
definitely, but has a limit dejiendent upon the magnifying 
power. 

The apparent brightness of an object seen through the 
telescope varies as the quantity of light in the image on the 
retina divided by the space over which it is diffused there. 
Now the area of the image on the retina is equal to that of 
the image on the retina of the naked eye being unity ; where- 
fore the brightness of an object seen through the telescope js 

A* — a'‘^ 

VI — - ; 

the brightness of the same object to the naked eye being 
unity. 
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(381',) In order that the brightness of the centre of the 
field should l)e as great as possible, the lesser speculum must 
be of such dimensions as exactly to receive the whole cone of 
rays converging to the ]U’incipal ftcus of the object-spcculinn. 
If it be less, it will not reflect the whole of the pencil reflected 
by the object-speculum : if it be greater, it will intercept more 
than is necessary of the parallel pencil incident upon the same. 
The aperture of the lesser speculum, therefore, is determined 
by the equation 

The lesser speculum being of the magnitude here assigned, 
it is evident that the brightness of the field will diminish gra- 
dually from the centre. In order that the brightness may be 
uniforin over the whole extent of the field, the niagnitiuic of 
the lesser speculum must be somewhat greater than that above 
given, and its determination will offer no dilBculty to the 
reader. Hut it is evident, from M'hat has been said, that the 
brightness of the centre of the field will be thus diminished, 
and the loss of light on the whole will more than compensate 
the advantage gained. 

The hole in the vertex of the object-speculum must not 
exceed the aperture of the lesser speculum ; and it is evident 
that, as far as the principal pencil is concerned, no advantage 
will be gained by making it less. It is usual to make them 
equal, in order that the aperture of the eye-glass (which is 
limited by it), and therefore the field of view, may be as great 
as possible. 

(385.) The extreme //r/d of view in the Gregorian telescope 
is found by connecting the corresj)onding extremities of the 
lesser speculum and eye-glass by the line n'i (see figure, 
page 367) : the intercepted portion of the image, fg, will de- 
termine the field. It will easily appear from similar triangles 
Tfl' a! 

that —z , — = — — ; in which a' denotes the semi-aperture 
J ® 

of the lesser speculum, a that of the eye-glass, and half the 
linear magnitude of the second image. From this we have 

B B 52 
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ad' + a7 


z:z a + a' 


f 

d' 


nearly ; since f may be neglected as inconsidc?rabIe In com •• 

. . ^ . . . d 

parison with d. And if we substitute for its value \ — , ob- 
tained above, the value of >// becomes 


m' -- a 4- — . 

M 


7U 1U 

Hut it appears from (38^2.) that ~ M ~ MO, © denoting 
half tlie field of view ; wherefore 


0 


'/if 1 / 

“ Uj'~ m / V ^ 


A 

M 


> 


The second term of the cpiantity within the brackets is, in 
general, small in comparison with the (irst; and accordingly 
llie held of view will be, nearly. 


a 

M J * 

(386.) Instead of a single eye-glass, it is usual to employ, in 
the Gregxirian telescope, the Iluyghenian double eye-piece, 
consisting of the eye-glass and field-glass (351.). The aperture 
of the latter lumig much greater than can be given to a single 
eye-glass, tiie fielil of view is nuicli enlarged; while, at the 
same time, the errors of form and colour are considerably 
diminished. The theory of the telescope with this addition will 
bo reatiily understood from what has been said in this section, 
cond)ined witli the results cjf the article already rcferrecl to. 

A Jield-har^ or diaphmgvi^ is usually introduced at the 
place of the anterior focus of the eye-glass, the diameter .of 
which is equal to the linear magnitude of the image formed 
there. By its means all erratic light is prevented reacliing the 
eye-glass. An eye stop is also placed without the eye-glass, at 
the place of the intersection of the axes of the extreme pencils 
with the axis of the instrument; and the diameter of the eye- 
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hole is to be taken equal to the linear magnitude of the image 
of the objcct-speculiini, which will be formed at that point. 

(i]87.) Some years after the invention of tlie Gregoi ian and 
Newtonian telescopes, and probably without any knowledge of 
what had l)een done in 15ritain, a Frenchman named (-assc- 
grain published a description of the reflecting telesco}je wliicli 
goes by his name. Cassegrain’s telescope differs from the 
(Ti egorian merely in the form and j)osilion of the lesser sdc- 
cidum ; this reflector being com)e:c and plac-ed bctdi^cen the 
object-speculum arul its ])rinc:ipa] focus, at a distance from the 
latter a little less than its own focal length. In this con- 
struction, since the rays of each pencil are incident upon the 
lesser speculum converging to the points of an image be- 
liiiul it, and within the principal focus, they will, after re- 
flexion, converge to the points of an image in front of the spe- 
culum. This image, being thrown near the vertex of the 
objcct-speculum, is vi(‘\ved through an eye glass placed at 
a distance 1‘rom it etpial to its own local length ; the object- 
speculum being i)erf()rated in the ceuire, as in the Gregorian 
telesco|)e. 

After what has been ^aid of the Gregorian telescope, it will 
be needless to enter into detail on tiie theory of this construction. 
The results^ as nfight easily have been anticipated, will differ 
from those obtained in the preceding articles merely in the sign 
of f', the focal length of the lesser speculum. 

Objects seen through this instrument a])i)ear invciicd: for 
the second image is erect with respect to the first, and therefore 
inverted with resjjcct to the object. For this reason it is un- 
suitable to terrestrial purposes, unless w ith an erector eye-piece, 
an addition seldom miidc to the reflecting telescope. 

The Cassegrainian construction has been little used. It 
appears, notwithstanding, to [)ossess .some very important ad- 
vantages. It is shorter than a Gregorian of the same power 
by about double the focal length of the lesser s|)eculimi. 
Again, what is of still more im})ortance, the splierical aberra- 
tions of the two specula lie in oj)posite directions, and therefore 
partially correct each other; whereas, in the Gregorian tele- 
scope, the aberration [)roduced by the object-speculum is in- 
creased by that of the snmll reflector. It appears also from 
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some experiments made by Captain Kater, that the Casse- 
grainian telescope surpasses the Gregorian of the same power 
and aperture in brightness as well as distinctness; a result 
which he attributes to the circumstance of the rays not having 
crossed one another at the focus. However this be, it has been 
ascertained by trial that a reflector of this form will sustain a 
higher magnifying power than a Gregorian with an object- 
metal c f the same dimensions. 

(888.) Doctor Smith’s rejkctmg microscope is merely a 
Cassegra'inian telescope adapted to near objects. It is evident 
that, if‘ an object he brought very close to an instrument ot‘ 
this or of the Gregorian construction, tlie rays proceeding from 
it will be altogether intercepted by the second reflector before 
they reach the objoct-speculiiin. To obviate this, the a{)crturc 
of tlie second speculum is increased, and the rays are admitted 
to the object-speculum through a circular hole in the centre. 
These rays are then reflected by the object-speculum, and con- 
verging to ibrm an image a little within the focus of the convex 
speculum, they arc a second time reflected, as in ("assegrain’s 
telescope, and are made to converge to an image near the vertex 
of the object-speculum. Finally, the rays diverging from tins 
second image pass through the aperture in the objcet-speculum, 
and are receivetl by the eye-glass placed at a distance from it 
c(ju?d to its own focal length. 

A small screen is placed between the apertures in the two 
reflector.^, to intercept tlie rays which proceed directly from the 
object to the eye-glass. 
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I. 


OF THE REFll ACTION OF THE ATMOSPHERE. 

(889.) We have seen ( 1 1().) that when a ray of light passes 
througli any number of rclVacting mc(lia> hoiimled by parallel 
planes, its course will be a broken line, consisting of as many 
riirlit lines as there are media inclined to the surfaces at dif- 

O 

ferent angles ; and that the direction of the ray in the last 
medium, and therefore the total deviation, will be the same as 
if the light had been incident directly upon it out of the first. 
Now if the change of refractive power he continuous^ the in- 
tervals of the successive parallel surfaces will be indefinitely 
small, and their number indefinitely great ; consequently the 
polygonal line becomes a continuous curve, the direction of 
which, in any part of the varying medium, will be the same as 
if the ray bad been incident directly upon it out of the original 
medium. 

The atmosphere which surrounds the earth is a medium of 
this kind. For, since the density of the air decreases con- 
tinually with the distance from the surface, the refractive 
power which is proportional to it must likewise decrease con- 
tinually ; and though the strata of equal density, and there- 
fore of equal refractive power, are in fact spherical surfaces 
concentric with the earth, yet, on account of the small height 
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of the sensible atmosphere compared with tlie radius of the 
earth, the deviation from parallelism throughout any space 
traversed by a ray of light (unless where the ray ])roceeds from 
a star near the horizon) be inconsiderable. Hence, if 

wxMieglect the curvature of the atmospheric strata as incon- 
siderable throughout the space traversed by the ray, the 
direction of the ray in the lust stratum, where it meets the earth, 
will be altogetlier independent of the law of variation of the 
density, and the same as if the light had been incident directly 
upon a homogeneous atmosphere of a density equal to that of 
the air at the surface. 

(390.) The direction of the ray before its incidence upon the 
atniosplicre marks the real position of the object ; the direction 
of the ray when it meets the eye the api)arent position ; and 
the angle contained by these directions, or the total tleviation 
of the ray, is the refraction. The law of its variation is rea- 
dily determined on the princi|)les above mentioned. For, 
if w’e suppose the ray to undergo refraction at the surface of a 
homogeneous atmosphere of the same d{‘nsily as that at the 
surface of the earlii, the angle of relVaetion will be eoual to the 
apparent zenitl) dislancc of the object, the surfatx of the at- 
mosphere and that ol'tlic eartli being parallel. Wherefore, if 
tlie apparent zenith distance he denoted by z, and the re- 
fructitm or deviation by a, the angle of’ incidence will he 
z 4 K, and we have 

sin. (z 4 ii) ?/^.sin. /. ; 

m denoting the ratio of the sines of incidence and refraction from 
a vacuum into air of the same density as tliat at tlie earth’s 
surface. Or, expanding the first member of this e(|ualion, 
and making eos. ii -- 1, sin. u ~ Ksin. 1", or. account of the 
smallness of the angle ii, 

sin. z 4- R sin. !'• cos. z ^ in sin. z ; 

m — 1 

. . lx --- :rr tan. Z. 

Sin. 1" 

1 he refraction varies therefore as the tangent of the apparent 
zenith distance. 
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The ray being bent towards the perpendicular to tlie surface, 
on entering a denser medium, it is evident tliat the a|)parcnt 
zenith distance is less than the true, or tliat the object appears 
elevated by the effect of refractio^A. 

(391.) The refractive index of atrnosjdieric air Inis l)ccn 
determined with great accuracy by llie experiments of Ifiot 
and Arago. These authors found tliat, at the tempera- 
ture of melting ice, and under a pressure measured by a 
column of mercury whose height was 76 ccntimelres (that is, at 
^ 9.93 inches barom. and 3^i^ Fahrenheit), the valinJ of///, — 1 
was .()(K):;i9i3. And dividing by sin. !■', ilu; coelhcient of re- 
fraction was found to be 187.24 French seconds, or GO.CG 
English ; so that 


711 — 1 
sin. F' 




The value of/// — - 1, however, varies with the density of 
tile air, to which it is propoi tional ; and consequently changes 
with the ivmjnra nrc and pressure. It appears from the ox- 
jierinients of* Dalton and Gay-Lussac, that a column of air de- 
noted by unity at the freezing p'oint becomes 1.375 at tlic tem- 
perature of’ boiling water, the height of the barometer being 
the same; or that any volume of air increases by the fractional 
part . 375 , under an increase of temperature from to 2153'’. 
Hence the increase of volume for each degree of temperature 
is .002083, the volume at the temperature 32'* bilng unity. 
Wherefore, if denote the number of degrees of Falircnheit 
above the freezing point, the volume at that temperature 
will be 

1 -h ,002083a«. 

And, the density being inversely as the volume, wc must divide 
the coefficient of refraction above given by this quantity, in 
order to correct for temperature. 

Again, the temperature being given, the density of the air 
varies as the pressure, which is measured by the height of the 
mercury In the barometer. Consequently, the reliaction being 
proportional to the density, the refraction at any pressure will 
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be obtained by multiplying the refraction at a given pressure 
by the ratio of the heights of the mercury in the barometer. 
To correct for pressure, therefore, we must multiply the co- 
efficient of refraction above gjven by the fraction 

Ji 

29.93 ’ 


k denoting the height of the barometer in inches. 

Applying, now, the corrections for temperature and pressure, 
the coefficient of refraction will be 


m - 1 h 60\6(i 

sin. 1" “29.93 ^ 1 + .002083a^«‘ 


Where extreme accuracy is required, a correction for tem- 
perature is also applied to /i. the height of the mercury in the 
i)arometer; the mercury expanding with the increase of heat. 
The correction, however, is extremely small. 

It is a remarkahlc circumstance tliat the variations in the 
luimidity of the atmosplicre, which are considerable, have no 
sensible cfibct upon the refraction. The reason of this is that 
the density of aqueous vapour in a state of suspension is less 
than that of air, very nearly in tlie same proportion that its 
refractive power is greater. Consequently the effective re- 
fractive power of aqueous vapour is very nearly the same as 
that of atmospheric air ; and therefore its admixture with the 
latter in varying proportions will not sensibly affect the 
quantity of refraction. In the corrections of refraction, there- 
fore, it is unnecessary to attend to the indications of the hy- 
grometer. 

(392.) When the barometer stands at 29.6 inches, and 
Fahrenheit thermometer at 50®, the coefficient of refraction 
given in the preceding article becomes 


29.60 6(y',66 

29.93 ^ 1.0373 


= 5T'.82; 


and the general value of the coefficient, referred to lliis as a 
standard, will be 
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h 1.0375 X S7".82 
^ ”l + .002083 a“ ’ 

Such is the numerical coefliicient given by Dr. Brinkley 

The coefficient of refraction derived from the French tables 
(barom. 29.6 inches, and Fahrenheit 50^) is 57".72; and that 
obtained by Dr. Brinkley from upwards of 500 dliscrvations 
made at the observatory of Trinity College, Dublin, is 5T'.5(J ; 
so that the results derived from astronomical observation differ 
by but a very small quantity from those obtained J)y direct ex- 
periment. The author just mentioned considers the latter 
susceptible of a higher degree of precision than the former, 
and consequently mo.*e to be relied upon. 

(o9o.) AVe have hitherto supposed the atmospherical strata 
to be parallel throughout the course of the ray. Tlie results 
obtained on tins supposition are sufficiently accurate for stars 
near the /enidi ; but when the zenith distance is consider- 
able, there will be a correction required depending upon the 
sphericity of the strata. The deviation from parallelism being 
small, we may suppose, as before, the direction of the ray wlien 
it readies the eye to be the same as if it had proceeded tlirectly 
iVoin a vacuum into air of the same density as tliat at the 
earth’s surface. Wherefore, if 0 denote the angle of refrac- 
tion at the surface of the homogeneous atmosphere, supposed 
spherical and concentric with the earth, we have, as before (399.), 

771 — 1 

II = - 1 — r ,7 tan. 0; 
sin. r' 

0 being no longer equal to z, the apparent zenith distance of 
the object. It is evident from the consideration ol‘the triangle, 
formed by lines drawn from the centre of the earth to the ex- 
treme points of the refracted ray, that tlie sine of the angle of 
refraction is to the sine of the apparent zenith distance, as the 
radius of the earth to the radius of the exterior surface of the 
homogeneous atmosplicre. AVherefore, if p denote the ratio 
which the height of the homogeneous atmosphere bears to the 
radius of the earth, there is 


* Tranmetions nj the Roj/ai Irish Academy ^ vol. xii, 
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sin. z 


This equation combined with the preceding will determine the 
refraction. In order to eliminate 0, we have 


cos. 0 = ^ 1 


sin.'Z ^/cos.-z + ^^e 


(1 + 1 + ? ’ 
iK^glecting f in comparison with %. Whence there is 
sin. z tan. z 

tan. 0 = 


a/cos.- z + % 1 -f sec.- z 


Or, expanding the denominator by the binomial theorem, and 
neglecting llie powers ol‘ ^ scc. ’z, after the first, 

tan. tan. z (I ^ sec.* z) ; 

R ~ — "Trlan.ztl — Q /.). 

sjn. p' ' ^ ^ 


The height of tlic homogeneous atmosphere r- o.0!)5 miles 
at the temperature of 50® Fall r., and the radius of the earth 
— 3979 miles; whence the value of ^ is found to bo .00U?8. 
This quantity 'vvill have a cornrlion depemling upon the tem- 
perature ; but the (juantity itsell* being very small, its variation 
may be disregarded. 

From the jireceding it a})pears that ibc formula of refraction 
consists of two terms, the first of which is independent of the 
curvature of the earth, and the same as if ihe surface of the 
eartli and the atmospheric strata were plane, and the second is 
the correction due to tlie sphericity. This latter term, at 80® 
zenith distance, amounts to about IT' only, and at 40® zenith 
distance it is insensible. 

(394.) The preceding formula for refraction has been ob- 
tained independently of any liypothcsis resj)ecting the law of 
variation of density of tlie atmospliere ; and it is sufficiently 
accurate for all astronomical purposes as far as 74® zenith 
distance. For lower altitudes the law of variation of the 
density of the air will sensibly affect the quantity ol’ atmo- 
splicrical refraction ; and as this law is as yet unknown, all 
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formula? for refraction hitherto given, beyond 74^^ zenith 
distance, must be considered as in some degree empirical. If 
the density of the air decreased in geometric progression (as 
would be tlie case on the supposition of a uniform temperature), 
Laplace has shown from theory that the refraction at the 
horizon would amount to 4(y nearly ; the temperature being 
that of melting ice, and the heiglit of the baromhter 29.93 
inches. If the density of the air diminished in arithmetical 
progression, the horizontal refraction would be about 30'. Now 
the observed horizontal refraction, which is abou*t 3f5' at the 
same temperature and pressure, is a mean between these re- 
sults. Hence Laplace concludes that the law of the variation 
of the density of the air is nearly a mean between the above- 
mentioned progressions; and, assuming a law of this nature, 
he has deduced a formula for the refraction which is applicable 
to all altitudes The French tables of refraction arc con- 
structed upon this formula. 

At very low altiliules, however, the irregularity of refraction 
is so great, as to baflle all attempts to deline it by a law. The 
variations in the state of the atmosphere at the suriacc of the 
eartli, arising chiefly front sudden clianges ol‘ temperature, 
produce variations in the horizontal refraction frecpiently ex- 
ccedin;:; its mean value Sev'cral instances have been recorded 
of unusually great refraction in the horizon. One of the most 
remarkable is that desei ibed in \\\ii PJulosophiccd Transactions 
for the year 17f)8, in which an account is given of a refraction 
by whieli the French coast was rendered distinctly visible to 
the naked eye at the shore at Hastings, the distance l>eing 
about fifty miles, lly the aid of the telescope the Frencli fishing- 
boats were plainly seen lying at anchor, and the buildings on 
the land distinctly discernible. Lalande mentions that the 
mountains of Corsica are occasionally visible from Genoa, a 
distance upwards of a hundred miles. 


* See McCiinifpie Celeste, book 10, chap. 1 . See also Dr. Brinkley’s 
paper in the Transacilms of the Itoi/al Irish J cade mi/ yvol. xii.; in 
which the author has deduced, by a method as simple as the subject 
will admit, a formula which gives the refraction with sufficient ac- 
curacy as far as 80^ zenith distance. 
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(395.) In a medium composed of parallel strata, whose re- 
fractive power is continually increasing or continually diminish- 
ing, a ray of light proceeding from the denser into the rarer 
part of the medium will be continually bent out of its course, 
and describe a curve which is concave towards the denser 
medium. Hence, as the angle of incidence with the strata of 
equal density is continually increasing, this angle may approach 
indefinitely to a right angle ; and the ray, becoming parallel to 
these strata, may be bent back into the denser medium, and 
describe a second branch of the curve precisely similar to the 
first, the two branches of the curve intersecting the same sur- 
faces at equal angles. The effect in such a case, therefore, 
will be the same as if the ray had suffered reflexion at some 
stratum of the rarer medium. 

Thus let AMP be the curvilinear course of the ray, which is 
parallel to the strata of equal density at the point m ; also 
let AO be one of these strata, intersecting the curve in a and b ; 



and let an, bn, he tangents to the curve at tliese points. Then 
the ray will appear to be reflected from the stralum ke, whicli 
passes through K, the point of intersection of the tangents. 
For, since the strata of equal density intersect the two branches 
of the curve at equal angles, the angles nab and nba, and 
therefore their equals axe and bnf, are equal. Hence, if the 
rays proceed from an object at b, and be refracted to the eye* 
at a, the image of the object thus seen will be inverted. Also, 
the object being seen in the direction of the line an, the tan- 
gent to the curve at the point where it meets the eye, it will 
appear elevated above its true position when the rarer medium 
is above the denser, and, on the contrary, depressed when it 
is below, the ray always inclining towards the denser medium. 
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It is evident, further, that if the eye be situated in the same 
stratum of the varying medium with the object, the rays pro- 
ceeding directly from the object to the eye, through the medium 
of uniform density, may meet there with some of the curvi- 
linear rays above mentioned proceeding out of the raver 
medium; and that in this manner two images of the object 
will be visible, one erect by direct rayis, and the other imm'ted 
by the rays which are as it were reflected from the rarer 
medium. 

Thus, if into a rectangular vessel containing* sulphuric 
acid water be gently poured, in such a manner tliat the two 
fluids may not mix, except throughout a small space in which 
a partial combination will take place, a medium will be pro- 
duced between the acid and the water, decreasing gradually 
in density and therefore in refractive power as it approaches 
the water. If then any object be viewed through the upper 
part of the concentrated acid, it will be seen by the rays whicli 
proceed directly to the eye placed at an equal elevation on the 
opposite side; and the image tlius formed will he erect. But 
it will be also seen by the rays which, proceeding from tin* 
object towards the rarer medium, arc continually bent towards 
the denser, and finally intersect the direct rays at the place of 
the Gy(‘ ; and it is evident from what has been said that its 
image thus formed will be inverted. In this case, in which 
the upper medium is rarer than that below it, the second image 
is elevated with regard to the first : the contrary would have 
been the case had the rarer medium been the lower. 

(396.) In the ordinary constitution of the atmosphere these 
phenomena are not exhibited. For, on account of the slow 
variation of density, the rays proceeding from the denser into 
the rarer medium would have an immense space to traverse in 
order to reach the eye situated in the same medium with 
the object : these rays, consequently, are extinguished in the 
aimosphere before they can reach tiie eye. When from any 
ocCfTsional cauvse, however, the change of density is very rapid, 
the appearances which w'e have been describing are plainly 
seen. It sometimes happens that the temperature of the sea is 
higher than that of the atmosphere, the former not cooling so 
rapidly as the latter, and therefore its temperature not being 
subject to the same sudden vicissitudes. When this is the case, 
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the superficial stratum of air becomes warmer, and therefore also 
rarer, than that immediately above it; and the density will in- 
crease rapidly up to a certain height, and then diminish gra- 
dually. Now if the eye of a spectator be situated in the 
stratum of greatest density, and be directed to an object in the 
same stratum, he .will observe two images: one erect, by the 
rays whic'li are transmitted directly tlirough the uniform me- 
dium ; and the other inverted, by the rays which are, as It 
Avere, rellcctctl u{)wards from the rarer medium. This second 
image will .bo depressed. 

This plienomenon is frequently observed off the coast of Sicily, 
where it is attrll)uted by the peasants to ii supernatural agent, 
whom they call Fata Murgaiia. The French call it mirage. 
It is known in this country by the name ol‘ looming; and 
has been often seen at Leith, near Edinburgh, and on the 
north coast of Ireland, in the neighbourhood of the Giant’s 
Causeway. 

Tlie same phenomenon, attended with some other remarkable 
appearances, is observed almost every day on the sandy plains 
of Lower Egypt ; the dry soil of which Ix'coines intensely 
heated by tlic midday sun, and thus rarefies the contiguous 
stratum of air much more than that above it. The plains at a 
distance become invisible, the light proceeding from objects 
situated there never reaching the eye. At the same time the 
villages on the heights, which are above the rarefied air, are 
seen directly through air of nearly uiiifonvi density, together 
with inverted images below them reflected from the rarer 
medium. Thus the plains tiiemselves appear like a vast sea; 
above which the villages are seen like islands, together with 
their images beneath them reflected as it were from the sur- 
face of the water. As the travellei' advances, the nearer parts 
of tlie plain become visible by the liglit transmitted thence 
directly to the eye; and Hhus the inundation seems to recede 
as if in mockery of his thirst *. 


* An account of this phenomenon was given hy Monge^ who ac- 
companied Buonaparte in the Egyptian campaign. A mathe- 
matical explanation of its laws has been given by M. Biot in the 
Memoirs pf the Institute for the year 1809. 
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Appearances similar to these may bo produced artificially by 
beating a bar of metal, or a blackened stick, and looking along 
its edge at some distant object. The upper image, seen through 
a denser stratum of air, will be erect; while the lower, which 
is seen by light reflected from the rarer stratum, is inverted. 

When the density of the strata decreases rapidly from 
the surface upwards, as will sometimes be the casd when the 
temperature of the air over the sea is suddenly raised by the 
neat of the sun, the effects will be the opposite to those we 
have been describing, the inverted image being in this case 
elevated. Sometimes the appearances become more compli- 
cated, and txoo extrmyrdmary images are seen, one of which 
is erect and the otlier inverted. Occasionally, when the object is 
distant, the ordinary image disappears, and one or two ex- 
traordinary images are seen suspended in the air. Af)pear- 
ances of this kind have been observed by Professor Vince at 
Ramsgate, and described in a paper read before the Royal 
Society in the year 1798. Others of the same nature have 
been described by Ca])tain Scoresb\', as witnessed by himself 
in the arctic seas. This author mentions an instance in which 
he recognized his fathcris vessel, when actually some leagues 
l)cyond the limit of direct vision, by means of an inverted 
inia<rc in the air, which was so well defined that he could 
distinguish every sail, 

(397.) Before we leave the subject of atmospheric refrac- 
tions, It will be necessary to say a few words on the theory of 
the ramboii\ a jdienoinenon produced by the refraction of the 
suifs rays in the drops of falling rain. The first satisfactory 
account of the rainbow is that given by Antonins dc Doininis, 
arcl)bishop of Spalatro, in his work J.)e Radiis Vlaus et Lucis, 
published in the year 1611. This author shows in what 
manner the interior boxc is formed by tw^o refractions of the 
sun’s light in the drops of rain, dnd one intermediate re- 
flexion ; and the exterior boxsj by two refractions, and two re- 
flexions. This explanation, which was alterwards adopted by 
Descartes, \^as confirmed by experiments made with glass 
globes filled with water, and placed in such a manner as to 
exhibit the colours of the two bows. Neither of these au- 
thors, however, being acquainted with the true pf»tiirr» 

c 
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colours, the full development of the theory of the rainbow was 
reserved for Newton. 

(398.) When a pencil of solar rays is incident upon a 
spherical drop of water, and emergent after one reflexion witliin 
the drop, it is evident that the deviation of each ray of the 
pencil wall de|)end upon its incidence ; being equal to 

t,- 

-tt + - 49'; 

9 and 9’ denoting the angles of incidence and refraction re- 
spectively (223.). Consequently the angle formed by the 
incident and emergent ray, which is equal to the excess of two 
right angles above the angle of deviation, will be 

49' - 29. 

Now' this angle increases with the incidence, and then dimi- 
nishes ; and becomes a maximum when the angle of deviation 
is least, that is (224.) when 

cos.0= 

And since, from the nature of maxima and minima, the angle 
formed by the incident and emergent rays will then vary very 
little with the change of incidence, it is evident that the rays 
will emerge much more copiously at this inclination to the in- 
cident rays, than at any other; and consccjueiitly will affect the 
eye most strongly- Hence, to determine the angle w'hich tlie 
emergent rays make with the incident, Avhen refracted most 
copiously, we have only to find the value of 0, the angle of in- 
cidence, by the preceding formula; and from that to determine 
the angle of refraction, by the equation 

sifiV 0 = sim 0' ; 

and finally, to substitute the values of 0 and 0', thus obtained, 
in the formula 40' — 20, the general expression of the angle 
required. 

It is evident that the value of this angle will depend upon 
the index of refraction, ; and therefore that it W'ill be dif- 
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fererit for each of the different species of homogeneous light of 
which the solar light is composed. Consequently the rays of 
the different colours will emerge most copiously at dilferent 
angles, and therefore become ^visible to the eye in different 
directions. 

The values of the refractive index from air into water, for 
the red and violet rays respectively, are 

108 ^ 109 
81 81 • 

And these values being substituted for in the preceding equa- 
tions, by the aid of the trigonometrical tables we find the 
angles contained by the emergent red and violet rays with the 
incident, when most copiously refracted, to be respectively 

42^2' and 40M7'. 

(399.) Now if o be the place of the eye of a spectator, sos' 
a line drawn through it in the direction of the sun’s rays, and 
s\)F and s'oc eijual to 42^.2' and 40^M7', respectively ; the red 



•rays will be visible in the direction of, the violet in the di- 
rection oc, and the rays of intermediate refrangibility in inter- 
mediate positions. For, the line sos' being parallel to the 
direction of the incident rays, the angles contained by the in- 
cident and emergent rays are equal to the angles s'of, s'oc, 
contained by the emergent rays with this line ^and therefore 

2 
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equal to 42^.2' and 1 7^ resj^ctively . Wlierefore the red rays 
will emerge most copiously in the direction fo, and the violet 
in the direction co. But further, if the lines of and oc revolve 
round the line os^, which is palled the aivis of vmoriy it is 
evident that all the drops in the conical surface, generated by 
the revolution of the line of, will transmit the red rays copiously 
to the eye ; those in the conical surface, generated by the revo- 
lution of oc, the violet ; and those in the intermediate surfaces 
tlie intermediate rays, in the order of their refrangibility. To 
the eye, therefore, there will appear a succession of coloured 
arches, in the order of the colours of the spectrum ; the radii 
of the extremes of which, estimated by the angles which they 
subtend to the eye, are and 40°. 17^ respectively. This 

coloured band is called the prwiary boxi\ 

(400.) The deviation of a ray of light which is incident 
upon a spherical drop of water, and emergent after two re~ 
Jlexioiis within the drop, is (223.) 

jJtt -h 20 - 60'; 

and the angle contained by the incident and emergent rays, 
which is the excess of this above two right angles, is 

^ -f 20 - 60'. 

Now this angle at first diminishes as the incidence increases, 
and afterwards increases ; and becomes a minimum when the 
angle of deviation is least, that is (224.) when 

— 1 

And this equation, as is evident from what has been said above 
(398.) in the case of one reflexion, combined with the equation 

sin. 0 = sin. fi', 

will determine 0 and 0', the angles of incidence and refraction, 
when the rays emerge most copiously. These angles being 
known, the angle contained by the incident and emergent rays 
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under the same circumstances, or tt + 20 — 60, is determined. 
And it is evident tliat this angle will be different for each of the 
species of simple light ; and therefore that the rays of the se- 
veral colours will emerge most copiously at different angles. 

To determine these angles for the extreme red and violet 
rays, we have only to substitute the corresponding values of /x, 
namely, and in the preceding equations; and by the 
aid of the trigonometrical tables we find the angles contained by 
' the emergent red and violet rays with the incident, when re- 
fracted most copiously after two reflexions, to be 


(401.) Now o being the place of the spectator’s eye, and 
sos' the line drawn through it in the direction of the incident 
rays, or the axis of vision, let the angles s'od, s'oh, be taken 
equal to 50^.57' and 54®.T, respectively. Then, these angles 





being equal to the angles contained by the incident and 
emergent rays, it is evident that the red rays will emerge after 
two reflexions most copiously in the direction on ; and the 
violet in the direction oH. 

Again, if the lines on and oh be supposed to'^.eyolve round 
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the axis of vision, os^ they will generate two conical surfaces ; 
the (Imps in the former of which will transmit the red rays 
most copiously ; those in the latter the violet ; and those in the 
intermediate surfaces the intermediate rays, in the order of 
their refrangibility. There will be seen therefore a succession 
of coloured arches, in the order of the colours of the spectrum, 
the radii of the extremes of which are 50®.S7' and re- 

spectively. This is called the secondary bozo. 

The order of the colours in the secondary bow is the re-* 
verse of that in the primary ; the red rays bounding the latter 
externally, and the former internally. For, in the interior or 
primary bow, the angle w Inch the emergent rays form with the 
axis of vision is u* — angle of deviafion ; in the secondary or 
exterior bow it is angle of deviation — it. Therefore tlie most 
refrangible rays, whose deviation is greatest, make the smallest 
angle with the axis of vision in the former case, and in the 
latter the greatest. 

The secondary bow is much more faint than the primary, 
and is frccjiiently invisible when the latter is distinctly seen. 
The reason of this is, that a portion of the light emerges from 
the dn^p at each reflexion, the reflexion being in no case total 
(223.) ; and consequently the pencil becomes weaker after each 
reflexion. 

Sometimes a tertiary bow is seen, formed by two refractions 
and three reflexions; but, owing to the quantity of light lost 
at each reflexiem, it is always extremely faint. The radii of its 
bounding arches are calculated from the formula? of (223-4.), 
in the same manner as in the cases of the primary and se- 
condary bows. 

(402.) The altitude of any arc of the rainbow above the 
horizon is equal to the radius of that arc, diminished by the 
altitude of the sun ; the two angles being referred to the same 
point of the sun’s disc. But as the highest red arc of the 
primary bow is produced by rays flowing from the lowest* 
point of the sun’s disc, and the lowest violet arc by rays pro- 
ceeding from the highest, tlie altitude of the highest red arc of 
the primary bow will be 42P.2' — (a — 16% and that of the 
lowest violet arc 40®. 17' — (a -I- 16'); a denoting the altitude 
of the sun’s /•ffiiire, and Iff being the apparent semi-diameter 
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of the sun. And the hreadth of the boWy which is the dif- 
ference of these altitudes, is + 82', or 2o.l7'. 

In like manner it appears that the altitude of the highest 
violet arc, in the secondary bgw, is 54^7' — (a — 16'), and 
that of the lozeed red arc 50®.57' — (a f 16'). And the 
breadth of the boWy which is the difference of these angles, is 
3M0' + 32', or SM2'. 

Thu, primary bow is invisible, when the altitude of the sun 
is equal to, or greater than, 42^.18'; and the secondary y when 
that altitude is equal to, or greater than, 54^'.23'.* When the 
sun is in the horizon, the altitude of either bow is greatest, 
and equal to the entire radius of the exterior arc 

(408.) In some cases a succcvssion of coloured arches, of a 
reddish purple and green colour alternately, are seen within 
the primary rainbow, and immediately in contact wdth it. These 
are called supernumerary raJinbows. The first of these is a 
reddish purple arch immediately in contact wdth the violet of 
the primary bow^ ; next follows a green, then a purple, See., 
diminishing in breadth and diameter like the coloured rings 
exhibited by thin plates. 

Dr. Langwith lias described a phenomenon of this kind, 
in which the supernumerary bows were continued as far as 
four alternations. The writer of these pages observed these 
arclics, continued wdth great distinctness to as many suc- 
cessions, during the late autumn (1830). Similar arches, but 
much fainter, have been observed by M. Dicquemarre without 


The preceding results rest upon the supposition tliat the view 
is limited by a plane drawn pivrallel to the horizon through the 
place of the eye. When this is not the case, or when tliere is as it 
were a dip, a greater part, or even the wliole of the conical surfiices 
above mentioned, may transmit the rays of tlicir respective colours 
to the eye. Such is the case when the phenomena of the bow are 
exhibited by the drops of dew in the grass. It is evident that the 
drops from which the rays are transmitted, in this case, are situated 
in the section of the cone formed by the surface of the ground ; and 
that this section will be an ellipse, parabola, or hyperbola, according 
as the altitude of the sun is greater, ecpial to, or less than the semi- 
angle of the cone. ^ 
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the secondary bow. They have been explained by Dr. Yodng 
on the principle of the interference of the rays of light. 

(404.) In the high northern latitudes the sun and moon are 
frequently seen surrounded by: halos, or coloured circles, the 
diameters of which, measured by the angles which they sub- 
tend to the eye, are about 45^ and 90® respectively. The 
colours exhibited by these circles are similar to those of the 
rainbow, but less distinct; and their external boundaries are 
very ill defined. The order of the colours is the same in 
both, the red being n^^xt the luminary. The same phenomenon 
is otxWionally seen in our own latitude, especially in the colder 
months. These circles are sometimes accompanied by a horizon- 
tal circle passing through the sun ; as also by two inverted and 
concentric arches of circles, touching the halos at their highest 
points, and wliose common centre is, like that of the circle last 
mentioned, in the zenith. The latter arches are generally 
highly coloured : the horizontal circle is white. They arc 
usually attended by briglUer spots, or imrhelia, at their points 
of intersection with the two circles first mentioned. AnotluT 
bright s]X)t, or anthdum, is sometimes seen at the point of 
the horizontal circle diametrically opposite to the sun. An 
interesting combination of these appearances is described by 
the astronomer Ilevclius who observed it at Dantzic in the 
year 1661. In this beautiful phenomenon, which lasted for 
more than an hour, six mock suns were seen, some white and 
some coloured ; and were attended with long and waving tails, 
which pointed from the true sun. 

(405.) The phenomena of halos havi; been explained by 
Hu 3 ^ghens by the refraction of the globular particles of hail, 
a portion of the central parts of which he supposes to be formed 
of snow and opaque; and, b}^ assigning certain magnitudes to 
these opaque nuclei, he has derived from theory the two circles 
above mentioned. 

The most probable account of these jihenomena, however, 
is that long since given by Mariotte, and of late revived by 


Merntrius in Sole visus, Ajipeiidix, page 174. 
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Dr. Young. It is now well established that water has a 
natural tendency to crystallize at an angle of 60^ ; and that 
the common form of the crystal of ice is the triangular or the 
hexagonal prism of equal sides.* Now Mariotte has calcu- 
lated, on principles analogous to those by which the rainbow 
is explained, that prisms of ice suspended in the atrpospherc, 
whose refracting angles are 60'^, will produce a halo about 
the sun whose diameter is 45'*. 40' ; which agrees very nearly 
with the dimensions obtained by the most accurate observa- 
tions. The external halo may be explained, according to 
Dr. Young, by two successive refractions of the light through 
two prisms of the same refracting angle; by which means 
the deviation will be doubled, and a halo oi'90^ produced. 
Or, as Mr. Cavendish has suggested, this halo is more jiro- 
bably the effect of refraction through the rectangular termina- 
tions of the crystals ; prisms of ice whose refracting angle is 
IW |)roducing a halo of the refractive index of ice 

being 1.31. Or, lastly, this halo may be produced by refrac- 
tion through ihe faces of four-sided equilateral prisms of ice; 
such prisms having been actually found. 

Tlie same explanation has been given also by M. Fraun- 
hofer, According to this author, the diameters of tlic two 
principal halos, as derived from theory, arc 45®. IS' and 90® 
respectively, the refractive index of icc being 1.32. These 
he calls halos of the greater class. The coronce.y or coloured 
rings, which arc sometimes seen round llie sun and moon, 
and are contiguous to one another and to the luminous 
body, are explained by the same author by the injlexum of 
the rays of light round the vesicles of vapour w^hicli float in 
the atmosphere ; and he has calculated the diameter of these 
vesicles which will produce the rings observed. Tlu'se rings 
are called by M. Fraunhofer halos of the lesser class. 

The foregoing theory is well illustrated by an experiment 
adduced for that purpose by Dr. Brewster, If a few drops 
of a saturated solution of alum be spread upon a plate of 
glass, on evaporation it will crystallize, and a crust will be 
formed on the glass consisting of minute octohedral crystals. 
Now if the glass be held between the eye and the sun, or 
any other luminous object, three halos will be sCln encircling 
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the object at different distances; and formed by refraction 
through the faces of the crystals which are mutually inclined 
at different angles. Similar effects will be obtained with other 
crystals ; and the magnitude*of the coloured rings will depend 
upon the angles of the crystal and the refractive index of the 
substance of which it is composed. 
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TABLE OF REFRACTIVE INDICES *. 


Vacuum .... 

1.000000 

Hydrogen .... 

. . 1.000138 

Oxygen . . . 

1.000272 

Atmospheric air . . . 

1.000294 

Nitrogen .... 

1.000300 

Nitric oxide .... 

1.000303 

Carbonic oxide 

1.000340 

Ammonia .... 

1.000385 

Carbonic acid gas 

1.000449 

Muriatic acid gas 

1.000449 

Nitrous oxide 

1.000,503 

Sulphurous acid gas 

1.000665 

Chlorine f 

1.000772 

Tabasheer .... 

l.lll to 1 182 

Ice . . . . 

1.310 

Nitre (least refraction) 

1.335 

(greatest) 

1.514 

Water .... 

1.336 

Acpieous humour of the human eye 

1.337 

Vitreous humour of same 

1 339 

Salt water .... 

1.343 


• The values of ft here given Iwlong to tlie rays of mean rcfnui- 
gibility,- unless where the contrary is expressed. 

t The refractive indices of the preceding gases are after the de- 
termination of M, Duloiig: they correspond to the freezing tem- 
perature, and to a pressure measured by 29.922 inches of the 
barometer. ^ 
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Cryolite .... 

1.84G 

Vinegar ..... 

1.347 

Port wine .... 

1.351 

Human blood . • . 

1.354 

Albumen (extreme red) 

1.31)0 

White of hen’s egg 

1.360 

Brandy and rum . . 

1.360 

Alcohol .... 

1.37a 

Ether . 

1.374 

Crystalline of human eye (mean index) 

1.384 

Muriatic acid (s. g. = 1.134) 

1.392 

Ditto (highly concentrated) 

1.410 

Nitric acid (s. g. == 1.48) 

1.410 

Sulphuric acid 

1.435 

Fluor spar .... 

1.436 

Alum (s.G. = 1.714) . ' . 

1.4.58 

Borax (s. G. = 1,714) 

1.467 

Spermaceti oil . , 

. 1.470 

Oil of olives 

1.470 

Naphtha , . . . 

1.475 

Oil of turpentine (s, g. = 0.885) 

1.478 

Carbonate of potash 

1.482 

Linseed oil (s. g. = 0,932) 

1.482 

Train oil . . . . 

1.483 

Obsidian 

1.488 

Oil of castor .... 

1.490 

Sulphate of iron (greatest refraction) 

1.494 

Honey ..... 

1.495 

Rochelle salt .... 

1.498 

Camphor (s. g. = 0.996) 

1.500 

Stilbite ..... 

1.508 

Sulphate of potash 

1.509 

Gum arabic 

1.512 

Needlestone from Faroe 

1.-575 

Mesotype (least refraction) 

1.516 

— (greatest) 

1.522 

Sulphate of zinc 

1.517 

Tartaric acid (least refraction) 

1.518 

Iceland spar -(least refraction) 

1.519 
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Icelfind spar (greatest) 

1.663 

Myrrh . . , . 

1.520 

Glass of borax 1, si lex 2 

1.322 

I.eucite . . . , . 

1..527 

Balsam of Gilead 

1.529 

Sulphate of copper (least refraction) 

1.531 

(greatest) . 

. • 1.552 

Glass of borax .... 

1.532 

Manna 

1.533 

Caoutchouc .... 

.• 1.534 

PJatc glass . . . l.SSC to Lo4£5 

Arragonitc (extraordinary index) 

1.535 

(ordinary) 

1.G93 

Selenite (greatest refraction) 

1.536 

Felspar .... 

1.536 

Canada balsam . 

1.540 

Carbonate of barytes (least refraction) 

1.540 

Apophyllltc .... 

1.543 

Carbonate of strontia (least refractioTi) 

1.543 

(greatest) 

1.700 

Dichroite .... 

1.544 

Petroleum 

1.544 

Rock salt (s. 2.143) 

1 .545 

Turpentine .... 

1.545 

Oil of tobacco .... 

1.547 

Mellite .... 

1 .547 

Crown glass • ... ; 

1..331 to 1.563 

Quartz (ordinary index) 

1.548 

(extraordinary) 

1.558 

Copal .... 

1.549 

Resin ..... 

1.553 

Chalcedony .... 

1.553 

Amber (s. o. = 1.04) 

1.556 

Horn .... 

1.565 

Pink-coloured glass 

1.570 

Anhydrite (ordinary index) 

1.677 

(extraordinary) 

1.622 

Bottle-glass 

1.582 

Emerald .... 

1.58.5 
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Pitch ..... 

1.586 

Tortoise-^hcll 

1.591 

Beryl .... 

1.598 

Ruby-red glass 

1.601 

Meioiiite 

1.606 

Purple-coloured glass 

1.608 

Flint-gliss • • • 1 

.576 to 1.643 

Colourless topaz 

1.610 

CTreen-coloured glass 

1.615 

Oil of easfeiia 

1.632 

Brazilian topaz (ordinary index) 

1.632 

(extraordinary) 

1.640 

Blue topaz .... 

1.636 

Yellow topaz .... 

1.638 

Euclase (ordinary index) 

1.643 

(extraordinary) 

1.663 

Sulphate of strontia 

1.644 

Sulphate of barytes (ordinary refraction) 

1.646 

Hyacinth-red glass 

• 1.647 

Red topaz .... 

1.652 

Mother pearl 

1.653 

Epidotc (least refraction) 

• 1.661 

(greatest) 

1.703 

Tourmaline 

1.668 

Chrysolite (least refraction) 

1.668 

(greatest) 

1.685 

Orange-coloured glass 

1.695 

Boracite 

1.701 

Glass (lead 1, flint 2) - 

1.724 

Deep red glass 

1.729 

Nitrate of silver (least refraction) 

1.729 

(greatest) 

1.788 

Glass (lead 3, flint 4) 

1.732 

Axinite . . • 

1.735 

Nitrate of lead • • • 

1.758 

Spinelle .... 

1.758 

Cinnamon stone 

1.759 

Chrysoberyl 

1.760 

Rubellite , • • • • 

1.773 
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Ruby ..... 

l.Tra 

Jargon 

1.782 

Glass (lead 1, flint J) • 

1.78T 

Pyrope 

1.792 

Sapphire (blue) 

1.794. 

Labrador hornblende 

1.800 

Arsenic (extreme red) 

1.811 

Carbonate of lead (least refraction) 

1.813 

(greatest) 

. 2.084 

Sulphate of lead 

1.92.5 

Zircon (least refraction) 

1.9G1 

(greatest) 

2.01.5 

Calomel .... 

1.970 

Tungstate of lime (least refraction) 

1.970 

(greatest) 

2.129 

Glass (lead 2, flint 1) • 

1.987 

(lead 3, flint 1 ) 

2.028 

Sulphur (native) 

2.115 

(melted) 

2.148 

Silicate of lead (extreme red) 

2.123 

PhospJiorus .... 

2,125 to 2.260 

Glass of antimony 

2.216 

Plumbago (extreme red) 

2.010 to 2.440 

Nitrite of lead (ordinary refraction) 

2.322 

Octohedrite .... 

2.500 

Chromate of lead (least refraction) 

2.500 

(greatest) 

2.9.50 

Realgar 

2.549 

Read ore of silver 

2..564 

Diamond .... 

2.439 to 2.755 

Mercury (probable) 

5.829 
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III. 

TABLE OF DISPERSIVE POWERS 


MEDIUM. 

J' 

A,w.. 

Chromate of lead (greatest refraction) estimated 0.400 

0.770 

exceeds 

0.296 

0.570 

Chromate of lead (least refraction) 

0.262 

0.388 

Realgar (melted) 

0.267 

0.304 

(different kind) 

0.255 

0.374 

Oil of cassia .... 

0.139 

0 080 

Sulphur (after fusion) 

0.130 

0.140 

Phosphorus ... 

0.128 

0.156 

Carbonate of lead (greatest refraction) 

0.091 

0.001 

(least) 

0.066 

0.056 

Green glass .... 

0.061 

0.037 

Sul})hate of lead 

0 060 

0.056 

Deep red glass • • • • 

0.060 

0.044 

Resin .... 

0.057 

0.032 

Orange-coloured glass 

0.0.53 

0.042 

Rock salt ... 

0.053 

0.020 

Caoutcliouc .... 

0.052 

0.028 

Flint-glass ... 

0,052 

0.032 

Deep purple glass 

0.051 

0.031 

Flint-glass (aiiotlier kind) • 

0,048 

0.020 

Chio turpentine 

0.048 

0.028 

Flint-glass (another specimen) 

0.018 

0.028 


This table is taken from that given ])y Dr. Brewster from the 
results of his own observations. The first column contains the names 
of the media ; the third the values of Aja-, or the difference of the re- 
fractive indices of the extreme red and violet rays ; and the second the 


values of 



or of the dispersive index. 



DISPEESIVE POWERS. 

Carbonate of strontia (greatest refraction) 


0.046 

401 

0.032 

Nitiic acid 


0.01.5 

0.019 

Tortoise shell 


0.045 

0.027 

Horn 


0.045 

0,025 

Canada balsam 


0.045 

0.024 

Nitrous acid 


0.044 

0.018 

Pink-coloarcd glass 


0.044 

0.025 

Jargon (greatest refraction) 


0.044 

0.015 

Muriatic acid 


0.043 

0.016 

Gum copal 


0.043 

0.024 

Burgiuidy pitch 


0.043 

0.024 

Oil of turpentine 


0.042 

0.020 

FelsppT 


0.042 

0.022 

Amber .... 


0.041 

0.023 

Stilbite 


0.041 

0.021 

Spinelle ruby • 


0.040 

0.031 

Calcareous spar (greatest refraction) 


0.040 

0.027 

Bottle glass 


0.040 

0.023 

Sulphate of iron 


0.039 

0.019 

Diainoi .1 


0.038 

0.056 

Olive oil 


0.038 

0.018 

White of an egg 


0.03T 

0.013 

Glim niyrrJi 


0.037 

0.020 

Beryl .... 


0.03T 

0.022 

Obsidian 


0.03'r 

0.018 

Ether 


0.03T 

0.012 

Selenite 


0.037 

0.020 

Alum .... 


0.036 

0.017 

Oil of castor 


0.036 

0.018 

Sulphafe of copper 


0.036 

0.019 

Crown glass (very green) 


0.036 

0,020 

Gum arable 


0.036 

0.0 1 8 

•Water 


0.035 

0.012 

Aqueous humour of haddock’s eye 


0.035 

0.012 

Vitreous humour of same 


0.035 

0.012 

liubellite 


0.035 

0.0.27 

Leiicite 


0.035 

0.018 

Epidote 


-0.035 

0.024 

Garnet 

• 

0.033 

0.027 
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Py^’ope . . , 

. 0.033 

0.026 

Chrysolite 

. 0.033 

0.022 

Crown glass 

. 0.033 

0.018 

Plate glass . . * . 

. 0.032 

0.017 

Sulphuric acid 

, O.OSl 

0.014 

Tartaric avid . . , 

. 0.030 

0.016 

Borax 

. 0.030 

0.014 

Axinite . . 

. 0.030 

0.022 

Alcohol • . 

. 0.029 

0.011 

Sulphate of barytes 

0.029 

0.019 

Tourmaline 

0.028 

0.019 

Carbonate of strontia (least refraction) 

. 0.027 

0.015 

Rock crystal 

. 0.026 

0.014 

Emerald 

. 0.026 

0.013 

Calcareous spar (least refraction) 

. 0.026 

0.016 

Sapphire (blue) 

0.026 

0.021 

Clirysoberyl 

. 0.023 

0.019 

Topaz (bluish, Cairngorm). 

. 0.025 

0.016 

(blue^ Aberdeenshire) 

. 0.024. 

0.025 

Sulphate of strontia 

. 0.024 

0.015 

Fluor spar 

. 0.022 

0.010 

Cryolite 

. 0.022 

0.007 


THE END. 
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J'incineers - ih. 

“ Royi.l Tiistitute of 

British .'trehitff ts ih. 
Proceedings nfthc /.oological .Society 21 

TRAVELS. 

A ll.an's Mediterranean ... ,7 

China, Last Year in, - - - 6 

De Custine s Russia - - - 7 

H.-irris’s Higlilands of /Ethiopia *- 11 

L. aing'sNi)ii'K of a Traveller - - 1.8 

" Reside lice ill Norway - ib. 
Tour in Kweiltu - ib. 

MarryafsTravelBOfMoLB. Violet - 19 
Postans’s Dbservutiuii* on Sindh - 2t 
Strong's Greece uB a Kingdom • 28 

VETERINARY MEDICINE 
AND AFFAIRS. 

Field’s Veterinary Records - - 9 

Morton’s Veterinary Medicine - 21 

** “ Toxicological Chart ib. 

EercivalPs Hippopattmlbgy - - 23 

" Anatomy of the Horse - ib. 
Spooner On the T oot and Leg of 

the Hofho - - .28 

“ On the Infliicnra of Horses ib. 
Thomson’s Anhnal CJiemistry - UH 
Turner On the Foot of the Horse - 31 
White’s Veterinary Art - - - 32 

" Cuttle Medicine - - ib . 



CATALOGUE, 


AIKIN -THE LIFE OF JOSEPH ADDISON. 

Illustrated by many of his Letters and Private Papers never before pablished. By Ltrev 
Aikin. 2 vols, post Svo. with Portrait from Sir Godfrey Kneller’s Pir'jtire, 18s. cloth. 

“ Miss -Viliin hns nrit left :i stojii' unturned, th.il her monument to one of <iiir most |)Oli>i|ii‘cl writers iiniJ complete 
nhncls may he fiiiv, upriL'lit, :ini! sv-niiielru.al. Iter hook nmtiiinH tin- fi.-.t. eomplr-lc lill: of Addison < vev put forth. 
j\s a litei-iiry hioirrapliy it is a moilel ; audits pajjirs »rii l.H'sidcs enriclifd hy many hitlidto unpuMi-hi’d letters of 
Adili Hi.in . " — -Vi' u i; N /t; i' ii . 

alAan.-a pictorial tour in the AIEDITERRANEAN ; 

Gomprisintr Malta, Dalmatia, Turkey, Asia Minor, Orerinn Archipela.t^o, PR V'pt, Niihiu, Greece, 
loiiiuii Island.s, Sieily, Italy, and Spain. By J. 11. Meinlier of Iho Athenian Arelia.o- 

lojriral Society, ami of the Kftyptian Society of Cairo. Imperial 4lo. witli upwariLs of I'orty 
Lithographed Drawings, and 70 Wood Engravings, .^3. 3.s. cloth, 

ADAM.-TIIE GEAI OF THE PEAK; 

Or, Matlock Bath and its Vicinity: an Account of Ih'rhy; a Tour from Derby to Matlock ; 
l''xcursion to Chatsworlh, llmhlon, Mon.sal Dale, &:c. &.c. By W, Adam. 8d Edition, 12iin), 
with Maps and Engravings, 6s. cloth, 

ADDISON.-THE KNIGHTS TEMPLARS. 

By C. G. Addison, ICsq., of the Inner Temple, 2d Edition, enlarged, square crown Svo. with 
Illustrations, 18s. cloth, 

ADDISON.-THE TEMPLE CHURCH IN LONDON ; 

Its History and Antiipiities. By C. G. Adihsox, Esq., of the Inner Temple; Author of 
“ Tlie History of the Knights Templars,” Square crowui 8vo. witli Six Plates, as. cloth. 

ADDISON.-A FULL AND COMPLETE GUIDE, HISTORICAL 

AND l)HSrRll>TI\’K, TO Till'. TEM1>LE CIUIIUJU, (From Mr. AUilisoil's “ History of 
the Temple Church.”) Sjjuare crown Svo. Is. sewetl. 

BAILLIE’S (JOANNA) NEW DRAMAS. 

3 vols. Svo. di\ . 1G.S. boards. 

BAILLIE’S (JOANNA) PLAYS ON THE PASSIONS. 

3 vols. 8vo. jfc l. 118, 6d, boards, 

BAINBRIDGE.-THE FLY-FlSHER'S GUIDE, 

Illustrated by C’oloured Plates, representing upwards of 40 of the. most useful Idies, accurately 
copied from Nature. By G. C. Bainijuidue. 4th Edition, Svo. 10s. 6d. cloth. 

BAKEWELL.-AN INTRODUCTION TO GEOLOGY. 

Jntendixi to convey Practical Knowledge of the Science, and comprising the mo.st irnjiortant 
recent .liscoverics; with explanations of the facts and phenomena which serve to confirm or 
invalidate various Geological Theories. By Kcbkkt Bakkw'bll. Fifth Edition, considerably 
enlarged, Svo. with nuineious Plates and Woodcuts, 21s. cloth. 

BAYLDON.-ART OF VALUING RENTS AND TILLAGES, 

And theTeuanUs Right of Entering and Quitting Farms, explained liy several Specimens of 
Valuations; and Remarks on the Cultivation pursued on Soils in different Situations. 
Adapted to the Use of Landlords. Laiid-Ageuta, Appraisers, Farmers, and Tenants- By 
J. S. Bayi.don. 5th iidition, re-WTitten and enlarged, by John Donald. 80 n. With a 
Chapter on the Tithe-Commutation Rent-Charge, by uGeutleman of much experience on the 
Tithe Commission. Svo. lOs. 6d. cloth. 



CATALOGUE OF WORKS 


BAYLDON.-TKEATISE ON THE VALUATION OF PROPERTY ! | 

FOR THFi POOR’S RATE ; shewing the Method of Rating Lands, Buildings, Tithes, Mines, ; | 
Woods, Navigable Rivers and Canals, and Personal Pi*operty : with an Abstract of the Poor , 
Laws relating to Rates and Appeals. By J. S. Ba yldon, Author of ** Rents and Tillages.” j 
1 vol. 8vo. 7s. 6d. boards. 1 

BAYNES -NOTES AND REEi-ECTIONS :j 

During a Ramble in the EAST, an Overland .Tonmey from India, Visit to Athens, &c. By 1 

C. R. BAYNifS, Esq. of the Madras Civil Service. Post 8vo. lOs. 6d. cloth. ; ; 

BEDFORD CORRESPONDENCE. ~ CORRESPONDENCE OF 

JOHN, FOURTH DUKE OF BEDFORD, selected from the Originals at Woburn Abl)cy ; 
with Introductions by Lord John Ritssell. 

8vo. Vol. 1 (1742-48), 18s. cloth ; Vol. 2 (1749-00), 15s. cloth, 

** The scconil Tohimc of this publication inrlmli-s a eorrcsponrfr'iici* havin<,' reflation to tiic r’^iocl fi-om the Peace of 
Aix-l’.i-Cliai»l!« tothe deathof G<?orge II. Its most reinark.-iblc portion Is-ars upon an inipnvtant (piestion on uliirli 
there exist some differences of opinion at the present time, vii. tiie iiitripues wlii.-b led to the junctiim of Uu' 1 Mike of 
Newcastle ami Pitt, in 1757. The Irtlers tespectinjf the st.ite of iieland mulcr tin: Viccroj alty of Uie iJuke of IJwllonl, 
olau here, are not a little interesting.” — Mivuninq IIekalo. , I 

♦** Vol. 3, to complete the work, is in preparation, 

BELL. -THE LORD’S PRAYER AND THE RELTEE 

ILLUSTRATED, in a Series of Compositions- By John Bei.l, Sculptor. 4to. Ss. Cd. cleth. 

*** The above form Nos. 1 and 2 of Mr. Bell’s “ Series of Compositions from the Liturgy,” and . 
may be had separately, 3s. each. Published Monthly. No. 3 on Jan. 1. 

BELL.-LIVES OF THE MOST EMINENT ENGLISH POETS. ; 

By Robert Bell, Esq. 2 vols. fcp. 8vo. with Vignette Titles, I2s. cloth. j 

BELL.-THE HISTORY OF RUSSIA, 

From the Earliest Period to the Treaty of Tilsit. By Robert Bell, Esq. 3 vols. fcp. 8vo. 
with Vignette Titles, I8s, cloth. 

BELLAMY.-THE HOLY BIBLE, ' 

Newly Translated from the Original Hebrew only. By J, Bella m y. 4 to. Parts 1 to 8. 

BIOGRAPHICAL DICTIONARY 

Of the Society for the Diffusion of Useful Knowledge. To be continued Quarterly, in llalf- 
Yolumes.—’Half-volumes 1 to 4, Svo. 128. 

Vol. 3, Part 1 — Antelmi to Aristophanes, 8vo. 128. cloth. 

*** Continued Quarterly,— The work will probably not exceed Thirty Volumes. 

“This woik proeweds iii a sal.isfactory manner. The mimlxT <»f new nsinifs very cnnsiilciiiblc ; luul in tbo 
arliclea which we have read, and of which wc have been able to foi in aii npinion, wi; baic MiiDctinics gained lu'w 
information, and at ollicrs li.ive seen tlie errors of former uuUi<>ritii-s satisfaetovily correcteiL’'— IJumsii M.t.us/.i.N k. 

BISCHOFP.-PHYSICAL, CHEMICAL, AND GEOLOGICAL ! 

RESEARCHES on the Internal Heat of the Globe. By Gust.w Bisciioff, Pb.l). Professor 
of Chemistry in the University of Bonn. 2 vols. Vol. I, 8vo. Plates and Wootlcuts, lOs. bds. 

BLACK’S PICTURESQUE TOURIST, | 

And Road-Book of England and Wales : with a general Travelling Map, Charts of Roatls, ! 
Railroads, and interesting Localities, and engraved V iews of the Scenery. Fcp. 8 vo. lOs. 6d. cl. | 

BLAINE.-AN ENCYCLOPJIDIA OP RURAL SPORTS; 

Or, a complete Account, Historical, Practical, and Descriptive, of Hunting, Shooting, Fishing, i 
Racing, and other Field Sports and Athletic Amusements of the jiresent day. By DKLAn'i<RE i 
P. Blaine, Esq. Author of “Outlines of the Veterinary Art,” “ Canine Pathology,” &c. &c. | 
Illustrated by neai^y 600 Engravings on Wood, by R. Branston, from Drawings by Aiken, | 
T. Landseer, Dickes,.&c. l thick vol. 8vo. pp. 1256, j^2. lOs. bound in fancy cloth. i 

BLAIR’S CHROPLOGICAL TABLES, I 

From the Creation to the present time. A new edition, carefully corrected, enlarged, and | 
brought down to the present time ; and prinied in a convenient form. ‘ Under the revision of 
Bir Henry Ellis, K^H; Principal Litn-krian of the British Museum. Boy. 8vo.— rentfif. 

BLOOMEJELD.-HISTORY OF THE PELOPONNESIAN VAR. 

By THUdYBiDEs. Newly translated into English, and . accompanieri with very copious Notes, , 
Philological and Ifeplauatory, Historical and Geographical. By the Rev, S. T. Bloomfield, 

D. D. F.S.A, 3 T0)|i.fT9, Vith Maps and Hates, aea. 8s. boards. 
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BLOOMFIELD— inSTOM OF THE PELOPONNESIAN WAR. i 

By Til ucY Di DKS. A New Recension of the Text, with a carefully amendeil Ihinctuution ; ami | 
copious Notes, Critical, Philological, and Explanatory, almost eiitiieiy original, but partly j 
selected and arranged from the best Expositors: accompanied with full Indexes, both of 
Greek Words and Phrases explained, and matters discussed in the Notes. The whole illiis- 
I trated by Maps and Plans, mostly taken from actual surveys. By the Rev. S. T. Bloom ri eld, 

I D.D. F.S.A. 2 vols. 8vo. 38B. cloth. ^ 

*** Separately, Vol. i, iss, cloth ; Vol. 2, Just published, and completing the work, 20s. cloth. 

BLOOMFIELD.-TIIE GREEK TESTAMENT: . 1 

W’lth copious English Notes, Critical, PhiJological, and Explanatory. By the Rev. S. T. i 
Bloomfield, D.D. r.S.A. 3d Edit. improved,2vols.8vo. with a Map of Palestine, 408. cloth. ; 

BLOOMFIELD.-COLLEGE & SCHOOL GREEK TESTAMENT; 

With English Notes. By the Rev. S. T. Bloomfield, D.D. 3d Edition, greatly enlarged, 
and very considerably improved, l2mo. lOs. 6d. cloth. 

I BLOOMFIELD.-GREEK AND ENGLISH LEXICON TO THE 

NEW TESTAMENT: especially adapted to the use of Colleges, and the Higher Classes in 
Public Schools ; but al.'io intended as a convenient Manual for Biblical Students in general. 

By Dr. Bloomfield. Pep. 8vo. 9s. cloth. 

I BOY’S OWN BOOK (THE) : 

A Complete Encyclopaedia of all the Diversions, Athletic, Scientific, and Recreative, of Boy- 
hood and Youth. 19th Edition, square l2mo. with many Engravings on Wood, 88. 6d. boards. 

I BRANDE.-A DICTIONARY OF SCIENCE, LITERATURE, 

AND ART; comprising the Histoiyr, Description, and Scientific Principles of every Branch 
of Unman Knowledge ; with the Derivation and Definition of all the Terms in General Use. 
Edited by W. T. Buandk, F.R.S.L. & E. ; assisted by Joseph Cauvin, Esq. The various 
departments arc by Gentlemen of eminence in each. 1 very thick vol. 8vo. pp. 1852, illustrated 
by Wood lilngraviiigs, .-^3, bound in cloth. London, 1842. 

i BRAY.-THE PHILOSOPHY OP NECESSITY; 

Or, the Law of Conseciueuces as applicable to Mental, Moral, and Social Science. By Charles 
Bkay. 2 vois. 8vo. 15s. cloth. 

RREWSTER.-TREATISE ON OPTICS. 

! By Sir David Bkew'ster, LL.D. F.R.S., &c. New Edition. J vol. fcp. 8vo. Vignette Title, 

I and 176 WoodcuLs, 6s. cloth. 

; BRITTON.-THE ORIGINAL PICTURE OF LONDON : 

With a Description of its Environs. Re-e<liteil, and mostly re-written, by J. Britton, 

* F.S. A. &c. 28th Kilition, with upwards of 100 Views of Ihihlic Buildings, Plan of the Streets, 

and Two Maps, 18ino. 9s. neatly bound; with the Maps only, Gs. bound. 

BULL.-IIINTS TO MOTHERS, 

For the Management of Health during the Period of Pregnancy and in the Lying-in Room ; 
with an Exposure of Popular Errors in connection with those subjects. By Thomas Bull, 
M.D. Physician Accoucheur to the Finsbury Midwifery Institution, &c, &c. 3d Edition. 

1 vol. fcp. 8vo. enlarged, pp. 336, 7s. cloth. London, 1841, 

BULL.— THE MATERNAL MANAGEMENT OF CHILDREN, 

in HEALTH and DISEASE, By T. Bull, M.D. Fcp. 8vo. 7s. cloth. 

« Excellent guides, and deserve to Be generally known.”— J ohubok’s Mswco-CHiavROiCAi Rztibw. 

BURDER.-ORIENTAL CUSTOMS, 

Applied to the Illustration of the Sacred Scriptures. By Samubl Burdbr, A.M. 3d Edit, 
with additions, fcp. 8vo. 88. 6d. cloth. • 

Houses and Tents—Marriage— Children— Servants— -Food and Drink— Dress and Clothing- 
Presents and Visiting— Amusements-Books and Letters— HospitaUty-TravelUng—Respect 
and Honour— Agriculture— Cattle and Beasts- Birds, Insects, and Reptiles— Fruit and Wine 
—Kings andGovernment— War— Punishments— Religloii— Time and Seasons- Medicine- 
Funerals, &c. 
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CATALOGUE OF NEW WORKS 


BURNS -THE PRINCIPLES OE CHRISTIAN PHILOSOPHY ; 

containii)^ the Doctrines, Duties, AdmonitionB, and Consolations of the Christian Religion. 

By John Burns, M.D. F.R.S. 5th Edition, l2mo. 7s. boards. 

Mnn is created for a future State of Happiness; on the Means by whidi a Future State of i 
Happiness is procured ; of what is re<inired of Man that he may obtain a Future State of I 
Happiness; of the Nature of the Future State of Happiness ; of the PreparatioF» for the Future i 
State of Happiness ; of Personal Duties ; of Relative Duties ; of the Duties Men owe to God ; i 
of the Admonitions and Consolations afforded by the Christian Religion. 

BUTLER-SKETCH OF ANCIENT & MODERN GEOGRAPHY. ! 

By Samt:ei. Butlkr, D.D. late Lord Bishop of Lichfield and Coventry; and fonnerly Head ■ 
Master of Shrewsbury School. New Edition, revised by his Sox, 8vo. 9s. boards. 

Tfio present rrliiion has bff’Ti c.iri-fullv reTisod by tlie author's son, and such alterations intrcMhicod as continually ! 
TirogrcssivtMli.scorerirs anil the lat-st information ronilerod iircfssnry. Itocoat Travola havi; hfon coiistantty con. 
snltcil wiit.'rc. .ijiy doubt or ditlieultr Deemed Ui require it; and some additional malt-rr has been added, both in the 
ancient and inoilern part. 

BUTLER.-ATLAS OF MODERN GEOGRAPHY. 

By the late Dr. Butleb. New Edition ; consisting of Twenty-three coloured Maps, from a 
New Set of Plates. 8vo. with Index, 12s. half-bound. 

BUTLER.-ATLAS OF ANCIENT GEOGRAPHY; 

Consisting of Twenty-three coloured Maps. With Index. By the late Dr. Buixeb. New 
Edition. 8vo. I2s. half-bound. . 

Tlie above two Atlases may be had, half-bound, in One Volume, in 4to. price 24s. 

CALLCOTT.-A SCRIPTURE HERBAL. 

With upwards of 120 Wood Engravings. By Lady Callcott. Square crown 8vo. pp. .'168, 

5s. cloth. 

“ The last two ywars of h«r Ufa were daToted to drawing the .specimens of the plnntu, and CDnccting the best works 
pn bnlany, so as to /urnisli materials for her last lioi.k — • The Scriptun^ Herbal’ — tbe desi;;ri and Lliarficlcr of which is 
flH crcditiildo to hsr philanthroiiy as its origin Ls honourable to the ostent of ht.T liibliciil btuilics. The easy n'ia< s 
fiilness of its style, and its clfgsnt einholliihnH'nts , may lead many an iuhalntant of the di awing- room oi lumdoir to 
' look from Nature up io Nature’s Ood,' to studv his ‘ unwritten laws’ in flu: natural world, in connection with Uis 
written Jaw of rsTclation.”— -From n Memoir of I/A-PT Cai.loott, in the AjiwVAi. Bioouavuy ita Ifd'-l. 1 

CATLOM.-POPULAR CONCHOLOGY; 

Or, the Shell Cabinet arranged; being an Introduction to the Modern System of Conchology : 
with a sketch of the Natural History of the Animals, an account of the Formation of the Shells, 
pnd a complete Descriptive List of the Families and Genera. By Agnes Catlgw. Fcp. 8vo. 
with 312 Woodcuts, 10s. fid, cloth. 

CAVENDISH’S (SIR HENRY) DEBATES OE THE HOUSE OF 

COMMONS, during the Thirteenth Parliament of Great Britain, commonly called the 
Unreported Parliament. To which are appended, Illustrations of the Parliamentary History ; 
of the Reign of George III., consisting of Unpublished Letters, Private Journals, Memoirs, . 
ficc. Drawn up from the Original MS.S., by J. Wright, Esq., Editor of tlie Parliamentary 
Hi.story of England. In 4 vols. royal 8vo. Vol. 1 is now ready, 25s. cloth. This work is 
also published in Parts, 6s, each, of which six are now published. 

Those UopoTts (IIBS— 1774) constitute a valuabla addition to Ilansoni’s Debates, and contttn much curlouD 
inatter — inter .'tli.'i, upwards of one hundred new speechi-H of Burke ; Owy, iii fact, go far to fill up a hitherto hojicless 
^ap in our Parljamcntary hi.ilory— ami ttie publication, with its impu^ant appchdiccB, does gieat honour to tho | 
6kiU and industry of th« discoTcier and editor.” — (2cAnrj(iu.t Kkvikw, i 

CHALEN0R.-P0ETICAL REMAINS OF MARY CHALENOR. 

Fcp. 8VO. 4s. cloth. 

CHALENOR.-WALTER GRAY, 

A Ballad, and other Poems ; including the Poetical Remains of Mary Chalenor. 2d Edition, j 
with Additions, fcp. 8vo. 6s. cloth. j 

The poems are ewocdly natural ; and, thongh on topics often sung, breatlw a tenderness and melancholy which 1 
..are at once soothing and cunsolatury.”— LrnsiiAiii Gaxkxte. | 

CHINA.-TIIE LAST YEAR IN CHINA, ' | 

To the Peace of Nanking: as sketched in Letters to Uis Friends, by a Field Officer actively i 
employed in that Country. With a few concluding Remarks on our Past and Future Policy i 
^*n China, 2d edition, revised. Fcp. 8vo. with Map, 7s. cloth. I 

CHINESE NOVEL.— RAMBLES OF THE EMPEROR CHING I 

Tih in Kfiang Nan: a Chinese Tale. Trauslatetl by Tkin Shen ; with a Preface by James 
Lkogr, D.D. 2 vols. post 8vo. 218. cloth. ! 

‘*T)wB&^raxnhlcs of the llhroun Alraschid of tbe Celestial Empire give a curious, and, at Uie pKsent moment, i 

a peculiarly intcreating view of Chine.«io opiniona, usages, and inBtituUons."— TAU-’a Maoazine. | 

CLAVERS.-FOREST LIFE. 

By Mary Ci.av ers, an Ai;tual Settler ; Author of “ A New Home, Who ’ll Follow ?’» 2 vols. 
fcp. 6vd. pp. 642, 128. cloth. 
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COLTON.-LACON ; OR, MANY THINGS IN FEW AYORDS. 

By the Rev. C. C. Coi-ton. New Kdition, 8vo. 128. cloth. 

' CONVERSATIONS ON BOTANY. 

ytJi Edition, improved, pp. 302, fcp. 8vo. with 22 Plates, 78. Od. cloth ; with the plates coloured, 

12s. cloth. 

'J’he object of this work tn to enable children and youuf; perfrons to acquire a knowledcc of the vegetable produc- 
j t!onn of Uieir native country, by introdming to them, in a familiar manner, ilie princiidvs of the Liiinasiiu Syaieinof 

Uolaiiy. For this purpose, tlm arrangement of I.lmiatnlfia hriefl, explained ; a native plant of each clnsa, with a 
few exceptions, ia examined, and illustrated by an engraving; a short account is added of sotnu of the principal 
i foreign species. j 

; CONVERSATIONS 0l)I MINERALOGY. 

With Plates, engraved by Mr. and Mrs. Lowry, Aroin Orig;1nal Drawht^. 3d Editiott, en- 
larf^ed. 2 vols. 12niu. Hs. cloth. 

1 COOLEY.-TIIE HISTORY OF MARITIME AND INLAND 

DISCOVERY. By W. 1). Coolky, Esq. 8 vols. fcp. 8vo. with Vignette Titles, IBs. doth. 

i COPLAND.-A DICTIONARY OF PRACTICAL MEDICINE; 

comprising General Pathology, the Nature Treatment of l)i.sea.ses, Morbid Structures, 

\ ' and the Disorders especially incidental to Climates, to S<ix, and to the dilFcrent Epochs of 
; Life, with numerous approved I'ormulieof the Medidnes recommended. By Jamks Covlano, 

I M.n., Consulting Physician to Queen Charlotte’s Lying-in Hospital ; Senior Physician to the 

I Royal Infinnary for Children ; Member of the Royal College of Physicians, London; of the 

Medical and Chirurgical Societies of Txmdou and Berlin, &c. Publishing in parts, of which 
the 9th will be published December 1st. I 

CROCKER’S ELEMENTS OF LAND SURVEYING. 

Fifth Edition, corrected throughout, and considerably improved and modernized, by T. G. 
Biint, Land Surveyor, Bristol. To which are added, 'f'ABLKS OF SIX-FIGURE LOGA- 
, UlTllMS, &c., superintended by Ricmaro Farlky, of the Nautical Almanac Establishment. 

1 vol. post 8vo. 12s. cloth. 

*,* Tlu* work throughiiut is MiUroly rtsvisotl, an<l muc.h new matter lias been niliJe'l ; tlier* are new chapter!, con- 
taining very full and itiiniim Directions relating fn Uie modem I’racticc of SurvByiiig, Tintb with and witboul tin* shi 
of angular instrumenU. Tlie method tif I’lottuig Ettates, and Ca.sling or Conipuliag ti»eit Aruaa, am degciibixl, .ts). 

Cir. I’ll*? chnjiter uu I.eveliiiig also is new. 

CROWE.-TIIE HISTORY OF FRANCE, 

From the Earliest Period to the Abdication of Napoleon. By E. E. Cbowb, Esq. 3 vols. fcp. 
8vo. with Vignette Titles, 188. cloth. 

DAVY (SIR HUMPHRY).-AGRICIJLTTJRAL CHEMISTRY: 

With Notes by Dr. John Davy. Cth Edition, 8vo. with 10 Plates, 15s. cloth. 

CoKTF.NTs: — liilpvduction — The General Powers of M.vUer whieh iDHtu!tii:e Vegetation — I'he OgnniMtSon of 
riaute— Soils— Nil! ut<' lunl (’ojistilntion of the Atmosplicn;, and its iutluenco on Vegetuldes— MtiUtties of Vegetable 
.iiid Animal Origin ' Manures of MineralOiigin, or Fossil Manures— -hni.>roveniunt of tiiiuiiiii by Uuruiiig— fcApori • 
nients on the Nu'lritivi; (Qualities of dillercnt Gratwos, &c. 

DE CUSTINE.-THE EMPIRE OF THE CZAR; 

Gr, Qhserviitioiis on the Social, Political, and Religious State of Russia, uud its Pi-ospects, made 
(luring a Journey through that Empire. By the Marquis Dk Custink. Translated from the 
^ French. .*5 vols. post 8vo. 318. fid. cloth. 

I “ M. l)c Cu.stmi,‘ lias rxliibited some new vifivB on llnssi.a In a striking and altrnrtivc way. l‘t> tlnj F'renchniaD's 

I sparkliuR vivaoily of iiuinncr he adds !iis shiU in seir.iiig upon the incidenti: of action, thu Jealurei* of I'liaracter. 

I or tlir points of tfiiiigs, and ])rcscntiTig them wilh an nttrnclivc or imposing ('ffirct. Tlie nristocratical ojiinious of 

! M. De Custine also j'mjiart a character to his Bentinieiit.s ; as lits politoncss refines his tailii and gives on air <if de- 

i corum to his morals, widiout modifying his French conCJcncc:." — S pmotxtor. 

I o A rcinarkabb.* hook, full of lively, ciirious, cxtrac.taUe matter, nie Marquis is * clever, spirited writer ; and hi* 

point and brUliancy arc kept, his happy hiU given, and bin vobentent utdignaUuu in no way compromised, .in Uiu 
I excellent translation.’' — E xxminku. 

^ DE LA BECIIE.-REPORT ON THE GEOLOGY OF CORN- 

j WALL, DEVON, and WEST SOMERSET. By Henuy T. Dk ua Bkchr, F.R.S. &c., 
Director of the Ordnance Geological Survey. Published by Order of the Lords Commissioners 
i t)f ILM. Treasury. 8vo. with Maps, YVoodcuts, and 12 large Pates, l+s. cloth. 

! DE MORGAN.-AN ESSAY ON PROBABILITIES, 

; And on their Application to Life Contingencies and Insurance OlTices. By Aug. i>b Mu rg an , 
i of Trinity College, Cambridge. 1 vol. fcp. 8vo. with Vignette Title, fis. cloth. 

i DENDY.-THE PHILOSOPHY OF MYSTERY. 

By W. C. Dendv. 1 vol. 8vo. 12s. cloth. 

i DOCTOR (THE), &c. 

; 5vols. post 8vo. je'2. 128. fid. cloth. 

« Adtuirahly as the mystery of tJic ' Doctor' has brro preserved up to the present moment, there is no longer any 
i reaaoa for alfecting swrusy on the subject. The auUior is Robert SouUiey : he acknowlcdgcit tlie fact shortJv before 

his last illness to his most cunfiiiential friend, au M.1'. of high eharactc.i . In u private letter from .Mrs. Soiilhey, 

I dated February 37, lb43, she not only states Uie fact, hut adds that the greater pari of a bixlh volume hud guiis 

I tJirough the press, and that .Southey looked forward to the pleasure of dr.awing her into it as a contributor ; giving her 

full authority to affirm that her hviabaiul is the author.’*— II omht Bbi.L ,E»u. in Tub Stouf Tli.>lt;e ,No. U 
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DODDRIDGE-THE FAMILY EXPOSITOR; i 

Or, a Parapliraae aad Version of the New Testament ; with Critical Notes, and a Practical : 
Improvement of each Section. By P. DoDoainoK, D.D. To which is prefixed, a Life of the ■ 
Author, by A. Kirns, D.D. F.R.S. and S.A. New Edition, 4 vols. 8vo. 16s. cloth. | 

I DONOVAN.-TREATISE ON CHEMISTRY. I 

By M. Donovan, M.R.I.A. Fourth Edition, 1 vol. fcp. 8vo. with Vifpictte Title, 68. cloth. 

DONOYAN.-A TREATISE ON DOMESTIC ECONOMY. 

By M. Donovan, Esq. M.R.I.A. Professor of Cliemistry to the Company of Apothecaries in '■ 
Ireland. 3 vols. fcp. 8vo. with Vignette Titles, 12s. cloth. 

do\T!:r.-life of Frederick ii. king of Prussia. | 

By Loud Doveu. 2d Edition, 2 vols. 8vo. with Portrait, 28s. boards. ! 

DRUMMOND.-FIRST STEPS TO BOTANY, 

Intended as popular Illustrations of the Science, leading to its study as a branch of general 
( education. By J. L. Dkummond, M.D. 4th Edit. 12mo. with numerous Woodcuts, Os. bds. 

1 DUIIRING.-TIIE ART OF LIVING. 

I By Dr. M. Duhrinu. Post 8vo. 5s. cloth. 

“ Happy is lift', when sound lieiilth, nure fwlinijs, rationul thonghto, and noM« dwtls, rombine Malt its earUdv 
I nonrst!. Then mtm ulzuoet reveals in uiuisvlftlie untune of his Deity, and ids homo becuincs a J’urudise,” 

DUNHAM.-TIIE HISTORY OF THE GERMANIC EMPIRE. 

By Dr. Dunham. 3 vols. fcp. 8vo. with Vignette Titles, 18s. cloth. 

! DUNIIAM.-H1ST0RY OF EUROPE DURING THE MIDDLE 

I AGES. By Dr.Du.N-HAM. 4 vols. fcp. 8vo. with Vignette Titles, .:6’1. 48. cloth. 

I DUNHAM.-TIIE HISTORY OF SPAIN AND PORTUGAL. ! 

: By Dr. Dunham. 5 vols. fcp. Svo. with Vignette Titles, £l. lOs. cloth. 

I DUNHAM.-TIIE HISTORY OF DENMARK, SWEDEN, AND 

KORV* AY. By Dr. Dunham. 3 vols. fcp. 8vo. with Vignette Titles, 18s. cloth. 

j DUNHAM.-TIIE HISTORY OF POLAND. i 

By Dr. Dun ham. 1 vol. fcp. Svo. with Vignette Title, Cs. cloth. 

I DUNHAM.— THE LIVES OF THE EARLY AVRITERS OF ^ 

GREAT BRITAIN. By Dr. Dunham, 11. Bell, Esq. &c. 1 vol. fcp. 8vo. with Vigiiettc i 

Title, 6s. cloth. 

DUNHAM, &C.-TIIE LIVES OF BRITISH DRAMATISTS. 

By Dr. Dunham, R. Bell, Esq. &c. 2 vols. fcp. Svo. with Vignette Titles, 12s. clotli. I 

EGERT0N.-A TREATISE ON PHOTOGRAPHY; ! 

Contulning the latest Discoveries appertaining to the Daguerreotype. Compiled from Com- ij 
munications by MM. Daguerre and Arago, and other Eminent Men of Science. By N. P. jl 
Leukbours, Optician to the Observatory, Paris, &c. Translated by J. Eoerton. PostSvo. j 
with Plate of Appuratu.s, 7s. 6d. cloth. 1 

ELLIOTSON.-HUMAN PHYSIOLOGY: 

With which is incorporated much of tlie elementary part of the **Institutiones Physiologicm” 
of J.F.BIuincnbach, Professor in the University of Gottingen. By John Elliotson, M.D. 
Cantab. FJLB. Fifth Edition, Svo. with numerous Woodcuts, 2s. cloth. 

ENGLISHMAN’gHEBREW AP 

ofthe OLD TESi ament j an attempt at a Connection between the Origiiuil 
and tliCj^nglteh Tran<datiqnsr with ^ Names and their occur- 
rences, 3 vols, royal avb. doth, ^4. 14s. 6d. 
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FAREY.-A TREATISE ON THE STEAM ENGINE, 

Historical, Practical, and Descriptive. By John Farby, Engineer. 4to. Illustrated by 
numerous Woodcuts, and 25 Copper-plates, aes, Ss. boards. 

FERGUS.-niSTORY OF THE UNITED STATES OF AMERICA, 

From the Discovery of America to the Election of General Jackson to the Presidency, By the 
Rev. II. Fergus. 2 vols. fcp. 8vo. with Vignitte Titles, 128. cloth. 

FIELD.-POSTHUMOUS EXTRACTS FROM THE 

VETERINARY RECORDS OF THE LATE JOHN FIELD. Edited, by hi. Brother, 
William Field, Veterinary Surgeon, London. 8v6. 8s. boards. 

'I'liftso nccorda consist of SflectionH fnim a vast niimliw of Manuscript papers and eases, extending over a 
Iioritiii of Irt cnty years, and treat of moat of tlic tliueaaee incidental to Horses. 

FORD -THE NEW DEVOUT COMMUNICANT, . 

According to the Church of Kuglund ; containing an Account of the Institution, Prayers, and 
Meditations, bi.’fore and after the Administration, and a Companion at the Lord’s Table. By 
the Rev. James Ford, B.D. 7th Edition, 18iuo. 2s. 6d. bound in cloth, with gilt edges; 
fcp. 8VO. 2s. 6d. bound. 

FORD.-A CENTURY OF CHRISTIAN PRAYERS, 

On FAITH, HOPE, and (’IIARITY ; with a Morning uiid Evening Devotion. By the Rev. 
James Ford, U.D. 3d KdUiKin, 18mu. 4s. clotli. 

FORSTER.-THE STATESMEN OF THE COMMONWEALTH 

OF ENGLAND. With an Introductoiy Treatise on the Popular Progress in English History. 
By .Toiin Forster, Esq. 5 vols. fcp. 8vo. with Original Portraits of Pym, Eliot, Hampden, 
Cromwell, ami nn Historical Scene after a Picture by Cattermole, .€\. lOs. cloth. 

The Introductory Treatise, intended as an Introduction to the Study of the Great Civil War In 
the Seventeenth Century, sei)arately, 2s. 6d. sewed. 

The al»ove 5 vols. form Mr. Forster’s portion of the Lives of Eminent British Statesmen, hy Sir 
.laujcs Mackintosh, tiie Right Hon. T, P. Courtenay, and John Forster, Esq. 7 vois. fcp. 8vo. 
witii Vignette Titles, jC' 2. 28. cloth. 

F0S15R0KE.-A TREATISE ON THE ARTS, MANNERS, 

MANUFACXL'RKS, and INSTITUTIONS of Ihe GKF,KK.S and ROMANS. By the Rev. 
T. D. Fosuroke, &;c. 2 vols. fcp. 8vo. with Vignette Titles, 128. cloth. 

FRANKUM.-DTSCOURSE ON THE ENLARGED AND 

PENDULGUS .ABDO.MKN, sliowing it to be a visceral affection attended with important 
con.sequences in the Human Economy; with cursory Oliservations on Diet, Exercise, and tin; 
General Management of llcaltli ; for the use of the Dyspeptic. By Kichaud Fkankij.m, Esq. 
.Surgeon. 

The .Second Edition, .augmented, with a Dissertation on Gout, suggestingnew physiological views 
as to its Cause, I’revcntion, and the best Course of Treatment. Fep^ 8yo. pp. 126, 5s. cloth. 

GLEIG.-LIVES OF MOST EMINENT ERITISII MILITARY 

COMMANDERS. By the Rev. G. R. Gleio. 3 vols. fcp. 8vo. with Vignette Titles, 18s. cloth. 

GLENDINNING.-PRACTICAL HINTS ON TIIE CULTURE 

OF THE PINK APPLE. By R. Glbnoinnino, Gardener to the Right lion. Lord Rolle, 
Bicton. 12 U 10 . with Plan of a Pinery, 5s. cloth. 

GOOD.-THE BOOILOF NATURE. 

A Popular Illustration of the General Laws and Phenomena of Creation. By John Mason 
Good, M.D. F.R.S., &<:. Third Edition, corrected, 3 vols. fcp. 8vo. 24 b. cloth. 

6RAHAM.-ENGLISH; OR, THE ART OF COMPOSITION 

explained in a Series of Instructions and Examples. By G. F. Graham. Fcp. 8vo. pp. 348, 
7s. cloth. 

GRAIIAM.-HELPS TO ENGLISH GRAMMAR; 

Or, Easy Exercises for Young Children. By G. F. Graham. Illustrate by Engravings on 
Wood, Fcp. 8vo. cloth, 3s. 

‘‘ Mr. (jnOuini’B ' liulpB In EngliRli Grammar’ will bo found a good cUmentnry bonk ; and the numcroua engraving’ 
wliii'h it contains nni.st rciHlcr it cxtri-ou’ly nltractiTe to Oie * Yo'nniJ! Cliildniu' Inr whose use tlicse ‘ Easy Hx'mdssos 
arc closignod. The arrow, which is .Vor the first time .adopted itl a work of tiiiti sort,tu illuBtrale the cuuuection , hy 
action or motion, tu tween persons and tilings, is a hapxty idea.’'— B iuoutun G.AS£TXis. 
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GIUTTAN.-THE HISTORY OP THE NETHERLANDS, 

From the Invasion by the Romans to the Belgian Kovolution in 1830. By T. C. Grati'an^ 
Esq. 1 vol. ft p. Svo. %Yith Vignette Title, 6s. cloth. 

: GMY.-riGURES Of MOLLUSCOUS ANIMALS, 

j Selected from various Authors. Etched for the Use of Students. By Maria Emma Gray. 

I Vol. I. pp. 40, with 78 plates of Figures, 12» cloth. 

i THE GENERA OF BIRDS; 

I Comprising tljeir Generic Characters, a Notice of the Habits of each Genus, and an oxtensiv t; j 
i List of Species, referred to their several Genera. By Georqe Robert Gray, Aciui. Imp. 
i Georg. Florent. Soc. Corresp. Senior Assistant of the Zoological Department, British Museum ; 

I uml Author of the List of the Genea of Birds,’* &c. &c. Illustrated with Three Hundred 

I and Fifty imperial quarto Plates, by David William Mitchkll.— in preparation. 

i *** Publicatiau will commence when One Hundred Subscribers’ Names have been obtained. ! 

i Prospectuses maybe obtained of all Booksellers j a Speciinou may be seen at the rublishers. , ! 

I GREENER.-THE GUN; 

; Or,aTreati8conthevariou8Descriptionaof Small Fire-Arms. By W. Greener, Inventor of 
! an improved method of Firing Cannon by Percussion, &c. Svo. with Illustrations, 15 b. boards. 

GREENER.-THE SCIENCE OP GUNNERY, 

As applied to the Use and Construction of Kre Arms. By William Greener, Author of ' 
“The Gun,” &c. With numerous Plates, 15s. cloth. 

GRIG0R.-THE EASTERN ARBORETUM; 

Or, Register of Remarkable Trees, Heats, Gmrdens, &c. in the County of Norfolk. With ■ 
Popular Delineations of the British Sylva. By James Grioor. Illustrated by 50 Drawings i 
of Trees, etched on copper by H. Nin ham. 8vo. ITs. 6d. cloth. 

I GUEST. -THE MABINOGION, | 

1 From the Llyfr I'och o Hergest, or Red Book of Hergest, and other ancient Welsh MHS. : 
with an English Translation and Notes. By Lady Ch a rlotte Guest. 

Fart 1. Containing the I.ady of the Fountain. Royal Svo. with Fac-similc and Woodcuts, 8s. 

Part 2. Containing Peredur Ab Evrawc ; a Tale of Chivalry. Royal 8vo. with Fac-similc and 
W’oodcuts, 8s. 

Parts. Containing the Arthurian Romance of Geraint, the Son of Erbin. Royal Svo. with ;; 
Fac-siniile and Woodcuts, 8s. 

I Part 4. Containing the Romance of Kilhwch and Olwen. Royal 8vo. with 4 Illustrations and ^ 
Fuc-simile, 8s. 

I Parts. Containing the Dream of Rhonabwy, and the Talc of Pwyll Prince of Dyved. Royal 
} Svo. 88. 

I GUIDE TO ALL THE WATERING & SEA-BATHING PLACES 1 

j of Great Britain ; containing full and accurate Descriptions of each place, and of the (’uriu- 

1 sities and striking Objects in the Environs; and forming an agrccalilo and useful Companion ^ 

during a residence at any of the places, or during a summer tonr in quest of health or ' 
pleasure: with a Description of the Lakes, and a Tour through "Wales. New Edition, 
Including the Scotch Watering Places, 1 thick vol. 18mo. illustrated by 94 Views and 
Maps, 158. bound. 

I GWILT.-AN ENCYCLOPiEDIA OF ARCHITECTURE; ii 

I Historical, Theoretical, and Practical. By Joseph Gwilt, Esq. F.S.A. Illustrated with ' 

I upwards of 1000 Engravings on AVood, from Designs by J. S. Gwilt. In 1 thick vol. Svo. 

j containing nearly 1300 closcly-priutcd pages, j€2. 12s. 6d. clolb. * ; 

I HALL.- NEW GENERAL LARGE LIBRARY ATLAS OF : 

) FIFFY'-THREE MAPS, on Colomhier Paper; with the Divisions and Boundaries carefully 

I coloured. Constructed entirely from New Drawings, and engraved by Sidney Hall. New i 

Edition, thoroughly revisetl and corrected ; including all the Alterations rendered necessary ■ 
by the recent Official Surveys, the New Roads on the Continent, and a careful Comparison i ! 
with the authenticated Discoveries published in the latest Voyages and 'J’ravel.s. Folded iu ' 
half. Nine Guineas, Iholf-bound in russia; fall size of the Maps, Teh Pounds, half-bound in ;! 
russia. ' ' 'I 

Ihc Map have bcpn rc-cugravfd, from enUrely ncvriipsienB— Ireland, Soutli Afric:!, Turkov in Aaia; 

the following have been materially im])rovcd-— Switzerland, North Italy, South Italy, Hgyiit, Central Germany. ,[ 
Sirathem Germany, Greece, Austria^ S(iuin and Portugal; a new ixiupof (Jiiiia, crorrected from tbe.reeent governmenl 
aurviy- oftlie const hom Canton to Nankin (to which M appended ,the I’rovince of Canton, oh nii enlarged «r.nle,in 
« separate eonipartment), has since been added. 
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HALSTED.-LIFE AND TIMES OF RICHAllD THE THIRD, 

as Duke of Gloucester and King of England : in which all tiie Charges against him are care- 
fully investigated and compared with the Statements of the Cotemporary Authorities. By 
Caromne a. Halsted, Author of “The Life of Margaret Beaufort, Mother of King Heniy 
VII.,” and “ Obligations of Literature to the Mothers of England.” 2 voU. with an original 
Portrait.— In the press. 

HAND-BOOK OF TASTE ; 

Or, How to Observe Works of Art, especially Cartoons, Pictures, and Statues. By Fabius 
PiCTOR. Fcp. 8vo. 3s. boards. 

tV(? havt! nevor met with a compendious treatise oin art, and the principles which should (ruWi?' taste in judging of 
Its prwluctions^ th:it contained more excellent mutter than tliis sfiiiail unpretending; volume. It is eAiiressly coinjalcd 
for the instruction of the publie., and with a viciv to that era in art which tlie deeonitioii of the nt w I louses of I’arlia- 
ment, and Uie present display of tile iMuhHUts in W^cslmiiistcr ILill, mar be expccteil to cre.ite. It exhibits the opitnous 
of tlie best artists and eritios of all age-S. tt. is ni>l infa-ndeil U* instrnrt the sluiient in .irl , tJu>ui;h lie may [iroflt much 
by its bwsons, but to tell tlie oliservcr how he may jud^c of tlie protluidions of the line iirt.s. It i.s not tlatlering to set 
out with sayiiiR that Kiit;land, in the art of design, is not only immeasurably liehind Italy, but falls sliort of what 
France asjiiri's to, and Germany has accomplished ; but tliis is qualified by the admission tliiil Eiialand is, uevertlicless, 
quite capable of elfir.ient pnarress. • 

“ The following rules, and those which prcccdii them, should bo well conned over before visiting exliibitions , and 
afterwards ftitebed up witli our catalogue.” — T ait’o Mao-v/ixim. 

HANSAllD.-TllOUT AND SALMON FISHING IN WALES. 

By G. A. Hansard. 12mo. Gs. Gd. cloth. 

HARFORD.-LIFE OF THOMAS BHRGESS, D.D. F,R.S. &. 

Late Lord Bishop of Sali.si)ury. By Jon.v S. Harford, Esq. D.C.L. F.L.S. 2d Edition, with 
additions, fcp. Svo.with Portrait, 8s. Gd. cloth. 

HARRIS.-THE HIGHLANDS OF JUTHIOPIA; 

Being the Accout of Eighteen Mouths’ Residence of a British Embassy to the Christian Court 
of fc^lioa. By Major \V. C. Ha uris, Author of “ Wild Siiorts in Southern Africa,” “ Portraits of 
African Game Animals,” &c. .'1 vols. 8vo. with Maj) .iiid Three Illustrations. -A’mWy rcadp. 

11AWKER.-1NSTRUCTI0NS TO YOUNG SPORTSMEN 

In all that relates to Gnus ami Sliooting. By Lieut. -Col. P. Hawk k r. 8th Edition, corrected, 
enlarged, and improved, with uuiiierous explanatory Plates and Woodcuts, 8vo. ^ei. Is, cloth. 

HENSLOW.-TIIE PRINCIPLES OF DESCRIPTIVE AND 

PIIYSIOLOGIIC.U, BDTANY. By J. S. Henslow, M.A. r.L.S. ito. 1 vol. fcp. 8TO. with 
Vignette Title, and nearly 70 W'oodcuts, 6s. cloth. 

IIERSCHEL.-A TREATISE ON ASTRONOMY. 

By Sir Joh.v Hkkscu el. New Edition. 1 vol. fcp. 8vo. Vignette Title, Gs. cloth. 

HERSCHEL.-A PRELIMINARY DISCOURSE ON THE 

Sl'UUY OF NATURAL PHILOSOPHY. By Sir John Herschel. New Edition, 1 vol. 
fcp. 8vo. with vignette title, Gs. cloth. 

HINTS ON ETiaUETTE AND THE USAGES OF SOCIETY: 

W'ith a Glance at Had Hahits. By A 7 eiJ 7 ov. “ Maimens make tlie man,” 25th Edition, 
revised (with additions) by a I.Ady of Rank. Fcp. 8vo. 2b. Gd, handsomely bound in fancy 
cloth, gilt edges. 

General Observations ; Intro<luctions— Letters of Introduction— Marriage— Dinners— Smoking j 
Snuff— Fashion— Dress— Music— Dancing— Conversation— Advice to Tradespeople— Visiting ; 
Visiting Cards— Cards— Tattling— Of General Society. 

II0ARE.-A PRACTICAL TREATISE ON THE CULTIVATION 

OF THE GRAPE VINE ON OPEN WA.LLS. By Clbmbnt IIoaue. 3d Edition, 8vo. 
7s. Gd. cloth. 

Introduction ; Observations on the present Method of Cultivating Grape Vines on open Walls j 
ori the capability and extent of the Fruit-bearing Powers of the Vine; on Aspect; on Soil ; 
on Manure; on the Construction of Walls ; on the Propagation of Vines ; on the Pruning of 
Vines; on the Training of Vines; on the Management of a Vine during the first live years of 
its growth; Weekly Calendarial Register; General Autumnal Prnnings; on the Winter 
Management of the Vine ; on the Planting and Management of Vines in the public thorough- 
fares of towns; Descriptive Catalogue of twelve sorts of Grapes most suitably adapted for 
Culture on open Walls. 

HOLLAND.-PROGRESSIVE EDUCATION; 

Or, Considerations on the Course of Life, Translated from the French of Madame Neckcr de 
Saussure. By Miss Holland. 3 vols. fcp. 8vo. 19s. 6d. cloth. • 

*♦* The Third Volume, forming an appropriate conclusion to the first two, separately, 78. 6d. 

HOLLAND.-A TREATISE ON THE MANUFACTURES IN 

METAL. By J, Holland, Esq. 3 vols. fcp. 8vo. Vignette Titles, and about 300 W^oodcuts, 
ISs. cloth. 
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HOLLAND.-MEDTCAL NOTES AND REFLECTIONS. 

By Hknry Holland, M.D. F.R.8. &c. Fellow of Che Royal College of Physicians, Physician 
E.\traorclinary to the Queen, aini Physician in Ordinary to His Royal Highness Prince Albert. 
2d Edition, 1 vol. 8vo. pp. <i34, 18s. cloth. 

I IIOOKER-THE BRITISH FLORA, 

I In Two Vols. Vol. 1 ; comprising Phaenogamons or Flowering Plants, and the Ferns. By Sir 
j William Jackson HuoKfiit, K.H. LL.D. F.K.A. and L.S. &c. &c &c. Fifth Edition, with 
j Additions and Corrections ; and 173 Figures illustrative of the Uinhelliferous Plants, tlu! 

I Composite Plants, the Grasses, and the Ferns. 8vo. pp. 502, with 12 Plates, 14s. plain ; with 

j the plates cofonred, 248. cloth. 

I Vol. 2, in Two Parts, comprising the Cryptogamia and Fungi, completing the British Flora, and 
! forming Vol. 5, Parts 1 and 2, of Smith’s English Flora, 24s. lioards. 

I H00KER.-C0MPENDIUM OF THE ENGLISH FLORA. 

j 2d Edition, with Additions and Corrections. By Sir W. J. Hookbr. 12iuo. 78. 6d. cloth, 
i THE SAME IN LATIN. 5th Edition, 12mo. 7s. 6d. 

j HOOKE IL-ICONES PLANTARUM ; 

{ Or, Figures, with brief Descriptive Characters and Remarks, of New and Rare Plants, selectei! 

from the Author’s Herbarium. By Sir W. J. Hookkb, K.H. LL.D. &c. 4 vols. 8vo. with 
I 400 Plates, ^5. 12s. cloth. 

I HOOKER jVND TAYLOR.-MUSCOLOGIA BRITANNICA. 

j Containing the Mosses of Great Britain and Ireland, systematically arranged and describctl ; 

with Plates, illustrative of the character of the Genera and Species. By Sir W. J. Hookkii 
j and T. Taylor, M-D. F.L.S., &c. 2d Edition, 8vo. enlarged, 318. 6d. plain j jfi'3. 3s. coloured. 

I IIOWITT (MARY).-STRIFE AND PEACE; 

j Or, Life in Norway ; the H Family; Axel and Anna, &c. IVaiislated by Mary Howitt, 

from the Swedish of Miss Bhkmkk, Author of “The Neighbours,” “The Homo,” “The 
I President’s Daughters,” &c. 3 vols. post 8vo.~Nearly ready ^ 

HOWITT (MARY). -THE HOME. 

Or, Family Cares and Family Joys, By Fkeobrika Hrrmbr. Translated by Mary 
Howitt. 2d Edition, revised ami corrected, 2 vols. post 8vo. 218. boards. 

*' Miss Brnmpr poss»‘s>Hos, Tifjirtiil .'iny other livine' writer of her elasH, the power of nriili.'iint? to the imiiuiootlmi 
every individual slie introduces. There is scarwly a single person in her multitudinous groups that does hot si iiiul 
out iialpiibiy in ids living linrainents. The minute fidelity «if her details, the vivid distim.tness with wliii h evi ry 
niental struggle and secret emotion is trared; the moral beauty ami womanly purity whieb ateadily illuiuinate 
her narrative ; and tbe ea!m Christian philosophy outuf wliieh all'ita earnest lessons of truth, iuid.juiith'tb aud resig- 
nation, and serene wisdom, are drawn, must receive implicit admiration on all hiutds.”— BxaanNhii. 

IIOIYITT (MARY).-THE NEIGHBOURS : 

A .Story of Eveiy-day Life in Sweden. By Frkdkrika Bkrmkr. Translated b> Mary 
How'itt. 3d Edition, revised and corrected, 2 vols. post 8vo. 18s. boards. 

HOWITT (MARY).-THE PRESIDENT’S DAUGHTERS, 

Including Nina. By Fkbdbhika Brembr. Translated by Mary Howitt. 3 voLs. 
post 8vo. 31s. 6d. boards. 

* The. President’s llaUijhters ’ is every w.ay worthy of the author of ‘ The Unme > anil ‘ Tlic NcighlMiurs.’ It is dis- 
tinguished by the same life-lilie and truthful skeUrhes, Uie same distinctness of individu.il portraitures, n power of 
description, whether of character or of scenery, which, without bein^ elaborate, is nt once true to nature, and in liar 
niony with tJie hniman mintl, and a purity of thought and feeling arising not frmn ignorance of the actual worlil, but 
from tlie supremacy of those better jirincijiles wliith constitute tlio glory of our uatui-c." — E cleoxiu Review, Nov. 

HOWITT.-THE RURAL LIFE OF ENGLAND. 

By William Howitt, New Edition, mcilium 8vo. with Engravings on wood, by Bewick and 
WiUiam.s, uniform with “ Visits to Remarkable Places,” 21s. cloth. , 

Life of the Aristocracy. Tlie Forests of England. 

Life of the Agricultural Population. Habits, Amusements, and Condition of the 

Picturesque and Moral Features of the Country. People; in which are introduced Two New 

Strong Attachment of the English to Country Chapters, descriptive of the Rural Watering 

3Life. Places, and Education ofthe Rural Population. 

IIOVITT.-VISITS TO REMARKABLE PLACES; 

Old Halls, Battle-Fields, and Scenes illustrative of Striking Passages in English History and 
Poetry. By WillIam Howitt. New Edition, medium 8vo. with 40 Illustrations by 
I S. Williams, 21s. cloth. 

SECOND SERIES, chiefly in the Counties of DURHAM and NORTHUMBERLAND, with a 
. Stroll along the BORDER. 1 vol. medium Svo. with upwards of 40 highly-finished Woodcuts, 

I from Drawings made on the spot for this work, by Messrs. Carmichael, Richardsons, and 

I Weld Taylor, 218. cloth. 
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HOWITT -RURAL AND DOMESTIC LIFE OF GERMANY: 

With Characteristic Sketches of its Chief Cities and Scenery. Collected in a General Tour, 
and diirinp^ a Residence in that Country in the Years 1840-42. By William Howitt, 
Author of The Rural Life of England,” “ Visits to Remarkable Places,” “ The Boy’s 
Country Book,” Sic. 1 vol. medium 8vo. with aliove 50 Illustrations, 21s. cloth. 

" Wo rordially roconl our convictlou of tlic valuo of Mr. Ilowitt’s voluous amJ Ktroo^ly n-coniniend its onrly perusal. 

It is l)Oih instrwt.ive anil enU'rtaininu, and will be fottitd to familiarize the Kn^lish ii'-.iiUt with formb of chuTiictt-r 
and modes of soriiil life, vastly dint-rent from unytluiig wiiUcsBcd at home.’' — lici.U(;nc Ui;vir: vv. 

HOWITT.-TTIE STUDENT-LIFE OF GERMANY. 

From the Unpublished MSS. of Dr. Cornelius. By William Howitt. 8\b. with 24 Wood- i 
Engravings, and Seven Steel Plates, 218. cloth. I 

This volumo cvmtainH Forty of the most famauH Srrnr.'CT-Sovrjs, with tho Original Musie, adaiiled to the ! 
I’ianofuTte by Winkelmeyer. 

IIOWITT.-COLONISATION AND CHRISTIANITY: 

A Popular History of the Treatment of the Natives, in all their Colonics, by the Europeans. 

By William How'itt. 1 vol. post 8vo. IDs. 6d. cloth. 

IIOMHTT.-THE ROY’S COUNTRY BOOK: 

Being the real Life of a Country Boy, written by bimself; exJiibiting all the Amusements, 
Pleasures, and Pursuits of Children in the Country. Edited by William Howitt, Author 
of The Rural Life of England,” &c. 2d Edition, 1 vol. fcp. 8vo. with about 40 Woodcuts, 

8s. cloth. 

HUDSON.-THE PARENT’S HAND-BOOK ; 

Or, Guide to the Choice of Profession.s, Einploymeiite, and Situations ; containing useful and 
practical Information on the subject of placing out Young Mifii, and of obtaining their Eilii- 
cation with a view to particular occupations. By J. C. Hudson, Esi]. Author of ” Plain 
Directions for Making Wills.” Fcp. 8vo. 5s, cloth. 

“ 'lliis volnmr will be found useful to .any parent who isi ]Niini\iIly mcilitating upon that diflk-ult subject how or 
where he can be.st placi! his Hoiis in the worlc!.’' — Svacr.M'oii. 

IIUDSON.-PLAIN DIRECTIONS FOR MAKING WILLS 

In Conformity with the Law, and particularly with reference to tlte Art 7 Will. 4 and 1 Virt. i 
c. 20. To which is added, a clear Exposition of tlie Law^ relating to the ilistrihution of Ptu*- j 
BOnal Estate in the caso-of Intestacy ; with two Forms of Wills, ami nnu;h useful informal inn, 
&c. By J. C. Hudson, of the Legacy Duty Office, Ijomlon. 12th Edition, correcleil, w illi 
notes of cases judicially decided since the above Act came into operation. Fcp. 8vo. 2s. Ud. 
cloth, gilt edges. 

HUDSON.-THE EXECUTOR’S GUIDE. 

By J. C. Hudson. Third Edition, fcp. 8vo. 5s. cloth. 

%* These two works may he had in 1 volume, jirice Ts. cloth. 

INGEMANN.-KING ERIC AND THE OUTLAWS; 

Or, the Throne, the Church, and the People. By Inukmann. Translated from the Danish 
by Jank Fhances Chapman. 3 vols, post 8vo. 3l8. 6d. boards. 

“This bile intrivlnccs us into new and fertile ground,— Denmark in the tbirteenl.b ceTitiiry. The cliMr.tiders are 
all drawn from Danish hibtory : the story iljudf is full of im-ident. and aihonture. The antlmr boldly |iluiioi-s at. oiu-n 
in medias rea ; and wc n'colli-ct few novels in which tbp atti-iition of the reailer is nir.re ijuirklj iiiliMi-hti-il, or nm e i 
rompicti-ly alwnrbcd. The characters arc struck olf with a shrewd mfelligi-nce, arnl contrast, iiiiiniral.ly ; and the 
wlrole talc is original, lively, and varied in no common di'grce, reuiiudiug ns of Ihu chi^uiric spirit of Scott.” 

UoXJIir Jct'RNAI.. 

JACKSON-PICTORIAL FLORA ; 

Or, British Botany delineated, in 1500 Lithographic Drawings of all the .Species of Flowering 
Plants indigenous to Great Britain ; illustrating the descriptive works on English Botany of 
Hooker, Lindley, Smith, &c. By Miss Jackson. 8vo. I5s. cloth. 

JACKSON, &C.-THE MILITARY LIFE OF FIELD-MARSHAL 

THE DUKE OF WELLINGTON, K.G. &c. &c. By Major Basil Jackson, and Captain 
C. Rochfokt Scott, late of the Royal St^ Corps. 2 vols. 8vo. with^ortraits and numerous 
Plans of Battles, 308. cloth. j 

JAMES.-LIYES OF MOST EMINENT FOREIGN STATESMEN. 

By G. P. R. James, Es4.i and E, E, Ceowe, Esq, S vols. fcp. 8vo. Vignette Titles, ' 
30s. cloth. 
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CATALOGUE OF NEW WORKS 


JAMES -A HISTORY OE THE LIFE OP EDWARD THE 

RLACK PRINCE, and of various Events connected therewith, which occurred duriiiffthe 
Reign of Edward III, King of England. By G. P. R. jAMes, Esq. 2d Edition, 2 vols. fcp. 
8vo. Map, 15s. cloth. 

JEFFREY. - CONTRIBUTIONS TO THE EDINBURGH i 

REVIEW. By Francis Jeffrey, nowane of the Judges of theCourt of l:»ession in Scotland. 

4 vols. 8vo. 48s. cloth. I 

JOHNSON -THE FARMER’S ENCYCLOPAEDIA, 

And Dictionary of Rural Affairs: embracing all the recent Discoveries in Agricnltural Clie. i 
mistry ; adapted to the comprehension of unscientific readers. By Cuthukut W. Johnson, 
Esq. F.K.S. Barrister-at-Law, Corresponding Member of the Agricultural Society of Konigs- 
berg, and of the Maryland Horticultnral Society ; Author of several of the Prize Essays of 
the Royal Agricultural Society of England, and Other Agricultural Works ; Editor of the 
“ Farmer’s Almanack,” &c. 1 thick vol. 8vo. pp. 1324, illustrated by YVood Engravings of 
the best and most improved Agricultural Implements, .^'2. lOs. cloth. 

KANE. -ELEMENTS OF CHEMISTRY; 

Including the most Recent Discoveries and Applications of the Science to Medicine and 
Pharmacy, and to the Arts. By Robert Kane, M.D. M.R.I.A., Professor of Natural 
Philosophy to the Royal Dublin Society. 1 thick volume, 8vo. with 236 Woodc its, 24s. cloth. 

KATER AND LARDNER.-A TREATISE ON MECHANICS. 

By Captain KATERand Dr. liARONRU. New Edition. 1 vol. fcp. 8vo. Vignette Title, and 1!) 
Plates, comprising 224 distinct figures, 6s. cloth. 

KEIGHTLEY.-THE HISTORY OF ENGLAND. 

By THO.HAS Keiohtlky, Esq. In 2 vols. l2mo. pp. 1206, 14s. cloth ; or bound, 15s. 

For tlu) c('avt!nu.'nce of .Schools, tlw volumes will always ho sold hci/aratidy , 

KEIGHTLEY.-AN ELEMENTARY HISTORY OF ENGLAND. 

By Thomas Khightley, Esq., Author of “A History of England,” “Greece,” “Rome,” 

“ Outlines of History,” &c. &c. 12mo. pp. 364, 5s. bound. 

KEIGHTLEY.- THE HISTORY OF GREECE. 

By Thomas Keightley, Esq, Third Edition, 12mo. pp. 508, 6s. Cd. cloth, or 7s. bound. 
ELEMENTARY HISTORY of GREECE, 18rao. pp. 264, 3s. 6d. bound. 

KEIGHTLEY. -THE HISTORY OF ROME 

To the end of the Republic. By Tho.mas Keioutlky, Esq. Third edition, 12mo. pp. .512, 

6s. 6d. cloth; or 7s. bound. 

ELEMENTARY' HISTORY of ROME, 18nio. pp. 294, 3s. 6d. bound. 

KEIGHTLEY.-THE HISTORY OF THE ROMAN EMPIRE, : 

From the Accession of Augustus to the end of the Empire in the We.st. By T. K kig iitlby, : 
Esq. 12mo. pp. 456, Gs. 6d. cloth, or 7.s. bound. 

QUESTIONS on the HISTORIES of ENGLAND, Parts l and 2, pp. 5G each; ROME, 3d edit. ; 
pp. 40; GREECE, Sd edit. pp. 42. l2mo. seweil. Is. each. 

KEIGHTLEY.-OUTLINES OF HISTORY, 

. From the Earliest Period. By Thomas Keightley, Esq. New Edition, corrected and con- ; 
siderably improved, fcp. 8vo. pp. 468, 6s. cloth ; or 6s. 6d. bound. 

KIPPIS.- A COLLECTION OF HYMNS AND PSALMS, ' 

For Ihiblic and IMvatc Worship, Selected and prepared by A. Kippis, D.D., Abraham .. 
Rees, D.D., the Rev. Thomas Jervis, and the Rev. T Mokgan. To which U added, a | 
Supplement. New Edition, corrected and improved, 18mo. 5s. bound. 

KIRBY & SPENCE.-AN INTRODUCTION TO ENTOMOLOGY ; , 

Or, Elements of the Natural History of insects : comprising an acciuint of noxious and useful : 
Insects, of their Mtlamorphoses, Food, Stratagems, Habitations, .Societies, Motions, Noises, I 
Hyl»ernation, Instinct, &c. By W. Kirby, M.A. F.R.S. & L.S. Rector of Barham ; ami W. 

. Epenck, Es<p F.R.S. & L.S.. 6th Edit, correctedand much enlarged, 2 vols. 8vo. 31a. 6d. cloth. 

The first two vylvTOM^H of the “ Introduction to Entti,milr.«?y” arc yinl.lislicrl ns a scniirivtc work, distinct from 
ihe. third and fourth volumes, and, thoufrh much cnlarpedi at a onusidcrnblc reiluction of price,- in ord«r Uiai ; 
flic numerous class of readers who confine their stwly of inserts to Uiat of their nmnners and economy, need not ^ i 
harthened with the cost of the technical portion of iHc work, relating to their anatomy, physiology, &c. j 
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KNAPP.-GRAMINA BRITAI^NICA ; 

Or, Representations of the British Grasses : with Remarks and occasional Descriptions. By 
I. L. Knapp, Esq. F.L S. &A.S. 2d Edition, 4to. with 118 Plates, beautifully coloured, 
pp. 250, lOs. boards. 

LAINCr -A TOUR IN SWEDEN, 

In 1838 ; comprisinp^ obscn'ations on the Moral, Political, and Economical State of the Swedish 
Nation. By SamItul Lai no, Esq. 8vo. 12s.*clOth. 

LAING.-NOTES OF A TllAVEILER, 

On the Social and Political State of France, Prussia, Switzerland, Italy, *and otlmr parts of 
Europe, during the present century. By Samuel Laino, Esq. 2d Edition, 8vo. l6s. cloth. 

LAING.-JOURNAL OF A RESIDENCE IN NORAVAY, 

Durinf? the years 1834, 1835, and 183G ; made with a view to inquire into the Rural and Political 
Economy of that Country, and the Condition of its Inhabitants. By S*amuel Laino, Esq. 
2d Edition, 8vo. 14s. cloth. 

LAING.-THE CHRONICLE OF THE KINGS OF NORWAY, 

From the Earliest l^eriotl of the History of the Northern Sea Kings to the M iddle of the 'I’welfth 
Century, commonly (railed the Heimskringla. Translated from the Icelandic of Snorro 
Sturleson, with Notes, and a Preliminary Discourse, by Samuel I.aino, Author of “ A 
Residence in Norway,” “ A Tour in Sw'eden,” Notes of a Traveller,” &c. 

iPreparinif for publioation, 

LARDNER’S CABINET CYCLOPiEDLV; 

Comprising a Scries of Original Works on History, Biography, Literature, the .Sciences, Arts, 
and Manufactures. Conducted and edited by Dr. Laudneii. 

The Series, complete, in One Hundred and Thirty-three Volumes, a6’39. 188. (Three volumes 
remain to be published.) The works, separate, 6s. per volume, 

LARDNER.-A TREATISE ON ARITHMETIC. 

By D. Lauuner, LL.D. F.U.S. 1 vol. fcp. 8vo. with V^ignette Title, da. cloth lettered. 

LARDNER.-A TREATISE ON ELECTRICITY & MAGNETISM. 

By Dr. Lardner. 2 voLs. fcp. 8vo. 12s. (Vol. 2, revised and completed by C. V. Walker, 
Secretary of the Elc(;trical So(?iety, is in the press.) 

LARDNER.-A TREATISE ON GEOMETRY, 

And its Application to the Arts. By Dr. Lahuner. I vol. fcp. 8vo. Vignette Title, and 
upwards of 200 ligurcs, Cs. cloth. 

LARDNER.-A TREATISE ON HEAT. 

By D. Lardner, LL.D., &c. 1 vol. fcp. 8vo. with Woodcuts and Vignette Title, 6s. cloth. 

LARDNER.-A TREATISE ON HYDROSTATICS AND PxNEU- 

M.vnCS. By Dr. Lakd.xer. New Edition. 1 vol. fcp. 8vo. Cs. cloth. 

LECTURES ON POLARISED LIGHT, 

Delivered before the Pharmaceutical Society, and in the .Medical School of the London 
Hospital. 8vo. illustrated by above 50 Woodcuts, 6s. Gd. cloth. 

L. E L.-THE POETICAL WORKS OF LETITIA ELIZABETH 

LANDON. New l^dition (1839), 4 vols. fcp. 8vo. with lllustratioiis by Howard, &c. 28s. cloth 
lettered ; or handsomely Imund in morocco, with gilt edges, 4s. 

• The following may be had separately 

THE IMPROVIS.\TRICK J0s.6d. i THE GOLDEN VIOLET lOs. 6d. 

THE VENETIAN BRACELET.. lOs. 6d. | THE TROUBADOUR 10s. Od. 

LEE.-TAXIDERMY; 

Or, the Art of Collecting, Preparing, and Mounting Objects of Natural History. For the 
use of Museums and Travellers. By Mrs. R. Lee (formerly Mrs. T. E. Bowdich), Author of 
“ Memoirs of Cuvier,” &c. Gth Edition, improved, w'ith an account of a Visit to Walton 
Hall, and Mr. Waterton’s method of Preserving Animals. Fcp. 8v®. with Wood Engravings, 
7s. cloth. 

LIFE OF A TRAVELLING PHYSICIAN, 

From hia first Introduction to Practice ; including 20 Years* Wanderings tlirouglmut the 
greattn- part of Europe. 3 vols. post Svo. 3 coloured Plates, 31s. 6d. clpth. 
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CATALOGBB OF NRW WORKS 


LIGHTER HOURS: 

A Series of Poems. By an Etonian. Pep. 8vo. Ss. clotli. ■ 

LINDLEY-INTRODUCTION TO BOTANY. ■ 

By Prof. J. Lindlisy, Ph.D. F.R.S. L.S. &c, Sd Edition (1839), with Corrections and consi- 
derable Additions, 1 large vol. 8vo. pp. 606, with Six Plates and numerous Woodcuts, ISs. cloth. 

LINDLEY.-A NATURAL SYSTEM OF BOTANY; 

Or, a Systematic View of the Organization, Natural Affinities, and Geographical Distribution 
of the whole Vegetable Kingdom ; together with the nses of the most iini)ortant species in 
Medicine, tlic'Arts, and Rural or Domestic Economy. By John Lindlky, Ph.D., F.R.S., 
L.S., &c. 2d Edition, with numerous additions and corrections, and a complete List of 
Genera, with their synonyms. 8vo. 18s. cloth, 

LINDLEY.-FLORA MEDICA; 

A Botanical Account of all the most important Plants used in Medicine, in different Parts of 
the World. By John Linoluy, Ph.D., F.R.S., &c. 1 vol. 8vo. ISs. cloth lettered. 

LINDLEY.-SCHOOL BOTANY; 

Or, an Explanation of the Characters and Differences of the principal Natural Classes and 
Orders of Plants belonging to the Flora of Europe, in the llotnnical Classification of De 
Candolle. For the use of Students preparing for their matriculation examination in the 
University of London, and applicable to Botanical Study in general. Jty John liiNULiiv, 
Ph.D., F.U.S., &c. 1 vol. fcp. 8vo. with upwards of 160 Woodcuts, 6s. cloth Ictterctl. 

LINDLEY.-A SYNOPSIS OF THE BRITISH FLORA, 

Arranged accordingto the Natural Orders. By Professor Jon n Li ndlky, Th.D., F.R.S., &c. 
The 3d Edition, with numerous additions, corrections, and improvements, 12mo. ijp. 390, 
lOs. 6d. cloth. 

LINDLEY.-THE THEORY OF HORTICULTURE ; 

Or, an Attempt to explain the Principal Operations of Gardening upon Pliysiological Prin- 
ciples. By John Linoley, Ph.D., F.R.S. 8vo, Illustrations on Wood. 12s. cloth. 

Tliis hook U written in the hope of providing the inlellit^ent jjanloner, and Iho firlcntifii; amattair, mrrertly, wiili 
the rationaliit of the more important operations of llorlicullure; .and the nutlior has onflenvonicd to presenl tn lil.i 
ren-lera an intcUifrihle eaphination, founded upon well-ascerfuned facts, whieh tliejr imii judKeof hy their oan ineiins 
of (iliservation, of the gener.al nature of veiretahle actions, and of the caus,‘s wiiicli , wliile control ttio iinivci s 
of life in ]diints, are capable of Iteing regulated by themselves. The possession of such knowtedGo will iiecessnnly 
teach them liow to improve their metlioda of cultivation, .an'l lead them to the discovery of new and better auHles. 

LINDLEY.-AN OUTLINE OF THE FIRST PRINCIPLES OF 

HORTICULTURE. By Professor Lin ulby. 18mo. 28. sewed. 

LINDLEY.-GUIDE TO ORCHARD AND KITCHEN G ARDEN ; 

Or, an Account of the most valuable Fruits and Vegetables cultivated iu Great Hritaiii : wiHi 
Kalcndars of the Work required in the Orcliard aiul Kitchen Garden during every month in 
the year. By Geohoe Lindley, C.M.H.S. Edited by Puofessok Linuley. 1 large 
vol. 8vo. 16s. boards. 

LLOYD.-A TREATISE ON LIGHT AND VISION. 

By the Rev, H. Lloyh, M.A., Fellow of Trin. Coll. Dublin. 8vo. 15s. boards. 

LORIMER.-LETTERS TO A YOUNG MASTER MARINER, J 

On some Subjects connected with his Calling. By Ch.arlks Lokimek. 3d edition, 12nio. 
with an Appendix, 6s. 6d. cloth. 

L0UD0N.-AN ENCYCLOPiEDIA OF TREES AND SHRUBS; 

being the ” Arboretum et Fruticetum Britannicum’* abridged ; containing the Hardy Trees 
and Shrubs of Great Britain, Native and Foreign, Scientifically and Popularly Desenbed ; . 

with their Propagation, Culture, and Uses in the Arts ; and with Engravings of nearly all j 
the Species. Adapted for the use of Nurserymen, Gardeners, and Foresters. By J. C. j 
Loudon, F.L.S. &c. In 8vo. pp. 1234, with upwards of 2000 Engravings on Wood, j 6‘2. I0.s. 
bound in cloth* 

Tlie OriginM Work may be had in 8 vols. 8vo. with above 400 Octavo Plates of Trees, and 
upwards of Woodcuts, .€10, cloth. i 

LOUD0N.-AN .ENCYCLOP JIDIA OF GARDENING ; : 

Frasenting, in one systematic view, the History and l»rescnt State of <yardentngin all Conn- i 
tries, and its Theory and Practice in Groat Britain : with the Management of the Kitchen • 

I Garden,, tlie Flower Garden, Laying-out Grounds, See. By J, C, ^vdqn, F.L.S. &c. A New' | 
Edition^ enlarged and much improved, 1 large voL 8vo. with hi^ly 1,000 Engravings on Wood, ; 
pp. I3ia, 60s. cloth. - ! 
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LOUDON -AN ENCYCLOPAEDIA OP AGRICULTURE; 

Comprisinj^ its History in all Countries ; the Principles on which Agricultural Operations ! 
depend, and their Application to Great Britain and similar Climates. By J. C. Loudon, I 
F.L.S. &c. The Tliird Edition, 1 large' vol. 8vo. pp. Ul8, with nearly 1,300 Wood Engravings, 

£2. lOs. cloth. 

LOUDON.-AN ENCYCLOPAEDIA OF PLANTS; 

Including all the Plants which are now found in, or have been introduced into. Great Britain ; 
giving tiicir Natural History, accompanlea by such descriptions, engraved figures, and 
elementary details, as may enable a beginner, who is a mere English reader, to discover the 
name of every Plant which he may find in flower, and ac<iuire all the information respecting 
it which is useful and interesting. The Specifin Characters by an Eminent Botanist; the 
Drawings by J. 1). C. Sowerby, F.L.S. A New Edition (1841), with a New Supplement, com- 
prising every desirable particular respecting all the Plants originated in, or introduced into, 
Britain between the first publication of the work, in 1829, and January 1840: with a new 
General Index to the whole work. Edited by J. C. Loudon, prepared by W. H. Baxter, Jun. 
and revised by George Don, F.L.S. ; and 800 new Figures of Plants on Wood, from Drawing.s | 
by J. D. C. Sowerby, F.L.S. One very large voL 8vo. with nearly 10,000 Wood Engravings, ! 
pp. 1354, 13s. Gd. 

The New Supplement (1841), separately^ 8vo. pp. 190, 15s. cloth. I 

LOUDON.-AN encyclopaedia OF COTTACxE, FARM, AND ! 

VILLA ARCHITECTURE and FURNITURE. Containing Designs for Cottages, Villas, Farm ! 
Houses, Farmeries, Country Inns, Public Houses, Parochial Schools, &c. ; with the requisite \ 
Fittings-up, Fixtures, and Furniture, and appropriate Oflices, Gardens, and Garden Scenery: j 
each Design accompanied by Analytical and Critical Remarks illustrative of the Principles of | 
Architectural Science and Taste on which it is composed, and General Estimates of the Expense, i 
By J. C. Loudon, F.L.S. &c. New Edition (1842), corrected, with a Supplement, containing \ 
160 additional pages of letter-press and nearly 300 new engravings, bringing down the work to ^ I 
1842. 1 very thick vol. 8vo. pp. 1326, with more than 2000 Engravings on Wood, £'3. 3s. cloth. j 
*** The New Supplement, separatetyy 8vo. pp. 174, 7a. 6d. sewed. 

LOUDON.-IIORTUS BRITANNICUS: 

A (Catalogue of all the Plant.s indigenous to or introduced into Britain. The 3d Edition (1832), 
with a New SuFM’LKMENT, prepared, under the direction of J. C. Loudon, by W. H. Baxter, 
and revised by Georob Don, F.L.S. 1 vol. 8vo. pp. 766, 81s. Gd. cloth, i 

The First Supplement {\^3)separatclyf 8vo. pp. 26, 2s. 6d. sewed, ' i 

The New Supplement (1839) separatelyt Svo. pp. 742, 88. sewed. i j 

LOUDON. -THE SUBURBAN GARDENER AND VILLA ii 

COMPANION : comprising the Choice of a Villa or Suburban Residence, or of a situation on | 
which to form one ; the Arrangement and Furnishing of the House ; and the l.aying-out. 
Planting, and general Management of the Garden and Grounds ; tJio whole adaptctlforgrounds 
from one perch to fifty acres and upwards in extent; intended for tlic instruction of those 
who know little of Gardening or Rural Affairs, and more particularly for the use of Ladies. 

By J. C. Loudon, F.L.S. &c. 1 vol. Svo. with above 300 Wood Engravings, 208. cloth. 

LOUDON.-HORTUS LI6N0SIS LONDINENSIS; 

Or, a Catalogue of all the Ligneous Plants cultivated in the neighbourhood of London. To j 
which are added their usual prices in Nurseries. By J. C. Loudon, F.L.S. &c. Svo. 78. 6il. i 

LOUDON.-ON THE LAYING-OUT, PLANTING, AND 

MaVNAGEMENT of CEMETERIES; and on the Improvement of Churchyards. By J. C. 
Loudon, F.L S. &c. Svo. with 60 Engravings, 128. cloth. * 

L0W.-TIIE BREEDS OF THE DOMESTICATED ANIMALS 

Of Great Britain Described. By David Low, Esij. F.R.S.E. Professor of Agriculture in the 
University of Edinburgh ; Member of the Royal Academy of Agriculture of Sweden ; Corre- 
sponding Member of the Conseil Royal d’ Agriculture de France, of the Soci<5t<j Royale et 
Centrale, &c. &c. The Plates from Drawings by W. Nicholson, R.S.aV. reduced from a Series 
of Oil Paintings, executed for the Agricultural Museum of the University of Edinburgh, by 
W. Shiels, R.S.aV. 2 vols. atlas quarto, with 62 plates of animals, beautifully coloured after 
Nature, 16a. half-bound in morocco. 

Or in four separate portions, as follow • 

The OX, in 1 vol. atlas quarto, with 22 plates, I6s, 6tl. half-bound in morocco. 

The SHEEP, in 1 vOl. atlas quarto, with 21 plates, £6. iGs. Gd. half-bound in morocco. 

The HORSE, in 1 vol. atlas quarto, with 8 plates, j£3, half-bound in morocco. 

Tlie HOG, in 1 vol. atlas quarto, with 5 plates, ^^2. 2s. half-bound in morocco. 

c 



CATAI.OOCJK OF NEW WORKS 


LOW-ELEMENTS OF PRACTICAL AGRICULTURE; 

CompreTiencling the (hiltivation of Plants, the Husbandry of the Domestic Animals, and the 
Economy of the Farm. By Davi n l.ow, Esq. F.R.S.E., Professor of Agricultiire in the Uni- 
versity of Edinburgh. 8vo. 4th Edition, with Alterations and Additions, and above 200 Wood- 
cuts, 21s. cloth. 


“ Thp opinion of the public iiM 


pronounced in favour of this exwllent book in .1 manner not to be mistaken. 


is so full of pmetical wisthuu, and is applicable with «# mueli jastire to aerlcnl'l uial aftiiirs in tlieir present stnte, thnt 
we euniint do liet.ter than quote it, partly for its intrinsic value, aud partly as an indieatiim of the manner in whii;h 
Professor i.ow has extendud tiie matter of fiis vuluubio — PuurKSsoit XjMu.ky in UicGARDXNEii'aCiiitoNicLE. 

; MACAULAY.-CRITICAL AND HISTORICAL ESSAYS CON- 

1 TRIBUTBO to tlio EUINUimOH RKVIEW. By the Right Hon. Thomas ItAmNOTux 
I Macaulay. 2d Edition, 3 vols. 8vo. Sds. cloth. 

i 

MACAULAY.-LAYS OP ANCIENT ROME. 

I By T. B. Macaulay, Esq. .3d Edition, crown 8vo. pp. 192; lOs. 6d. cloth. 

! MACKENZIE.-TTIE PHYSIOLOGY OF VISION. 

By W. MackKaN'/.ir, M.I)., Lecturer on the Eye in the University of Glasgow. 8vo. with 
Woodcuts, 10s. 6d. hoards. 

MACKINTOSH, &0.-TIIE HISTORY OF ENGLAND. 

By Sir Jamks iMackintosh; W. Wallace, Esq. ; and UoBEaT Bell, Esq. lOvols. fcp. 
8vo. with Vignette Titles, afS. cloth. 

MACLEOD.-ON RHEUMATISM, 

And on the Affections of Internal Organs, more especially the Heart awl Brain, to which it 
gives rise. By R. Macleod, M.D. Physician to St. George’s Hospital. 8vo. pp. 172, 
7s. cloth. 

MALTE-BRUN.-A SYSTEM OF UNIVERSAL GEOGRAPHY, 

Founded on the Works of Malte-Brun and Balbi, embracing an Historical Sketch of the 
Progress of Geographical Discovery, the Principles of Mathematical and Physical Geography, 
and a complete Description, from the most recent sources, of the Political and Social Condition 
of all the Countries in the World : with numerous StatisticalTables, and an Alphabetical Index 
of 12,000 Names. One thick vol. 8vo. closely and beautifully printed, 308. cloth. 

MANUAL POR MECHANICS’ INSTITUTIONS. 

Published under the superintendence of the Society for the Diffusion of Useful Knowledge. 
Post 8vo. 5s. cloth. 

MARCET (MRS.)-CONVERSATIONS ON THE HISTORY OF 

ENGLAND. For the Use of Children. VoL 1, coutaining the History to the Reign of 
Henry VII, ISmo. pp. 354, 4s. 6d, cloth. 

“ .Tuvenile literature will freely own how much it is indebliHl t«> Mrs. Marcet, not only for the present, hut all her 
} prceeiling works. She iiiiparts interest to dry and dull details ; and, while she te.ir.hrs, heifetE a desire in her pupil.-* 

I for further knoivleil»ir, so iilcasiintiy imparted. These ‘ Conversations,' admirablv suited to the capacities of cliildu-n, 

j may be skimmed advanlageHusly by * ciukdren wf a larger growth.' LiXEiiainr uazerne. 

MARCET.-CONVERSATIONS ON CHEMISTRY; 

1 In which the Elements of that Science are familiarly Explained and Illustrated by Experintents. 

I 14ch Edition (1841), enlarged and corrected, 2 vuls. fcp. 8vo. pp. 732, 148. cloth. 

; MARCET.-CONVERSATIONS ON NATURAL PHILOSOPHY; 

j In which the Elements of that Science are familiarly explained, and adapted to the compre- 
hensiop of Young Persons. lOth Edition (1839), enlarged and corrected by the Author. , 
' In I voL fcp. 8vo. pp. 484, with 23 Plates, 10s. 6d. cloth. 

Of the General Froperti^ of Bodies ; the Attraction of Gravity ; the Laws of Motion ; Compound 
Motion ; the Mechanical Powers ; Astronomy ; Causes of the Earth’s Motion ; the Planets ; 
.the Earth; the Moon; Hydrostatics; the Mechanical Properties of Fluids; of Springs* 
Fountains, &c. ; Pueiimutics ; tlie xMcclianical Propertie.s of Air ; on Wind and Sound ; Optics; 
the Visual Angle and the Reflection of Mirrors ; on Refraction and Colours j on the Structure 
of the Eye, and optical lustrnmeuts. 
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MARCET -CONVERSATIONS ON POLITICAL ECONOMY; 

. In which the Elements of that Science are familiarly explained. 7th Edition (1839), revised 
and enlarged, 1 vol. fcp. 8vo. pp. 424, is. 6d. cloth. 

Introduction; on Property; the Division of r.al>our; on Capital; on Waf^es and Population ; on 
the Condition of the Poor; on Value and Price: on Income ; Income from Lauded Property ; 
Income from the Cultivation of Land ; Income from Capital lent ; on Money ; on Commerce ; 
on Foreign Trade ; on Expenditure and Consumption. 

MARCET.- CONVERSATIONS ON VEGETABLE PHYSIO- 

LOGY; comprehending the Elements of Botany, with their application to Agriciiltnre. 
3d Edition (18.39), 1 vol. fcp. 8vo. pp. 474, with 4 Plates, 9s. cloth. 

Introduction; on Roots; on Stems; on Leaves; on Sap; on Cambium an (f the peculiar Juices 
of Plants; on the Action of Light and Heat on Plants ; on the Naturalization of Plants; on 
the Action of the Atmosphere on Plants; on the Action of Water on Plants; on the Artiticial 
Mode of Watering PLints ; on the Action of the i5oil on Plants ; on the Propagation of Plants 
by .Subdivision ; on Grafting; on the Multiplication of Plants by Seed; the Flower; on Com- 
pound Flowers; on Fruit; oh the Seed; ou the Classirlcation of Plants ;>on Artificial Systems; 
on the Natural System ; llotanical Geography; the Influence of Culture on Vegetation ; on 
the Degeneration and Diseases of Plants; on the Cultivation of Trees; on the Cultivation of 
Plants which produce Fermented Li<|uors ; on the Cultivation of Grasses, Tuberous Roots, and 
Grain ; on Oleaginous Plants and Culinary Vegetables. 

MARCET.-CONVERSATIONS EOR CHILDREN; 

Ou Uand and Water. 2d Edition (1839), revised and corrected, 1 vol. fcp. fivo. pp. 256, with 
coloured Maps, showing the comp<arative altitude of Mountains, 5s. 6d. cloth. 

MARCET -THE GAME OF GRAMMAR, 

With a Book of Conversations (fcp. 8vo. pp. 54, J812) shewing the Rules of the Game, and 
uffording Examples of the inaniier of playing at it. In a vavuished box, or done up as a post 
8vo. volume in cloth, 8a. 

MARCET. -MARY’S GRAMMAR; 

Interspersed witli Stories, and intended for the Use of Children. Cth Edition (1842), revised 
and enlarged. 18ino. pp. 336, 38. 6d. half-bound. 

MARCET. — .TOHN HOPKINS’ NOTIONS ON POLITICAL 

ECONOMY. 3d Edition (IBS,), fcp. Bvo. pp. 194,45.6d. cloth. 

*♦* A smaller Edition (the second, 1833), 18mo. pp. 176, Is. 6<1. sewed. 

MARCET.-WILLY’S HOLIDAYS ; 

Or, Conversations on Different Kinds of Governments, intended for Young ('hildreii. IBino. 
pp. 158 (1636), 2s. half-bound. 

MARCET.-WILLY’S STORIES FOR YOUNG CHILDREN. 

Third Edition, 18nio, pp. 138 (1839), 2s. half-bound. 

The Hoiwe-lmilding; the Three Pits (the Coal Pit, the Chalk Pit, and the Gravel Pit); and tlje 
Land without Laws. 

MARCET.-THE SEASONS; 

Stories for very Young Children. 4 vols. ISmo. new Editions ; Vol. 1, Winter, 3d Edition, 
pp. 180, 1839; Vol. 2, Spring, 3d Edition, pp. 196, 1839 ; Vol. 3, Suinmer, 3d Edition, pp. 178, 
1840 ; Vol. 4, Autumn, 3d Edition, pp. 184, 1840. ‘is. each volume, half-bound. 

MARRIAGE GIFT. 

By a Moth eb. A Legacy to her Children. Post 8vo. Ss. cloth, gilt edges. 

MARRYAT.-NARRATIVE OF THE TRAVELS AND IDVEN- 

TURES of MONSIEUR VIOLET, in Ciiliforniji, Sonora, and Western Texas. Written by 
Capt, Mabryat, C.B. Author of “ Peter Simple.’* 3 vols. post 8vo. 318. 6d. bds. 

MARRYAT.-MASTERMAN READY ; 

Or, the Wreck of the Pjicific. vvritten for Young People. By Captain Maruyat. 3 vols. 
fcp. 8vo. with numerous Engravings on Wood, 22s. 6d. cloth. ^ 

*** nio volumes separaielyy 7s. 6d. each, cloth. 

MARTIN6ALE.-SP0RTING SCENES AND COUNTRY CIIA- 

RACTEUS. By Martinoai.e. I vol. square crown 8vo. beautifully embellished with 
W’ood Engravings in the highest style of the Art, ^’1. Is. handsomely bound in a new style. 
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MAUNDER -THE TREASURY OF KNOWLEDGE, | 

And LIBRARY of KBFERBNCE : containinji^ a new and enlarged Dictionary of the English : 
Language, prece<led by a Compendious Grammar, Verbal Distinctions, &c. ; a new Universal 
Gazetteer ; a Compendious Classical Dictionary ; a Chronological Analysis of General H istory 
a Dictionary of Liiw Terms, &c. &c. By Samurl Maunpbr. 14th Edition, 1 vui. fcp. 8vo. 
pp. 810, with two engraved Frontispieces, 8s. 6d. cloth; or handsomely bound in roan, lettered, 
with gilt edges, lOs. 6d. ^ . I 

I MAUNDER-THE SCIENTIFIC & LITERARY TREASURY; 1 

A new and popular Encyclopedia of Science and the Belles-Lettres ; including all IJranclies of I 
S<dencc, and ev^ery Subject connected with Literature arid Art. The whole written in a familiar 
style, adapted to the comprehension of all persons desirous of acquiring information on the j 
subjects comprised in the work, and also adapted for a Manual of convenient Reference to the 
more instrucied. By Samukl Maunura. 2d Edition, 1 thick vol. fqi, svo. of 1700 closcly- 
I printt?d columns^ pp. 840, with an engraved Frontispiece, 10s. handsomely bound in fancy ! 

cloth, lettered; or bound in roan, gilt edges, 12s. 

I MAIINDER.-TIIE BIOGRAFIIICAL TREASURY; 

i Consisting of Memoirs, Sketches, and brief Noticesof above 12,(M)0 Eminent Persons of all Age. ^ ! 

I and Nations, fnmi the Earliest Period of History; forming a new and complete Dictionaiy i 

1 of Universal Biography. 4th Edition, with a “ Supplement,’* from the Accession of Queen ' 

Victoria to the Present Time, l vol. fcp. Svo. pp. 870, with engraved Frontispure, 8 k. Od. 

I cloth ; or roam, gilt edges, 10s. Cd. 

I MAUNDER -THE TREASURY OF HISTORY; 

I Comprising a General Intnubictory Outline of Universal History, Ancient and Motlern, and a 

I Series of separate Histories of every principal Nation that exists; their Risa^, Progress, and 
Present Condition, the Mond and Social Character of their respective inhabitants, their 
Religion, Maiiiiors, and Customs, &c. By Samuajl Maijnduu. 10s. cloth. 

M‘CULL0CH.-THE PRINCIPLES OF POLITICAL ECONOMY: 

with some Emiuiries rGsp«jcting their Appiii;ation, and n Sketch of the Ris»? and Piogress of 
the .Science. By J. R. McCulloch, Esq. New Edition, enlarged and corrected tlaroiighout, 
8vo. 158. 

M‘CULL0CII.-A DICTIONARY, GEOGRAPHICAL, STATIS- 

TICAL, AND HISTORICAI., of the various Countrie.s, Places, and Principal Natural Objects 
in the WORLD. By J . R, M‘Cri.i.ocH, Esq. 2 thick vols. Svo. pp. lygo, bound in cloth. 
Illustrated with Six ]..argo importuut Maps as follow:— 

1. The World, ou .Mercator’s Piojectiou; with eidarged scale.s introduced of Canton River, Van 
Dieraan’s Land, Hooghly River, Island and Town of Singapore, ami (k)lony of Good Hope. 

2. Asia ou a very extensive scale, embracing every recent Snr\'ey (colourcilj. 

3. Great Britain and Ireland, exhibiting the Navigable Rivers, and completed and "proposed 
Railways; with Dublin Bay, the Calcdouian Canal, and the IlivtT Thames, introduced on 
an enlarged scale. 

4. The British Possessions in North America, with part of the United States, compiled from j 
official sources ; with Plans of the Citic.s ami Harbours of Montreal and the Island of ! 
Newfoundland, introduce<l on an enlarged scale. 

0. Ccmtral and Southern Europe, with the Mediterranean Sea; the Month of the Schelde intro- : 

duced on an extended seals. , 

6. Central America and the West Indies, from the latest and best authorities ; with the Island 
of .1 amaica, the Harbours of Port Royal and Kingston, and the Harbour and City of H atana, 
iutroiluceil on an enlarged scale. 

« Till! ft infiinnation this Dictionary aWnnls on ttw snbiw’l.s roff-rrctl to in its HUc is truly BurnriainR. It 

cannot fail to prove a v:ulc inociun tii thi,t student, wImwc inqrurieK will be guided by its light, and satisaed by its dear 
and rrequcntly elaljoraUd cnmmunioiitions. Every imhlir. room in wliicli cionnncrce, iiolitica, or literature, forms Uic i 
Bubjot t of «b^cuftpio7)J ou^bt to Iw furniBheti with tliesi? volaim*9 .'- — Globjs. j 

MCCULLOCH. -A DICTIONARY, PRACTICAL, THEORETI- 

CAL, and historical, of commerce and COMAIERCIAL navigation. llius- , 

trated with Maps and Plans. By J. R. McCulloch, Esq. A New Edition, with a new find 
enlarged Supplement, containing the New Tariff, the New Corn Law (with an Article on the 
latter), and bringing down the information in the work to September 1842. One closely 
and beautifUlly-printed vol. Svo. of more than 1350 pages, ±2. 10s. boards. 

* 1 ^* Tlte New Supplement 5s. sewed. 
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MEREDITH, 

Ity the Countess of Btessinoton. 3 vols. post 8vo. 31 b. (Ul. hoards. 

“ Tliis novpl is pi;rl)aps the best that Lady BkssinKtnn boB I'iven to u»— eomhininjy, a it does, nil the best 
featiiJfis of her style, iu a consistent and well-conslnieletl narrative n'hieli ticeomplislii-s nil it aims at, — n!unelv,to 
nl!ic:e hefow its readers a picture of actiialKrtJjlinh life, so {froii|a-it and colimied by the blind of fietiun us invri.-fy to 
ueigliten its ntural elfiict without impairing its trutltfuluess." — N ew Momtuey Mauaxine. 

MILNE.-TREATISE ON THIJ VALUATION OE ANNUITIES 

and ASSURiVNCES on LIVES and SURVIV'ORSIilPS ; on the C^niist-rnction of Tables of ] 
Mortality ; and on the Probabilities and Expectations of Life. Wherein tin; I^aws of Mortality | 
that prevail in different iiarts of Europe are determihed, and the Comparative Mortality of i 
different Diseases and of the Two Sexes are shhwu; with a variety of Tables. By Joshua 
Milne, Actuary to the Sun Life Assurance Society. 2 vols. 8vo. jSI, 10s. boards. ) 

I MONTGOMERY’S (JAMES) POETICAL WORKS. \ 

New and only Complete Edition (I8dl). With some additional Pocms,»and Aiitohio^!j.ai>hical 
Prefaces. Collected and Edited by Mr, Montoomkiiy. 4 vols. fcp. 8vo. with Portrait, and 
Seven other beautifully-engraved Plates, 208. cloth ; or bound iu morocco, gilt edges, 3()S. 

MOORE’S (THOMAS) POETICiVL WORKS. 

The only Complete Edition (1841). Edited by Mr. Moore. W’ith Autobiographical , 
Prefaces. 10 vols. frj), 8vo. with Portnait, and 10 other highly-finished Plates, j 6’2. lOs. 
fancy cloth ; or 10s. handsomely Inmnd in morocco, with gilt edges* [ 

MOORE’S POETICAL WORKS; 

Containing the Author’s recent Introduction and Notes. Complete in one volume, nni form j 
with lAjrd Byron’s Poems. With a New Portrait, by George llidmioud, engraved in tin? line 
manner, and a View of .Sloperton Cottage, the Residence of the Poet, by Thomas Creswick, 
A.K.A. Medium 8vo. 21s. cloth. 

MOORE’S LALLA ROOKH. 

’Pwentieth Edition (1842), I vol. medium 8vo. beautifully illustrated with 13 Engravings ; 
finished in tlie liigUest style of Art, 218. handsomely bound iu cloth and ornamented ; morocco, j 
85s. ; or, with India Proof Plates, 42s. cloth. 1 

MOORE’S LALLA ROOKII. I 

Twenty-first Edition (1842), 1 vol. fcp. 8vo. with Four Engravings, from Paintings by Westall, ! 
lOs. 6d. cloth ; or, handsomely bound iu morocco, with gilt edges, Hs. j 

MOORE’S IRISH MELODIES. 

New Edition, imp. Svo. illustrated w ith above 50 Designs by Maclisc, etched on steel, 162. 2s. ; 
Proofs on India Paper, £1. 4s.; before Letters (of Illustrations only), .lO. Os. In the t^priug. 

TluJ Toclry and Designs will liuUi bu engraved, and each page surioundcd with uu Omaiai utal Uuidi r. ^ 

MOORE’S IRISH MELODIES. 1 

Fifteenth Edition (1843), with Engraved Title and Vignette, lOs. cloth lettered ; or 13s. 6d. 
handsomely bound iu morocco, with gilt edges. 

M00RE.-THE HISTORY OF IRELAND. 

By Thomas Moouk, Esq. VoLs. 1 to 3; with Vignette Titles, 18s. cloth. 

MORAL OF FLOWERS. 

3d Edition, I vol. royal bvo. with 24 beautifully-coloured Engravings, ^1 . 10s. half-bound. 

MORGAN.-THE PRINCIPLES AND DOCTRINE OF ASSU- 

RANGES, ANNUITIES on LIVES, andCOiMTNGENT REVKRSKJNS, stated and e.\pluiucd. 
By W. Mokoan, F.K.S. Actuary to the Society for Equitable Assurances on Lives, &c. 8 yo. 
12s. boards. 

MORTON.— A VETERINARY TOXICOLOGICAL CHART, 

Containing those Agents known to cause Death in the Horse ; with the Symptoms, Antidotes, 
Action on the Tissues, and Tests. By W. J. T. Mobton. 12mo. ^ s. iu case ; on roHers, 8s. GU. 

MORTON.— A MANUAL OF PHARMACY, 

For the Student in Veterinary Medicine; containing the Substances employed at the Royal 
Veterinary College, with an attempt at their classification, and the l»harmacopttJia of that In- 
stitution. By W. J. T. Mobton. 2d Edition, l2mo. cloth. 
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MOSELEY;-ILLUSTRATIONS OF PRACTICAL MECHANICS. 

By tlic Rev. H. Mosklky, M.A.» Professor of Natural Philosophy and Astronomy in King’s 
College, London ; being the First Volume of the Illustrations of Science by the i’rofessors of 
King’s College. 1 vol. fcp. 8vo. with numerous Woodcuts, 8s. cloth. 

MOSELEY.-THE MECHANICAL PRINCIPLES OF Engi- 
neering AND ARCHITECnjUK. By tki! Rev. H. Mosilky, M.A. F.R.S., Professor of 
Natural Philosophy and Astronomy in King’s College, London ; and Author of “ Illustrations 
of Mechanics,” &c. 1 vol. 8vo. with Woodcuts and Diagrams, 24s. cloth. 

“ Tliis volume imludcs tl»e substance of a course of leisures delivered to the students of King’s College, in the 
departments of engineerina nnd !ircliiU!Cture, during the pTe.sent and two prereding years (1840-42). The first part 
treats of statios, so far as tiiat science applies to tlie subjnr.t; the siHrnud of dynamics; the tJdnl of the tljcoiy of 
inai'.liinos ; the fourth of the theory or the stiihility of structures ; the fifth of the strength «>f materials ; and the 
sixth anil last of ‘ impact.’ We have merely notiNl Oie divisions of this body of mathematical science for the infurma. 
tion of those to whom the high reputation of Trufessor Moseley will be a sufficient warranty.” — .S i-kctator. 

“ The worV of Mr. Moseh^y is an elabonite, nrofouml, accurate, and elegant abstract and purely mnUiematical 
disquisition on the. tlytoretical principles of mcclianics; and will serve to increase Uie author’s nigh reputation as a 


niathematieian.”'>A\-nKn .vx’ m. 


MURRAY.-ENCYCLOPtEDIA op GEOGRAPHY; 

Comprising a complete Description of the Earth: exhibiting its Relation to the Heavenly 
Bodies, its Physical Structure, the Natural History of each Country, and the Industry, Coni'- 
merce. Political Institutions, and Civil and Social State of all Nations. By Hugh Murray, 
F.K.S.E. ; assisted in Astronomy, &c. by Professor Wallace ; Geology, &c. by Professor 
Jameson; Botany, &c. by SirW. J. Hooker; Zoology, &c. by W. Swainson, Esq. New 
Edition, brought down to 1840: with 82 Maps, drawn by Sidney Hall, and upwards of 1000 other 
Engravings on Wood, from Drawings by Swainson, T. Landseer, Sowerby, Strutt, &c. repre- 
senting the most remarkable Objects of Nature and Art in every Region of the Globe. I vol. 
8vo. containing upwards of 1500 pages, jeSt cloth. 

NARRIEN.-ELEMENTS of GEOMETRY; 

Consisting of the first Four and Sixth Books of Euclid, chiefly from the Text of Dr. Robert 
Simson i with the principal Theorems in Proportion, and a Course of Practical Geometry ou 
the Ground ; also, Four Tracts relating to Circles, Planes, and Solids, with one on Sphcricid 
Geometry. By Mr. Narkibn, Professor of Mathematics in the Royal Military College, 
Sandhurst, 8vo. pp. 288, with many diagrams, lOs. 6d, bound, 

NICOLAS.-THE CHRONOLOGY OF HISTORY. 

Containing Tables, Calculations, and Statements indispensable for ascertaining the Dates of 
Historical Events, anti of Public and I’rivate Documents, from the Earliest Period to the 
Present Time, By Sir Harris Nicolas, K.C, M.G. Second edition, corrected throughout. 
1 vol. fcp. 8vo. with Vignette Title, 6s. cloth. 

“We strongly rccomme-nd to historical students the clear aufl arimr.ate ' t.’lironology of History.' by Sir Harris 
niroUis, which contaius all Uie mtorintttion that can be practically n-quivud.”— tiuA».xi;iii.s RisviKw, No. 1T2. 

O’SULLIVAN.-OF THE APOSTACY PREDICTED BY ST. 

PAUL. By the Rev. Mortimer O'Sullivan, D.D. Rector of Killyman. 8vo. pp. 696, 
148. cloth. 

OWEN. - LECTURES ON THE COMPARATIVE ANATOMY 

AND PHYSIOLOGY OF THE INVERTEBRATE ANIMALS, delivered at the Royal College 
of Surgeons in 1843. By Richard Owen, F.R.S. Hunterian Professor to the College. From 
Notes taken by William White Cooper, M.R.C.S. and revised by Professor Owen. With 
Glossary and Index, svo. with nearly 140 Illustrations on Wood, 148. cloth. 

" It is sulficirnt to anupunec a work on the comparative anatomy of the Invertebratii by Mr, Owen. Were It 
n^.esa,’try to rerommend it, w« sboulAsay, lliat the desideratum it supplies has been long felt by students of natural 
t'^itcr of the present day except Mr. Owen conlJ have veutured to approach the subject: Ins 
enlighten^ research*^ having made the delightful department of science in which he has cr!:ati.‘d his briUiant repu- 
tation legitimately his own; and, indeed, organised into a systcin an interesting branch of k ' ' 

found only » few scattered and imperfectly known facts.’ —M bdicai; GxBEria. 
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PARKES.-D0MESTIC DUTIES; 

Or, Instructions to Young Married Ladies on the Management of their Households and the 
Regulation of their Conduct in the various Relations and Duties of Married Life. By Mrs, 
W. PARKjss. fith Edition, fcp. 8vo. 9s. cloth. 

Social Ketationa— Household Concerns— the Regulation of Time— Moral and Religious Duties. 

PARNELL.-A TREATISE ON ROADS; 

' on which Roads should be made are explained and illustrated by the 

MfJKSS ill, of by Thomas Telford, Eaq. on the Bolybead 
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PEARSON- PRAYERS FOR FAMILIES: 

Consisting of a Form, short but comprehensive, for the Morning .and Evening of everyday in 
the week. Selected by the late E. Pka rhon, D.D. Master of Sidney Sussex College, Caml>ritlge, 
To which is prefixed, a Biographical Memoir of the Editor. New Edit. l8mo. 2s. Cd. cloth. 

PEARSON.-AN INTRODUCTION TO PRACTICAL ASTRO- 

NOMY. By the Rev. W. Pkarson, LD.1>. F.R.S., &c., Rector of South Killworth, 
Leicestershire, and Treasurer to the Astronomical Society of Ijondon. 2 vola. 410. with 
Plates, j67. 7s. boards. 

Vol. I contains Tables, recently computed, for faciHtating the Reduction Celestial observa- 
tions; and a poj ular explanation of their Construction and Use. 

Vol. 2 contains Descriptions of the various Instruments that have been usefully employed In 
determining the Places of the Heavenly Bodies, W'ith an Account of the Methods of Adjusting 
and Using them. 

PERCIVALL.-THE ANATOMY OE THE IIORk; 

Embracing the Structure of the Foot. By W. Pkrcivall, M.R.C.S. 8vo. pp. 478, ^1, cloth. 

PERCIVALL.-HIPPOPATHOLOGY ; 

A Systematic Treatise on the Uisorders anil Lameness of the Horse; with their modern and 
most approved Methods of Cure; embracing the doctrines of the English and French 
Veterinary Schools. By W. Pkuci v all, M-R.C.S. Veterinary Surgeon in the Ist Life Guards. 
Vol 1, Bvo. pp. 340, lOs. 6d. boards; Vol. 2, 8vo. pp. 43G, 14s. hoards. 

PEREIRA.-A TREATISE ON FOOD AND DIET: 

With Observations on the Dietetioal Regimen suited for Disordered States of the Digestive 
Organs ; and an Account of the. Dietaries of some of the principal Metropolitan ami other 
Establishments for Paupers, Lunatics, Criminals, Children, the Sick, &c. By Jon. Pekbika, 
M.D. F.R.S. & Ii.S. Author of “ Elements of Materia Medica.” 8vo. 16s. cloth. 

“ InvnluabU* to llio pl•rlf^.^)^ioH«), and inWwstinjf t'vvn fti Uio {'•.•ncral tcailpr. It i.'i written in tliat. cleav »nd rfti'y stylu 
wliuiii I'iiuractwihPS Dr. I’crcira’s writings, .nnd xvliicli pos.s«-«.s4*» such ■•Iwirms for tlii*Ne wJm) Jilio tuociilillc bwiks wlir-n 
tiiey arp not ‘ too dry.’ W'l; may, in fine, pnmounco it well wortiiy of tloj author of IJie host work on MaUirla Modios 
ana Tltprajm Utica of the iigc in Which h«? lives."— C iikmist. 

PinLLIPS.-AN ELEMENTARY INTRODUCTION TO MINE- 

ILVLOGY; comprising a Notice of the Characters and Elements of Minerals; with Accounts 
of the Places and Circumstances in w’hich they are found. By William Phillips, F.L..S. 
M.G.S., &c. 4th Edition, considerably augmented by R. Allas, F.R.S.E. 8vo. numerous 
Cuts, 12s. cloth. 

PHILLIPS -FIGURES AND DESCRIPTIONS OF THE 

PALAEOZOIC FOSSILS of CORNWALL, DEVON, and WEST SOMERSET; observed in 
tlMJ course of the Ordnance Geological Survey of that District. By John Phillips, F.R.S. 
F.G.S. &c. Published by Order of the Lords Commissioners of 11. M. Treasury. 8vo. with 
60 Plates, comprising very numerous figures, Os. cloth. 

PHILLIPS.— A GUIDE TO GEOLOGY. 

By John Phillips, F.R.S.G.S., &c. 1 vol. fcp. 8vo. with Plates, fis. cloth. 

PHILLIPS.— A TREATISE ON GEOLOGY. 

By John Phillips, F.R.&.G.S., &c. 2 voJs. fcp. 8vo. w'th Vignette Titles and Woodcuts, 
128. cloth. 

POISSON.— A TREATISE ON MECHANICS. 

ByS D Poisson 2d Edition. Translated from the French, and illustrated with Explanatory 
Notes, by the Rev. Henry H. Harte, late Fellow of Trinity College, Dublin. 2 large vols. 
8vo. 288. boards. 

PORTER. -A TREATISE ON THE MANUFACTURE OF SILK. 

By G. R, Porter, Esq. F.K.S. .Author of « 'Fhe Progress of the Nation,” &c. 1 vol. 8vo. with 
Vignette Title, and 39 Engravings on Wood, Bs. cloth. • 

PORTER.-A TREATISE ON THE MANUFACTURES OF 

POBCELAIN AND GLAS8, By G. R. PORTER, Esq. V.R.S, \ \0\. fcp. 

Title and 50 Woodcuts. 66. cloth. 
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PORTLOCK -REPORT ON THE GEOLOGY OF THE COtINTY 

of LONDONDERRY, and of Parts of Tyrone and Ferniana^li, examined and described iindc'v 
the Authority of the Master-General and Board of Ordnance. By J. E. Poutlock, F.Il.S. 
&c. 8vo. with 48 Plates, 24s. cloth. 

POSTANS.-PERSONAL OBSERYATIONS ON SINDH, 

Tile Manners and Customs of its Inhabitants, find its Productive Capabilities : with a Narrative 
of the Recent Events. By Capt. Post an s, Bombay Army, late Assistant to the Political 
Agent, Sindh. 8vo. with new Map, coloured Frontispiece, and other Illustrations, 18s. cloth. 

“ Capt. Postana yritfs pleasantly, and ia a firm and calm recorder of what ho Iihh seen and kn«jwii— an honest and 
deliberate reporter of the conclusions lie has come ti> on a sabject that has |H>inta alunit which men are mui.li diyidcij. 
lie has studied his theme in its various hranehes vh'il.'uitly ainl patiently, aiul has bcstuwcsJ reHectioii and excDiphiry 
rare bcrorc deliveriiJis' the rjPBults of his observation and n’search. His work, indeed, we cannot doubt, will Uiroiiie 
an auUiority upon various points of Indian ]K>Ucy evon beyond U>c interests tliut arc immediately combined witli tlui 
Sindhian nation." — ^NI omtuly Uavinw. 

POWELL.-TIIE HISTORY OF NATURAL PIIILOSOPHY, 

From tlie Earliest Periotls to the Present Time. By Badkn Powell, M.A,,Saviiian Professor 
of Mathematics in the University of 0.vford. 1 vol. fcp. 8vo. Vignette Title, 6 b. cloth. 

PRISM OF IMAGINATION (THE) FOR 1844. 

By tlie Baroness De Calakrella, Author of “ The Prism of Thought for 1843.” Post 8vo. 
21s. handsomely hound in morocco, and gilt. 

**♦ Tne Ornamental Designs by Afr, Owen Jones. Each page will be surrounded with rich 
and appropriate Ornarnentiil Borders, printed in Colours and Gold. There will be Eiirbt 
Ornamental Titles illustrative of tlie Titles, and Eight Lithographic Illustrations, designed by 
Henry Warren. The Lettoniress will consist of a series of five Imaginative Tales, entitled— 
The Miniature— The Ring— The I»en— The Annlet -The Wattdi, 

PROCEEDINGS OF THE ZOOLOGICAL SOCIETY OF LONDON. 

8vo. The last part published is Part 9 for 1841, Cs. cloth, 

REECE.-TIIE MEDICAL GUIDE, 

For the use of the Clergy, Heads of Families, Seininarie.s, and Junior Practitioners in Medi- 
cine ; compri.sing a comiilete Modern Dispensatory, and a Practical Treatise on the Distin- 
guishing Symptoms, Causes, Prevention, Cure ami Palliation, of the Diseases incident to the 
Human Frame. By R. Ubisce, iM. D. late Fellow of the Royal College of Surgeons of London, 
&c. I6th Edition, 8yo. pp. 600, 128. boards. 

REEYE.— CONCHOLOGIA SYSTEMATICA : 

Or, Complete System of Coucbology: in wliich the Lepades ami Molluscaare described omi 
classified according to their Natural tlrgaiiization and Habits; illustrated with 300 highly 
finished copper-plate engravings, by Messrs. Sowerby, containing above 1500 figures of Shells. 
By L. Reeve, F.L.S. &c. 

Vol. 1, containing the Lepades and Bivalve Mollusca, with 130 Plates, je3. Ss. cloth ; with 
coloiirwl Plates, .^’5. 10s. cloth. 

Vol. 2, the ♦* Univalve Mollusca,” with 171 Plates, ^4. Os. cloth; coloured, je7. 128. cloth. 

REPTON.-TIIE LANDSCAPE GARDENING & LANDSCAPE 

ARCHITECTURE of the late Hij.wphry Rkptun, Esq.; being his entire w'orks on these 
subjects. New Edition, with an historical and scientific Intrmluction, a systematic Analysis, 
a Biographical Notice, Notes, and a copious alphabetical Index, By J. C. Loudon, F.L.S. 
&c. Originally published ip j folio and 3 quarto volumes, and now comprised in 1 vol. Bvo. 
illustrated by upwards of 250 Engravings, and Portrait, 30s. cloth; with coloured plates, 
its. 6s. cloth. 

RICHARDSON.-GEOLOGY FOR BEGINNERS: 

Comprising a Familiar Explanation of Geology, and its associate Sciences, Mineralogy, 
Physical Geology, Fossil Coucbology, Fossil Botany, and Palaeontology, including Directions 
for forming Collections and generally cultivating the Science ; with a succinct Account of the 
several Geological Formations. By G. F. Richardson, F.G.S. of the British Museum. 
Second Kditiqn, considerably enlarged, with new Frontispiece, and nearly 100 new Wood 
.. Engravings, fep. 8vo. lOs. 6d. cloth. 

RIDDLE. -A COMPLETE ENGLISH-LATIN AND LATIN- 

ENGLISH Die nONARY, compiled from the best sources, chiefly German. By the Rev. 
J. E. KiDDLK. 2d Edition, corrected and enlarged. 8vo. 91s. 6d. cloth. 

S* Separately— Tlie English-Latin part, lOs. 6ii. cloth ; the English.LatIn part, 21s. cloth. 
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: KIDDLE— THE YOlIKG SCHOLAR’S ENGLISH-LATIN AND I 

! ^ LATIN'ENGLISH DICriONAllY i being the Author’s Abridgments of the above. 2d Edit, 
i Square 12ino. 12s. i)ouud. 

* 4 * Separately— the English-Latin part, 5s. 6d. bound ; the Latin-Knglish part, 78. bound. 1 

'• ItiddlcV Dictionary is tlic bwst of the kind in our Ituiijungc."— ATiitNaii M. 

RIDDLE. — A DIAMOND LATIN ENGLISH DICTIONARY. ] 

For the waistcoat-pocket. A Guide to the Meaning, Quality, and right Accentuation of Latin j 
Classical Words, liy the Rev. J. E. Riduljs, M.A. Royal 32mo. is. bound. 

A most aseful little lexicon to tin* general reader who ma^’ wish for an acrommodatin^. i-nterjwi tcr of such Latin 
j words or iu-nteoc«e as may he encountered in every day's casual lUirnry exercises. A is at once copious aud 

; wifxinct.’*— Mon.NiSQ 

RTDDLE.-LETTERS FROM AN ABSENT GODFATHER; 

Or, a Compendium of Religious Instruction for Young Persons. By the Rev. J. E. Riddle, 
M.A. Fcp. 8vo. Os. cloth. 

; RIDDLE. -ECCLESIASTICAL CHRONOLOGY; 

Or, Annals of the Christian Church, from its Foundation to the present Time. Containing a 
' View of General Cliurcb History, and the Course of Secular Events ; the Limits of tlie 

; Church and its Relations to the State; Controversies; Sects and Parties; Rites, 

! Institutions, and Discipline; Ecclesiastical Writers. Tlie whole arranged according to the 

I order of Dates, and divided into Seven Periods. To which are added. Lists of (’ouiicils and 

I Popes, I’atriarchs, and Archbishops of Canterbury. By the Rev. J. E. Riddle, AI.A., 

Author of “The Complete Latin Dictionary.** 1 vol. 8vo. 15s. cloth. 

RIVERS.-THE ROSE AMATEUR’S GUIDE. 

Ill Two Parts : Part 1, 'rhe Summer Rose Garden ; Part 2, The Autumn.'il Rose Garden. The 
whole arranged so as to form a Cknnpaniou to the Descriptive (Catalogue of the Sawbridge- 
wortli Collection of Rose^, published annually. By T. Rjveus, Juu. 3d Edition, greatly 1 
enlarged, fc]). 8vo. 6s. cloth. ! 

Amon;? tli<i adtlitions to the prosc'ut 'EtUtion will he foumi full Directions for U.'iieinc New Ro?es from Secil, hy 
mtMies never liel'ore pnhiitihc'o, uppeiided to v.'u'h FiiniUy; with deKcript.iona of tlic nto»t rer.inrkntilu Now lluBCs 
lately iatrodueed; an aipInUH.'ticui list of nil tlic Now UuirO!i aud Show Flowors. j 

■ ROBERTS.-A COMFREHENSIYE VIEW OF THE CULTURE i 

of the VINE under OLA,SS. By James Robeuts, Gardener to M. Wilson, Esq. Eshton Hall, | 
Yorkshire. 12mo. 5s. 6d. cloth. 

; ROBERTS.-AN ETYMOLOGICAL AND EXPLANATORY | 

^ dictionary of the Terms and Language of GEOLOGY; designed for the early Student, 
and those who have not made great progress in the Science. By G . Ro b e rxs. Fcp. 6s. cloth. 

: ROBINSON.-GREEK AND ENGLISH LEXICON TO THE 1 

NEW TESTAMENT. By E. Robinson, D.D. Author of “ Biblical Researches.” Edited, 
with careful revision, corrections, &c. by the Rev. Dr. Bloomfield. I vol. 6vo. 18a. cloth, j 

: ROGERS.-THE VEGETABLE CULTIVATOR; j 

Containing a plain and accurate Description of all the din'erent Species of Culinary Vegetables, * 
with the most approved Method of Cultivating them by N.itural and Artificial Means, and 
the best Modes of Cooking them; alphabetically arranged. Together with a Description of . 
the Physical Herbs in General Use. Also, some Recollections of the Life of Pii i i.i p M i lleu, 
F.A.S., Gardener to the Worshipful Company of Apothecaries at Chelsea. By John Roueus, 
Author of “ The Fruit Cultivator.” Fcp. 8vo. 7s. cloth. • j 

R0ME.-THE HISTORY OF ROME. | 

2 vols. fcp. 8vo. with Vignette Titles, Pis. cloth. j 

RONALDS.-THE FLY-FISHER’S ENTOMOLOGY, I 

Illustrated, by Coloured Representations of the Natural and Artificial Insect ; and accompanied 
by a few ObseiTations and Instructions relative to Trout and Grayling Fishing. By Alfked j 
I Ronalds. 2d Edition, with 20 Copperplates, coloured, 8vo. Hs. cloth. I 

R0SC0E.-LIVES OF EMINENT BRITISR LAWYERS. 

By Henry Roscoe, Esq. 1 vol. fcp. 8vo. with Vignette Title, Gs. cloth. 

SANDFORD.-LIVES OP ENGLISH FEMALE WORTHIES, ' 

By Mi’S. John Sandford. Vol 1, containing the Lives of Lady Jane Grey and Mrs. Colonel 
Hutchinson, fcp. 8vo. 68. Gd. clotlk 
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SANDFORD.-WOMAN IN HER SOCIAL AND DOMESTIC 

CHAKACrKR. By Mrs. John SANnroRD. 6th Edition, fcp. 8vo. 6s. cloth. 

Causes of Female Influence; Value of letters to Woman ; Importance of Religion to Woman ; 
(Miristianity the Source of Female Excellence; Scripture illustrative of Female Character; 
Female Influence on Religion ; Female Defects; Female Romance; Female Education ; Female 
Duties. 

SANDFORD.-FEMALE IMPROVEMENT. 

By Mrs. John SaNDFonD. 2d Edition, fcp. 8vo. Ts. 6d. cloth. 

Tlie Formation of Female Character ; Religion a paramount Object ; the Importance of Religions 
Knowledge; Christianity, Docidnal and Practical ; the Employment of Time; Study, its Mode 
and its Recommendation; Accomplishment; Temper; Taste; Benevolence; Marriage; the 
Voung Wife ; the Young Mother. 

SAVAGE.-A DICTIONARY OF PRINTTNG. 

By William Savage, Author of “ Practical Hints on Decorative Printing,” and a Treatise 
** On the Preparation of Printing Ink, both Black and Coloured.” In 1 vol. 8vo. with numerpus 
Diagrams, 6s. cloth. 

SCOTT.-THE HISTORY OF SCOTLAND. 

By Sir Walter Scott, Bart. New edition. 2 vols. fcp. 8vo. with Vignette Titles, 12s. cloth. 

SEAWARD - SIR EDWARD SEAWARD'S NARRATIVE OF 

HIS SHIPW’RECK, and consequent Discovery of certain Islands in the Caribbean Sea: with 
a detail of many extraordinary' aud highly interesting Events in his Life, from 1733 tnl749, as 
written in hi.s own Diary. Eilited by Miss Jank Porter. 3d Edition, with a New Nautical 
and Geographical Introduction, containing Extraids from n Paper by Mr. C. F. Collett, of the 
Royal Navy, identifying the islands described by Sir E. Seaward. 2 vols. post 8vo. 218. cloth. 

SELECT WORKS OF THE BRITISH POETS, 

From Chaucer to Withers. With Biographical Sketches, by R. Southey, LL.D. I vol. 8vo, 
SOs. cloth ; with gilt edges, 31s. 6d. 

SELECT WORKS OF THE BRITISH POETS, 

From Bon Jousoii to Beattie. With Biographical and Critical Prefaces, by Dn. Aikin. 
1 vol. 8vo. 18s. cloth ; with gilt edges, 20s. 


* ,* ThA pACuliar tAature of thnKc tivo works is, that the Poems included are pi 
ahridgment j care heiug taken that such poems ouly are iucludcd as are fyr tli 
aloud. 


irinted entire, without mutilation or 
IS perusal of youth, or for rendiug 


SHAKSPEARE, BY BOWDLER. 

THE FAMILY SHAKSPEARE; in which nothing is added to the Original Text ; but those 
words and cxpre.S8ions are omitted which cannot with propriety be readaloud. By T Bow'Di.e k, 
Esq. F.R.S. .Seventh Jidition (1839), 1 large vol. 8vo. with 36 Illustrations after Smiike, &c. 
SOs. cloth ; or 31 s. 6d. gilt edges. 

*** A Library Edition, without Illustrations, 8 vols. 8vo, 148. 6d. boards. 

SHELLEY, &e. -LIVES OF THE MOST EMINENT LITERARY 

MKN OF ITALY, SPAIN, ()n(l PORTUGAL. B, Mr.. Shkhey, Sir D. Beewster, 
J. Montgomery, &c. 3 vols. fcp. 8vo. with Vignette Titles, 18s. cloth. 

SHELLEY.-LIVES OF MOST EMINENT FRENCH WRITERS. 

By Mrs. Sh kllu y, and others. 2 vols. fcp. 8vo. with Vignette Titles, 128. cloth. 

SHORT WHIST: 

Its Rise, Progress, and Iaws ; with Observations to make any one a WThi st Player ; contain tng 
also the Laws of Piquet, Cassino, Ecartd, Cribbage, Backgammon. By Major A * * * * *. 
7th ^iiion. To which are added. Precepts for T^ros. By Mrs. B** **♦. Fcp.BvOf fli^- 
clothi, gift edges. * * 

SISMONDI.-THE HISTORY OF THE ITALIAN REPUBLICS ; 

Or, of the, Origin, I’rogress, and Fall of Freedom in Italy, from a.d. 476 to 1806, By J. C. L. 
Db SisiaoNDi. » vols. fcp. 8vo. with Vignette Titles, 12s, cloth. 
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SISMONDI -THE HISTORY Of THE FALL OF THE ROMAN | 

EMPIRE. Comprising' a View of the Invasion and Settlement of the Barbarians. By J. C L. ' 
Db SiSMONDi. 2 vols. fcp. 8VO. With Vignette Titles, 12s. cloth. j 

SMITH.-AN INTRODUCTION TO THE STUDY OF BOTANY. 

By Sir J. E. Smith, late President of the Linnean Society. 7th Edition (1833), corrected ; in 
• which the object of Smith’s “ Grammar of litany” is combined with that of the “ Introduc- 
tion.” By Sir William Jacksok IIookkk, K.H., LL.D., &c. 1 voi.8vo. pp. 522, 36 Steel 

Plates, 16s. cloth ; with the Plates coloured, 12 s. 6d. cloth. 

SMITH.-THE ENGLISH FLORA. 

By Sir James Edwaro Smith, M..D. F.R.S., late President of the Linnsean Society, &c. 

6 vols. 8vo. 1 2s. boards. 

Contents -Vols. I. to IV. the Floweuino Plants and the Ferns, d^2.iBs. 

Vol. V. Part 1, 12s. — C ryptogamia; comprising the Mosses, llepaticx. Lichens, Cliaracero, 
and Algie. By Sir W. J. Houkkr. 

Vol, V. Part 2, 128.~The Fungi— completing the work, by Sir J. W. Hooker, and the Rev. 

M. J. Berkeley, F.L.S. &c. 

SMITII.-THE WORKS OF THE REV. SYDNEY SMITH. 

2d Edition, 3 vols. 8vo. with Portrait, pp. 1412, 3GS. cloth. i 

This collection consistit of the author’s cuntriWtions to the Edinburgh Ueview, Peter Pljnilcjr's Letters on the 
Catholi(ta, and other mbcellaneous works. i 

SMITH.-LETTERS ON THE SUBJECT OF THE CATHOLICS, | 

to my Brother Abraham who lives in the Country. By Peter Plymley. 21st Edition, | 
post 8vo. pp. 200, 78. cloth. ■ I 

SMITH.-THE MEMOIRS OF THE MAROUIS DE POMBAL. 

By John Smith , Private Secretary to the Man^uis De Saldana. 2 vols. post 8vo. with Portrait 
and Autographa, 218. cloth. 

These Memoirs of Uiis illustrious Portc^cse Statesman, deaignatco by his countrymen the “ORKaT Minat'is," 
conliiin details of the terribh; enrth<|uakc in 1755— the ener^ of Pomhal on that awful (M-caslon— tlie establishment 
of tlie Oporhi Wine Company — the Duke of Ai-eiro’s conspiracy — ruptnre ivi(l» the Court of U^lnlC“.^^tTan^e halliu'inn- 
tiotiHof Uie.lesult Malagridii— .suppression of the Jesuit order throughout Kuropc etfceled by Poinhal’s cmiruy and ! 
address— fiipiily eoinpael and war M'itli France and Spain — extensive reforms and flouvislung comlition of Portugal — ! 

death of the king — Ponibal’a resigniitiou, examination, sentence, illness, and death. The whole intersiierHedVith i 
extracts from the despatches of Mr, Hay, Lord Kiuntmli, Mr. Walpole, &c. never before published. I 

SMITIL-AN INQUIRY INTO THE NATURE AND CAUSES 

OF THE WEALTH OF NATIONS. By Awam Smith, LL.D. With a Life of the Author, 
an Introductory Discourse, Notes, and Supplemental Dissertations. ByJ.R. McCulloch. 
New Edition, corrected throughout, and grratly enlarged, 8vo. witli Portrait, £\. Is. cloth. 

SOUTHEY’S (ROBERT) POETICAL WORKS. 

First and only Complete F.dition (18.38-42).* Collected and edited by Mr. Southey. With 
Autobiographical Prefaces. 10 Vols. fcp, 8vo. with Portrait, and 19 other highly-finished 
Plates, a^2. 10s. fancy cloth; or 10s. handsomely bound in morocco, with gilt edges. 

The following may be had, separately, in cloth : — 

JOAN of ARC 1 vol. 58. I THALABA 1 vol. 5s. 

MADOC I vol. 58. BALLADS, &c 2 vols, 10s. 

CURSE of KEHAMA V vol. 5s. I RODERICK I vol. 58. 

SOUTHEY, fc. -LIVES OP THE BRITISH ADMIRALS; i 

With an Introductory View of the Naval History of England. By R. Southey, Esq. and ) 
B. Bell, Esq. 5 vols. fcp. 8vo. with Vignette Title.s, ^ei. lOs. cloth. | 

SPACKMAN.-STATISTICAL TABLES 

Of the Agriculture, Shipping, Colonies, Manufactures, Commerce, and Popnlatldn of the 
United Kingdom of Gasat Britain and its Dependencies, brought down to the year 1843,. 
Compiled from Official Returns. By W. F. Spaceman, Esq. * Fcp. 8vo. pp. 162, 5s. cloth. 

SPIRIT OF THE WOODS. 

By the Author of ” The Moral of Flowers.” 2d Edition, I toI. royal 8vo. with 23 beautifuUy- 
ikiloored Engravings of the Forest Trees of Great Britain, 1 Is. 6d. cloth. 
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THOMSOFS SEASONS. 

Edited by Bolton Cornry, Esq. illnstrated with Seventy-seven Desig^ns drft'mt on Wood, , 
by the following Members of tlie Etching Club j 

J. Bfll.ScnIptur, J. C. Horsley, Frau k Stone, 11. J. To-ivnsend, ! 

C. W. Cope, J. P. Kniiicht, C. Stonluiusc, T. Webster, A, U. A. * 

Thomas Oreswick, H. Redgrave, A.R. A. F. Tayler, 

Engraved by Thompson and other eminent Engravers. J 

Handsomely printed in square crown 8vo. 41S42), pp. .S36, 21 s. richly bound in ultra-marine 
' cloth ; in morocco in the best manner by Hayday, 36s. 

*** A few copies printed on prepared paper of great beauty, forming a most unique book, 
jff2. 2s. in ultra-marine cloth; in morocco in the best manner by Hayday, 17s. ; or in 
Russia, ;£’3. « 

” Few worV» of the dawi have a fairer prospect of popularity than thia new edition of TnoMsou, illustrated by the 
members of tlie Ktt'hing Club. Most of the dei^icns are in acrordanre with Oic spirit of the author, — some of them 
benuiihil. The landscape vignettes conti-ibuted by Mr. Chehwick entitle him to :i ftrst place as a tuiok-ilhistrator ; 
eahibitine a versatility of talent for which his wannest admirers could hitlwi-to have hardly ventured to gir-ehira 
credit. Mr. F. Taylkb is not far behind, as his designs at pp. II, 12, and 26, will must satisfaclorilv prove ; and ho 
comes one step nearer historical art than Mr. CreswicC, in riglit of his clever man.'ignncnt of rustic figures. Messrs. 
Cope, Hoiisi,ey, Rkorua ve, and IIci.l, with all their true Knglish feeling, and the grace of their conceptions, are a 
degree more ambitious. Mr. Hkli.'s preparatiiry outline of * }»|>ring ’ givi*s indiratiobs of grace, poetry, and fancy, ' ; 
worthy of being carried to the highest perfection. This b<K>k is lie.'iutilhUy linmght out : the vignettes are from 
copfH'r blocks, produced by the ehsdrotypc process. This gives a peculinrity of effect to Uic inipri-ssioiis more easy to 
pj^rceive lh.m to describe. Other of our classical |>omix are tofolloiv, illustrated in asiniilnr fa.shion. Mr. IIot.tov 
Count. v’s labours are not the less to he cominendeil bi'cause they are unobtinisive ; the wt»rk is extremely well edit^, 
and therefore entitled to a place on the Ubriuy shelf as well as on the drawing-room tabUj." — Atuenj:ux. 

T0MLTNS.-A POPULAR LAW DICTIONARY; 

Familiarly explaining the Terms and Nature of English Law ; adapted to the comprehension 
of persons not eilucated for the legal profession, and affording information peculiarly useful 
to Magistrates, Merchants, Parochial OfHcers, and others. By Thomas Eolymr Tomlins, 
Attorney and Solicitor. In 1 thick vol. post svo. 18s. cloth. ! 

The whole work haa Iwen reviscti by & Ban-istcr . ■ 

T00KE.-A HISTORY OP PRICES ; I 

With reference to the (^usea of their principal Variations, ft'om 17D3 to the Present Time. 
Preceded by a Sketch of the History of the Corn Trade in the last I’wo Centuries. By Thomas 
Tookb, Esq. F.R.3. 2 vols. Svo. .^1. 16s. cloth. 

(/I Continuation of the Above.) 

AN ACCOUNT of PRICES and of the State of the CIRCULATION in 1838 and 18.39 ; with 
Remarks on the Corn Laws, and on proposed Alterationsin our Banking System. 8vo. 12s. doth. 

TRANSACTIONS OP THE ENTOMOLOGICAL SOCIETY. 

Svo. The last part published is I’art 3 of Vol. 3, Svo. with Plates, 48. 6d. 

TRANSACTIONS OP THE ZOOLOGICAL SOCIETY OP ■ 

LONDON. 4to. The last part published is Part 1, Vol. 3, with Plates, l-ls. coloured, 
and 12s. plain. 

TRANSACTIONS OF THE INSTITUTION OP CIVIL ! 

Engineers, 4to. Vol. II. with Twenty-three finely engraved Plates, 28s. cloth. 

Vol. HI. with Nineteen finely engraved Plates, .ie’2. 12s. Gd. cloth. 

TRANSACTIONS OP THE ROYAL INSTITUTE OP RRITISH 

ARCHITECrrS of LONDON : consisting of a series of PH])erB on “ Antiquities,” and ** Con- 
struction.” By R. Willis, M.A. F.R.S. &c. ; Ambrose Poynter; Herr llallmann, of Han- 
over; Dr. Faraday ; Mr. Bracebridge; Herr ^uth, of Berlin; Joseph Gwilt, F-S.A. F.A..S. ; 
Mr. C. H. Smith ; Mr. C. Fowler, Hon. Sec. ; Mr. W. A. Nicholson, of Lincoln ; and Mr. J. P. 
Papworth. Vol.I. Part 2, 4to. with nuraerousUthographic and woodciit illustrations, 248. cloth. 
%* Part 1, Vol. 1. uniform with the above, IGs. cloth. 

TRANSACTIONS OF THE LINNEAN SOCIETY OP LONDON. ! 

The last part published is Part 2, Vol. XIX. 4to. with Plates, 218. 

TR0LL0PE.-THE LAURRINGTONS ; I 

Or, Superior People. By Mrs. Trollofb, Author of “ Widow Barnaby,” &c. 3 vols; ; 
lK)st8vo.— • j 

TURNER.-THE SACRED HISTORY OP THE WORLD, 

. PhUqsopbically considered. By Sharon Turner, F.S.A. K.A.S.L. New Edit. 3 vols. 8vo. 43$. ; 
Vol. i cbnaCders the CreatioR and System of the Earth, and of its Vegetable and Animal Races 
and Material Laws, and Formation of Mankind. 


V(A. 2, the Divine Economy in its special Relation to Mankind, and in the Deluge, and the 
, History; of Human Affairs ; 

1 Vol. 3, tho JWbvisions for the PerpjRtuation and Support of the Human Race, the Divine System - , 
of our Social Combinations, and the Supernatural History of the World. 
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ilIRNER -THE HISTORY OF ENGLAND, 

From the Earliest Period to the Death of £U 2 al)eth. By Sharon Turner, Esq. F.A.S. 
K.A'S.L. la vote. 8vo. diS. 3s. cloth. 

Or four separate portions, as follovr 

the history of the ANGLO-SAXONS; con^rising the History of En^fland from the 
Earliest Period to the Norman Conquest. 6tli Edition, 3 vote. 8vo, jfc2. 58. hoards. 

the history of ENGLAND during the MIDDLE AGES; comprising the Kcigirs from 
William the Conqueror to the Accession of Henry VIII., and also the History of the Litera- 
ture, l^Iigion, Poetry, and Progress of the Reformation and of the Langua!^ during that 
period. 3(1 Edition, 6 vote. 8vo. ses, boards. 

the HISiTORY of the REIGN of HENRY Vllf. ; comprising the Political History of the 
commencement of the English Reformation : being the First Part of the Modern History of 
England. 3d Edition, a vote. 8vo. 26s. bds. ^ 

THE HISTORY of the REIGNS of EDWARD Vt., MARY, and ELIZABETH; being the 
Second Part of the Modern History of England. 3(1 Edition, 2 vote. 8vo. 32s. hoards. 

TURNER.-A TREATISE ON THE FOOT OF THE HORSE, 

And a New System of Shoeing, by one-sided nailing ; and on tlie Nature, Origin, and Symptoms 
of the Navicular Joint Lameness, with Preventive and Curative Treatment. By Jamks 
Turnra, M.11.V.C. Royal 8vo. pp. 118, 7s. 6d. boards. 

ItURTON’S (Dll.) MANUAL OF THE LAND AND FRESH- 

[ WATBR SHEUJ3 of the BRITISH ISLANDS. A Now Edition, thoroiiRhly reviswl and with 
considerable Additions. By John Edward Gray, K(Hjper of the Zoological Collectmu in 
the British Museum. 1 vol. post 8vo. with Woodcuts, and 12 Coloured Plates, 158. cloth. 

URE.-DICTIONARYOF ARTS, MANUFACTURES, & MINES ; 

Containing a clear Expo.sition of their Principles and Practice. By Andrew Urk, M.l>. 
F.R.S. M.G.S. M.A.S. Lond.; M. Acad. N.L. Philad.; S. Pli. Soc. N. Germ. Hiinov. ; Mulii. 
&c. &c. Third Edition, corrected, 8vo. illustrated with 1240 Engravings on Wood, 508. cloth. 


WALKER,-BRITISH ATLAS OF FORTY-SEVEN MAPS, 

CAREFULLY COLOURED; comprising separate Maps of every County in England, each 
Riding in Yorkshire, and North and South Wales; sltowing the Roads, Railways, Canals, 
Parks', Boundaries of Boroughs, Places of Election, Polling Places, &c. Compiled from the 
Mups'.of the Board of Ordnance and other Trigonometrical Surveys. By J. and C. Walker. 
Impeiiyal 4to. coloured, 'Ihree Guineas, half-bound ; large paper. Four Guineas, liulf-bound. 

I f *«* Barb County may be had seiwratcly, in case, 28. 6(1. 

WALTZING. -REFORM YOUR WALTZING. THE TRUE ' 

THEORY of the RHENISH or SPANISH WALTZ, and of the German Waltz, u Deux 7'empe, 
analysed and explained for the first time. By An Amateur. Fop. 8vo. uniform with Hints 
on Etiquette,” price Half-a-Crown. 

The Figure of 8 in both these Watties on an entirely new principle. | 

Waltiing is the art of a gentleman, and never yet w.ib taught or understood by a dancing-master. i 

** The author of these amusing hints cannot be a more entlmsiastic admiier of waltiing tlian we are. It was a 
Bource of enjoyment to us in the land of its legitimate home for many a year in the tjnyH of yore ; but, ‘ h(il.<s,Ua «/int 
pasH^cs l■■ea jours de ftte !’ we are now too old and rheumatic to be aide to indulge in Nueb pastimes. Those of our 
readers, lniwever, who are younger and more active tJian ourselves, and who wish to know what real waltiing actually 
means, cannot do better tiian benedt by the system laid down and r«.onimeodeil for adoption by ‘ An Amateur,’ 
whose remarks are well calculated to prove serviceable to tlie uaiuitiated.’’— U mted Service Uabkite. i 

WARDLAW.-SERMONS, 1 

By Dr. Wardlaw. 8vo. 12s. boards. | 

WARDLAW.-DISCOURSES ON THE PRINCIPAL POINTS * 

/JF THE SOCINIAN CONTROVERSY— the Unity of Gud, and the Trinity of Pei;sons in the 
IGodhead | the Supreme Divinity of Jesus Christ; the Doctrine of the Atonement ; the Christian 
. .^ibharacter, &c. By Ralph Wardlaw, D.D. 5th Edition, 8vo. iss. cloth. 

i|.TERTON.-ESSAYS ON NATURAL HISTORY, 

Chiefly Ornithology'. ByCHARLRS Waterton, Esq., Author of “Wanderings in South ' 
America.” With an Autobiography of the Author, mid a View of Walton Hall, Third ' 
Edition, fcp. 8V0. 8S. cloth. 







